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PREFACE TO SECOND EDITION 


The gratifying interest shown in the present work and an ap- 
parently increasing awareness of the importance of statistics in 
modern scientific life has made possible a second edition at this 
time. The undersigned, however, deeply regrets that the untimely 
death of William F. C. Nelson in the spring of 1936 has denied him 
the cooperation and the stimulating criticism of his former col- 
league in emending and editing the new edition. 

Although no essential changes have been made in the text of 
the present edition, the opportunity has been used to correct cer- 
tain errors pointed out by students and other friends, and to elab- 
orate a few points where difficulties were encountered. The main 
addition to the book is the introduction of a short account of the 
theory of small samples and the “t-test” first introduced by “Stu- 
dent.” This new material will be found in section 8 of Chapter 
VIII and in Table XI. 

The opportunity is taken here again to emphasize the point of 
view expressed in the preface to the first edition. Statistics books 
current today range from those which give an impression of the 
value and use of statistics to those which present the more ad- 
vanced mathematical aspects of the subject. The practical worker 
in statistical material usually cannot attain a sufficient knowledge 
of mathematics to make use of these advanced texts. However, 
without some knowledge of mathematics and especially of the un- 
derlying significance and origin of the formulas that he is using, 
he is apt to fall into gross errors of interpretation. The literature 
of statistics is replete with examples of the formal application of 
techniques where the interpretation and significance of the results 
is inaccurately, if not erroneously, stated. Only a fundamental 
knowledge of the assumptions which underlie the mathematical for- 
mulas can protect the worker against the pitfalls ever present in 
the investigation of statistical data. The present work has striven 
to interpret statistical science so far as this is possible under the 
assumption that the reader is equipped only with a good knowledge 
of college algebra. It is verj’- much to be hoped that this will not 
prove to be too serious a barrier to the reading of the book. 

ix 
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The undersigned owes a heavy debt to the many students and 
friends who have helped with criticism and advice. He is especially 
indebted to Dickson H. Leavens of the Cowles Commission for Re- 
search in Economics, who read the entire book carefully and criti- 
cally and made many helpful suggestions. 

Colorado Springs, March, 1937 

H. T. Davis. 


PREFACE TO FIRST EDITION 

In 1932 the Social Science Research Council appointed a com- 
mittee^ to define the place of collegiate mathematics in the social 
sciences. The report of this committee urged that students of the 
social sciences be prepared for the study of statistics by a six to 
nine semester hour course covering logarithms, graphs, interpola- 
tion, equations and forms of important curves, probability, elements 
of differential and integral calculus, and curve fitting. The report 
also suggested that “illustrations from the social sciences should be 
used freely, and the concepts and processes shotdd be presented in 
such a, manner as to make clear their application in the social sci- 
ences” The committee concluded that statistics courses might thus 
be utilized to carry the student much farther in the knowledge of 
statistical methods, and their possibilities and limitations. 

In the development of this book, the authors have had these 
recommendations in mind, and have prepared a text suitable for a 
six semester hour course to follow such a course in mathematical 
analysis as that urged by the committee. While fully indorsing the 
recommendations of the committee, the authors realize that the in- 
structor will in many cases be faced by the necessity of teaching 
classes lacking the desired preparation in mathematics. Therefore, 
this book has been designed for use in several ways. Algebraic pro- 
cesses are given in full. While the proofs do not presuppose a 
knowledge of the calculus, many of them are necessarily based on 
its principles. Therefore, for classes which have had a survey 

^TMs committee was composed of H. E. Tolley of the University of Cali- 
fornia (chairman), F. L. Griffin of Eeed College, Holbrook Working of Leland 
Stanford University, Charles H. Titns of the University of California at Los 
Angeles, and Mordecai Ezekiel of the Federal Farm Board. The report of the 
committee was read at a joint meeting of the Econometric Society and Sec- 
tions A and K of the American Association for the Advancement of Science at 
Syracuse, New York, June 22, 1982, and published in Econmieirim, Vol. I, 
(1983), pages 197-?04 
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course in mathematics, or a course in calculus, the instructor may 
easily associate the proofs with the corresponding calculus proofs. 

For those who have had preliminaiy training in college alge- 
bra, all parts of this text may be used, but it will probably be found 
necessary, in a six semester hour course, to reduce somewhat the 
amount of material assigned by the omission of Chapter XII, 
the application of Sheppard’s corrections to frequency distribution 
(sec. 8, Chapter III), the proof of the relative magnitude of aver- 
ages (sec. 13, Chapter III) , harmonic analysis (sec. 6, Chapter V) , 
the derivation of the skew-normal probability curve from a bino- 
mial distribution (sec. 5, Chapter VII), the derivation of the prob- 
able error of the mean (sec. 5, Chapter VIII), the theory of the 
logistic curve (sec. 9, Chapter IX), and non-linear regression( sec. 
8, Chapter X) . For classes which have had no college mathematics 
whatever, the text may be used as an introduction to elementary 
statistics through the omission of Chapters IX and XI, as well as 
the parts indicated above for those with preliminary training in 
college algebra. 

The illustrative materials and pi'oblems have been taken chief- 
ly from data of economic significance. This lends, we believe, an 
atmosphere of coherence to the development such as is not attained 
when materials from a variety of disparate and unrelated disci- 
plines are introduced in a capricious succession. The very pro- 
nounced drift in our day to a more fully quantitative science of 
economics would also seem to encourage such a concentration. In 
addition, the authors’ connection -with the Cowles Commission for 
Eesearch in Economics afforded opportunity for access to a variety 
of economic materials and original research. 

It need hardly be remarked, of course, that most of statistical 
methodology is the same, whether it is being applied to materials 
from economics or education or physics or astronomy. Thus, even 
though a student of the present volume should find his major in- 
terest in a field other than economics, by a study of this text con- 
taining economic applications he will obtain a training in statistical 
methodology adequate for his own field. 

Some apology is perhaps necessary for the omission of a bib- 
liography, Literature on the subject of probability and statistics 
has increased with bewildering rapidity in the last few years, and 
to give an adequate indication of this progress would outrun the 
scope and purpose of this volume. On the other hand, a condensed 
selection would do injustice by the inevitable omission of many 
fine works. The reader will find an extensive bibliography to 1924 
in the Handbook of Mathematical Statistics, Boston, 1924, edited 
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by H. L. Rietz, and a more recent one in Studies in the History of 
Statistical Methods, Baltimore. 1929, by Helen M. Walker. Con- 
temporary developments are covered in such surveys as those of J. 
0. Irwin in the Jourtud of the Royal Statistical Society, Vol. 94 
(1931), Vol. 95 (1932), Vol. 97 (1934) ; W. A. Shewhart and G. 
Darmois in Econometrica, Vol. I (1933) and II (1934) ; and Paul 
R, Rider in the Journal of the American Statistical Association, 
Vol. XXX, No. 189 (March, 1935) . Pertinent references, however, 
are carried in footnotes throughout the text. 

The authors are under a heavy debt of gratitude to the Cowles 
Commission for Research in Economics and to its Director, Alfred 
Cowles 3rd, for having made available to them so much of the time, 
equipment, and conclusions, of the laboratory of the Commission. 
To Anne M. Lescisin and Forrest M. Danson, statisticians of the 
Commission, we are indebted for a multitude of helpful suggestions. 
Professor Charles P. Roos of Colorado College and the Cowles Com- 
mission kindly read through the manuscript and many important 
additions and changes are due to his criticisms. Substantial assis- 
tance has also been rendered throughout by the statistical labora- 
tory of Indiana University, and the authors are indebted especially 
to Edward B. Morris, Richard E. Thompson, Harry F. Taylor and 
Mabel E. Inco. Responsibility for any errors which may appear is 
assumed by the authors alone. 

July, 1935 

Haeold T. Davis, 

W. F. C. Nelson.' 



CHAPTER I 


Preliminary Analysis of Statistical Data 

1. Introduction. The value of any particular course of study 
is enhanced if the student comprehends its scope and purpose and 
the relationship it bears to the rest of his Gaining. Unless his en- 
deavors are thus integrated into some significant pattern, each 
course becomes merely an isolated and irrelevant episode in a gen- 
eral confusion, and his efforts may be rendered futile because they 
lack direction. In this book it is assumed that the student’s maj or 
interest is economics. What part does such a book as this play in 
advancing him towards his ultimate objective, which is the mas- 
tery of the processes and results of that science? 

This volume seeks to set forth the mathematical theory of 
elementary statistics and to illustrate elementary statistical meth- 
odology through applications to data of economic significance. One 
is obviously concerned, therefore, with mathematics, statistics, and 
economics. The juxtaposition of these three disciplines is entirely 
natural. W. S. Jevons pointed out in 1871 {Theory of Political 
Economy, 1st. ed.) that, “It is clear that Economics, if it is to he 
a science at all, must be a mathematical one.” Economics, he con- 
tended, must necessarily be mathematical, simply because it treats 
of quantities, and when the elements with which one deals are sus- 
ceptible of being greater or smaller, their laws and relationships 
must inevitably be mathematical. In a brilliant discussion,^ Joseph 
A. Schumpeter has amplified and reinforced Jevons’ thesis. 

“There is, however, one sense in which economics is the most 
quantitative, not only of ‘social’ or ‘moral’ sciences, but of all sci- 
ences, physics not excluded. For mass, velocity, current, and the 
like, can undoubtedly be measured, but in order to do so we must 
always invent a distinct process of measurement. This must be 
done before we can deal wdth these phenomena numerically. Some 
of the most fundamental economic facts, on the contraiy, already 
present themselves to our observation as quantities made numeri- 
cal by life itself. They carry meaning only by virtue of their nu- 


i“The Coirnnon Sense of Econometrics,” Econometrica, Vol. I (1933), pp. 

6 - 12 . 
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merical character. There would be movement even if we were un- 
able to turn it into measurable quantity, but there cannot be prices 
independent of the numerical expression of every one of them, and 
of definite numerical relations among all of them. Econometrics 
is nothing but the explicit recognition of this rather obvious fact, 
and the attempt to face the consequences of it.” 

2. The Origins of Statistics. It has been only within compara- 
tively recent times that the human race has realized the full im- 
portance of collecting and recording data relating to the phenomena 
of the physical and social universes. For many years the astrono- 
mers accumulated records of the motions of the heavenly bodies, 
and were thus enabled to make predictions about eclipses and to 
foretell the positions of the stars. The three laws relating to the 
motion of the planets, on which Sir Isaac Newton founded his 
theory of gravitation, were discovered by Johannes Kepler after a 
long study of the data collected by Tycho Brahe (1546-1601). This 
scientific method was adopted by men in other fields of science 
under the influence of Sir Francis Bacon (1561-1626), who asserted ^ 
that a knowledge of nature could be obtained only by means of data 
collected from a study of the forms of nature. When it was observed 
that this method of enlarging knowledge was surprisingly fruitful 
in the physical sciences, men in political, social, and economic fields 
began to adopt a similar type of approach. 

But, with the accumulation of data, need was soon felt for 
better methods of analyzing and interpreting the figures that'had 
been collected. From this need the modern theory of statistics has 
gradually evolved over a. period of more than a century. 

Many definitions of the word statistics have been given, for 
example, the well known statement of G. U. Yule in his Introduction 
to the Theory of Statistics^: "By statistics we mean quantitative 
data affected to a marked extent by a multiplicity of causes. By 
statistical methods we mean methods specially adapted to the eluci- 
dation of quantitative data affected by a multiplicity of causes. By 
theory of statistics we mean the exposition of statistical method^.’ 
Perhaps a good summary of the contents of the subject to be de- 
veloped in the following pages may be made in the definition ; “the 
iheory of statis tics com prises an analysis and interpretation of 
g ystem atie, cpll^ipns "numbers rdatifig to ‘the enumeration of 

The modern theory of statistics may be said to have been 
founded by the Belgian astronomer and statistician, L. A. J. Quete- 
? lath ed., London, 1929. 




PEELIMIInAKY analysis of statistical data 


3 


let (1796-1874). Before his time, statistical study had been car- 
ried on under the name of “political arithmetic” by Captain John 
Graunt of London (1620-1674), Sir William Petty (1G23-1687), 
and J. P. Siissrnilch (1707-1767), a Prussian clergyman. Quetelet 
advanced the theory that there existed an “average man” whose ac- 
tions and ideas would “correspond to the average results obtained 
for society.” All other men would diverge in greater or less degree 
from this theoretical average, and these variations could be treated 
by the method of errors in the theory of probability. Quetelet also 
emphasized the impoi'tance of the “law of large numbers” (see 
section 7, Chapter VI), which had been stated by Jakob Bernoulli 
(1664-1705) in his great work, Ar$ Conjectandi. published eight 
years after his death, and which had also been the subject of a 
paper by S. Poisson (1781-1840). 

It will later be seen that the theory of statistics is highly in- 
debted to the older theory of probability. This subject in its early 
history was lai'gely an attempt to analyze the hazards of players 
in games of chance. G. Cardano (1501-1576), "who was at the same 
time a mathematical genius and a gambler, wrote a treatise on 
games, in which he set foi-th rules by means of which one could 
protect himself against cheating. These rules were based upon the 
solution of problems now included in the theory of probability. 
After the real foundations of this subject had been laid in the work 
of Jakob Bernoulli and that of his nephew Daniel Bernoulli (1700- 
1782), who proposed the theorj’’ of “moral expectation” (see section 
9, Chapter VI), Pierre Simon de Laplace (1749-1827) published in 
1812 his great wmrk on probability. It has been said that the theory 
of probability ow'es more to the work of Laplace than to that of any 
other man. Professor F. Y. Edgeworth, in the Encyclopmdia Bri- 
tannica (13th ed.), remarks that, “as a comprehensive and masterly 
treatment of the subject as a whole, in its philosophical as well as 
mathematical character, Ih^re is nothing similar or second to La- 
place’s Theorie analytique des probabilites.” The book is unfortun- 
ately very difficult to read, one reason being that the mathematical 
treatment is made to depend upon the theory of generatrix func- 
tions, a form of mathematical analysis now merged with what is 
called the theory of the Laplace transformation. 

To enumerate all who have contributed to the subject matter 
of the theory of chance would be to record a majority of the promi- 
nent mathematical names of the last century. A. de Moivre (1667- 
1764) , L. Euler (1707-1783) , J. L. Lagrange (1736-1818), G. Chry- 
stal (1861-1911), P. L. Tchebycheff (1821-1894), T. Bayes (d. 
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1761), I. Todhunter (1820-1884), K. F. Gauss (1777-1855), A. De 
Morgan (1806-1871), W. Lexis (1837-1914), H. Westergaard (b. 
1853), C. Charlier (1862-1934), H. Poincare (1854-1912), and E. 
Czuber (1851-1925), are particularly worthy of note.^ 

Upon the foundations laid by these men the theory of statistics 
was gradually constructed. In Germany, G. F. Knapp (1842-1926) 
and W. Lexis (1837-1914) made an exhaustive study of the sta- 
tistics of mortality. Sir Francis Galton (1822-1911) was the pioneer 
for the epoch-making work of Karl Pearson (1857-1936) in the field 
of biometry. “The whole problem of evolution,” to quote Pearson, 
“is a problem of vital statistics, — a problem of longevity, of fer- 
tility, of health, and of disease, and it is as impossible for the evo- 
lutionist to proceed without statistics as it would be for the Regis- 
trar-General to discuss the national mortality without an enumera- 
tion of the population, a classification of deaths, and a knowledge 
of statistical theory.” 

S. Statistics in Economics.^ Statistics made its effective intru- 
sion into the domain of economics rather late, though its primitive 
beginnings date from Sir William Petty’s Political Arithmetic pub- 
lished in 1690. The fact that the older classical treatises on econom- 
ics were comparatively destitute of statistical materials was the 
result of a compound of factors. The raw data were often scanty 
and occasionally contradictory. The dominance of the deductive 
method led to disinterest in the data for inductive approach, even 
when lip-service was paid to the value of “statistical verification.” 
Also, there probably was some disposition (to quote Wagemann®) 
“to conceive (economic) premises in a complete vacuum .... to 
avoid the rude shocks which await them in the world of facts .... to 
shrink in terror from anything so rude and coarse as mere figures.” 
It is difficult to assess the importance of these different considera- 
tions. The existence of a variety of statistical compilations and at 
least the beginnings of statistical technique in such lines as index 
numbers and harmonic analysis in the early nineteenth century 


iPor an extended account of the early historjr of probability, one should 
consult I. Todhunter, A History of the Mathematical Theory of Probability 
From the Time of Pascal to That of Laplace, Cambridge, 1865. For more re- 
cent developments, see Helen Walker, Studies in the History of StatisUeal 
Method, Baltimore, 1929. 

'^“Statistics and Economic Theory”, by Warren M. Persons, in the Ueviev) 
of Economic Statistics, Vol. VII (1925), pp. 179-197, and Wesley C. Mitchell’s 
Business Cycles, New York 1928, pp. 189-360, are comprehensive surveys of 
this subject, from which much of the material in this section is derived. 

® Economic Bhfythm, New York, 1930, p. 16. 



PRELIMINARY ANALYSIS OF STATISTICAL DATA 


5 


should serve to minimize emphasis on the scarcity of materials 
and dearth of methodology. 

On the other hand, it is not difficult to adduce verbal evidence 
of the place deductive writers allowed statistical evidence. J. S. 
Mill, for example, admitted the necessity of verification for conj 
elusions deductively reached, indeed, “in some cases instead of det 
ducing our conclusions from reasoning, and verifying them by ob- 
servation, we begin by obtaining thorn provisionally from specific* 
experience, and aftersvards connect them with the principles of 
human nature by a 'priori reasoning.” By 1871, W. S. Je von s had* 
put the modern position forcibly. “The deductive science of economy 
must be verified and rendered useful by the purely inductive science 
of statistics. Theory must be invested with the I'eality and life of 
fact. Political economy might gradually be erected into an exact 
science, if only commercial statistics were far more complete and 
accurate than they are at present, so that the formulas could be en- 
dowed with exact meaning by the aid of numerical data.” Most of 
any lingering hostility which some economists had borne to statis- 
tics had, by the end of the last century, been almost completely dis- 
sipated. By 1907 Alfred Marshall could write, “Disputes as to 
method have ceased. Qualitative analysis has done the greater part 

of its work that is to say, there is general agreement as to 

the characters and durations of the changes which various economic 
forces tend to produce. Much less pi’ogress has been made towards 
the quantitative determination of the relative strength of different 
economic forces. That higher and more difficult task must wait 
upon the slow growth of thorough realistic statistics.” In the same 
year Pareto wrote, “The progress of political economy in the future' 
will depend in great part upon the investigation of empirical laws,= 
derived from statistics, which will then be compared with known 
theoretical laws, or w'ill suggest derivation from them of new laws.’’ 

Notwithstanding the fact that economists have never been 
uniformly unfavorable to the introduction of statistics into their 
science, and in the last generation have been notably friendly to 
the statistical approach, in running over the names of those who 
have contributed most to statistical theory it is not till Edgeworth 
is reached that an economist can be listed among those who have 
\ntally forw'arded the solution of statistical problems. 

Since about 1890 two factors have combined to work a funda- 
mental change in the position of statistics in economies. “The 
important developments of statistical methods — of probabilitj'-, 
sampling, and curve-fitting; simple and partial correlation; period- 
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icities and periodogi'am analysis; and index numbers — have oc- 
curred since the eighteen-eighties.”^ The improvement of statisti- 
cal methods has coincided closely with the enlargement of statistical 
materials. The International Institute of Statistics was founded in 
1885, the Census of Manufactures for the United States was greatly 
expanded in 1890, in 1902 the Census Bureau was made a perma- 
nent office of the government, and the first adequate investigation 
of American prices, a Senate Report, was issued in 1893. An ex- 
pansion of data took place through those years which was not 
equalled till the time of the World War, which, for a variety of 
reasons, occasioned the publication of a wealth of fresh statistical 
information. 

This happy conjunction of improved methods and expanded 
data about the close of the last century marks the real inception of 
statistics in economics. 

For at least a hundred years, then, mathematics and statistics 
have occupied some place in economics. It is hardly pure coincidence 
that “most — and if we exclude historians, all — of those men whom 
we are justified in calling great economists invariably display a 
remarkably mathematical turn of mind, even when they are entire- 
ly ignorant of anything beyond the quantitative technique at the 
command of a school-boy; Quesnay, Ricardo, Bohm-Bawerk, are 
instances in point.” “ 

The foundation of the Econometric Society in December 1930 
was an explicit recognition of this century-old liaison among mathe- 
matics, statistics, and economics. The purpose of the Society, as 
officially defined, is “the advancement of economic theory in its re- 
lation to statistics and mathematics to promote studies that 

aim at a unification of the theoretical-quantitative and the empiri- 
cal-quantitative approach to economic problems.” The aim of econ- 
ometrics is the formulation of a larger, more precise, and more 
realistic body of economic truth. Mathematics proves itself a use-j 
ful agent in defining and refining economic concepts, and in carry- 
ing out involved processes of reasoning. It is an indispensable in- 
strument of research. Statistics reduces general ideas to numerical 
conclusions, validates or destroys a ‘priori notions, and often ad- 
duces unexpected conclusions which provoke fresh theoretical for- 
mulations. 

Ih %e econometric program, statistics has already played, and 
mus^ Gontippe to play, a large part. It is easily possible to envisage 

iPer^ons, loo. <M., pt ICS8. 

^Schtnnpeter, |oc. oitj p, 6. 
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a “Statistical Theoiy of Econometrics.” Such a study would be an 
exposition of economic theoiy in the measure that this theoiy has 
been subjected to statistical treatment. A glance at any text on 
economics would furnish a tentative outline. On Production, one 
might start with such studies as Carl Snyder’s,’ S. S. Kuznets',’* 
and A. F. Bums’.® The literature of Cost Cuiwes would be suiweyed. 
Value and Price raise a host of statistical problems, chief of which 
is the measurement of ilarginal Utility, as I. Fisher,"’ R. Frisch,® 
and F.V,Waugh,® for example, have attempted it. The mass of pure- 
ly mathematical treatment of the problem w'ould, of course, be out- 
side the scope of a statistical study. Under Value and Price would be 
treated the literature of Demand Curves,’’ the methods used in their 
derivation, the conclusions reached, and the implications that rise 
from measui’ement of elasticities of demand. Money and Credit are 
instinct with statistics. The equation of exchange, embracing the 
work of L Fisher® and others, would fall here. Prices, their deter- 
mination, their fluctuations as measured by index numbers, the 
effects of these fluctuations on the level of real and dollar national 
income and their distribution, w’ould all be encompassed. Under 
International Trade one would be concerned wdth such problems as 
the effect of production on prices as it has been treated statisti- 
cally, for example, in H. Schultz’s Statistical Laws of Demand and 
Supply.^ Under Distribution appear studies of the type of Vilfredo 
Pareto’s,’® W. I. King’s” and A. L. Bowley’s,’® with their apprais- 
als of statistical formulations of income distribution. Interest 
raises further problems of the sort that are treated in I. Fisher’s 

^Business Cycles and Business Measurements, New York, 1927. 

® Secular Movements in Production and Prices, New York, 1930. 

3 Production Trends in the United States Since 1870, New York, 1934. 

<“A Statistical Method for Measuring Marginal Utility and Testing the 
Justice of a Progressive Income Tax,” in Economic Essays Contributed in 
Honor of John Bates Clark, ed. by Jacob H. Hollander, New Y^ork, 1927. 

s New Methods of Measuring Marginal Utility, Tubingen, J. C. B. Mohr, 
1932. 

^“'The Marginal Utility of Money in the United States,” Econometrica, 
Vol. Ill (1935). 

’ See the bibliography “Price Analysis”, compiled by Louise O. Bereaw 
under the direction of Mary G. Lacy, Econometrica, Vol. II (1934) ,pp. 399-421. 

8 The Purchasing Power of Money, New York, 1913. 

» Chicago, 1928. 

1® Maruwel d’iemomie politique (2nd edition) , Paris, 1927, pp. 384 ff. 

I’ The National Income and its Purchasing Power, New York, 1930. 

”“The Action of Economic Forces in Producing Frequency Distributions 
of Income, Prices, and Other Phenomena; A Suggestion for Study,” Ecmo- 
metrica, Vol. I, 1933. 
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Theory of Interests These topics" illustrate, but naturally do not 
define, the scope of such a work. Of course, a thorough evaluation 
of the historic work of W. S. Jevons,= V. Pareto,= H. L. Moore, and 
others, would be involved, not to mention some appraisal of the 
current quantitative-theoretical contributions associated with the 
names of C. F. Roos,-^ J. M. Keynes,® G. F. Warren and F. A. 
Pearson,® Luigi Amoroso,’’ L. H. Bean,’ Mordecai Ezekiel,’’ Jakob 
Marschak,’ A. C. Pigou,’ Hans Staehle,’ J. Tinbergen,’ Felice 
Vinci,’ E. J. Working,’ and others, including those previously 
mentioned. Such a “Statistical Theory of Econometrics” would 
not be merely economic statistics, and certainly not statistical 
methodology, but an exposition of economic theory as that the- 
ory had been developed, confirmed, challenged, or stultified, by 
statistical evidence or processes. The topics treated would be, for 
example. The Derivation of Demand Curves, The Implications of 
Elasticity, The Equation of Exchange, The Theory of Prices, The 
Measurement of Utility, The Effects of Protection, The Distribu- 
tion of Income. If one compares these titles with those of this vol- 
ume, Elementaiy Curve Fitting, Methods of Averaging, Index Num- 
bers, Frequency Distributions, Elements of Correlation, something 
of the distinction between economic statistics and econometrics will 
be clear to him. 

It does not requii'e a violent effort of the imagination to see' 
how statistical methods are indispensable tools in the more precise 
measurement and adequate interpretation of economic fact, and 
thus vitally forward the development of economic truth. Statisti- 
cal technique bears something of the relation to econometrics that 
a machine tool does to an automobile. The second cannot be pro-/ 
duced without the first. But the first derives its whole meaning 
from the second. It is possible to conceive of a mechanic’s becoming 
so entranced with the beautiful and involved precision of his tool 
that he loved to manipulate it for its own sake, rather than to 
make automobiles. Statisticians are not immune from such temp- 
tation, It is important, therefore, while acquiring a mastery of 
statistical methodology, that one should always have his mind on 


iNew York, 1980. 

^See Appendix 1. 

se.g., GeneraMnff Economic Cycles, New Yoi'b, 1923, and Economic Cycles, 
Their Lem and Cause, New York, 1914. 

^Dynamic Economics, Bloomington, Indiana, 1934. 

5e.g., A Treatise on Money, New York, 1930. 

'^Prices, New York, 1933. 

’See “Price Analysis,” loc. eit., for references. 
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his ultimate goal. Thus he can see the progress and direction of 
his eiforts and probably arrive at his destination more easily and 
more quickly, because he knows where and why he is traveling. 

In the effort to integrate matlieinatics and statistic.^ with eco- 
nomics, the outstanding figures have been noted chiefiy as mathe- 
maticians rather than as statisticians. If one may be allowed a 
rather crude distinction, it niaj’ be said that matliematical eco- 
nomics is concerned with quantities, and statistical economics with 
number. Vfhile, at first blush, it may seem odd to say that mathe- 
matics does not necessarily deal with numbers, on a moment’s re- 
flection one sees that this is true. It is said, and pjrovcd, that if one 
side of a plane triangle is greater than another, the angle o]iposite 
the greater side is greater than the angle opposite the lesser side. 
Here, in ordinary mathematics, is the exiiression of an important 
quantitative relationship made without any use of numbers. 

Everj'' branch of learning has its particular heroes, men who 
either founded their art or science, or whose genius so advanced 
and enriched it that they have earned a peculiar measui'e of ven- 
eration from all who followed them. Sir Isaac Newton (1642-1727) 
and James Clerk Maxwell (1831-1879) in physics, Johannes Kepler 
(1571-1680) and Pierre Simon de Laplace (1749-1827) in astron- 
omy, Gregor Johann Mendel (1822-1884) and Charles Robert Dar- 
win (1809-1882) in biologjq Louis Pasteur (1822-1895) and Robert 
Koch (1843-1910) in bacteriology, would come within such a cate- 
gorj’. \\Tien w'e turn to econometrics, probably most of those fa- 
miliar with the field would agree to list as its particular paragons 
A. A. Cournot, W. S. Jevons, M. E. L. Walras, V. Pareto, and E. A. 
Edgeworth.’ 

J. The Scope of Sfoiistical Sdevce. The importance of a 
knowdedge of statistics in any field of applied science is shown by 
the discoveries that have been made from an analysis of empirical 
data, that is to say, data derived from experience. One of the im- 
portant achievements of the pi-esont ceiituiy in astronomy, for ex- 
ample, has been the statistical analysis of stellar velocities and 
the discoverj’' by J. C. Kapteyn (1851-1922) that there exist great 
streams of stars in our galaxy. These early researches have been 
greatly amplified and extended by modern astronomical statisti- 


’It would seem appropriate, therefore, in a book to be studied by those who 
aspire to become econometricians, to give some biographical notice, however 
brief, of the men who first or most successfully turned the powerful appara- 
tus of mathematics toward the solution of economic problems. This is at- 
tempted in Appendix I. 



10 


ELEMENTS OF STATISTICS 


cians. The modern theory of the structure of the atom is highly 
indebted to the discussion by James Clerk Maxwell, an eminent 
English physicist, of the motion of a gas as a problem in dynamical 
statistics. 

Modern biology, in particular as it is concerned with the sub- 
ject of genetics, owes much to the theory of statistics as developed 
and applied in Biometrika, a scientific journal founded in England 
in 1901. Life insurance, as well as other forms of insurance, are 
familiar examples of the exact calculations that can be made when 
data associated with sufficiently large populations are collected and 
analyzed. It is of interest to remark that even the vagaries of such 
a capricious phenomenon as the weather do not lie outside the 
range of statistical methods.^ 

5. The Object of the MalhematiccU Theory of Statistics. It 
should be clearly understood by the student of statistics at the out- 
set that there are really two points of view on the subject. On the 
one hand, the mathematical theory aims to set up an ideal model 
which will serve as a guide to the applied worker; on the other 
hand, the application of statistics calls for the actual manipulation 
of empirical or experimental data which are never exact, and often 
do not conform closely to the mathematical ideal. In these cases 
the judgment of the statistician plays an important role and an 
uninformed use of mathematical formulas may lead to serious 
error. 

The aim of this book is to present the first point of view. 
Grave error often results from a lack of knowledge of the assump- 
tions that underlie the mathematical formulas. Moreover, one’s 
judgment in applied work is greatly aided by an appreciation of 
the limits of the mathematical model. All series of statistical fre- 
quencies are not normal, and yet many of the formulas used in 
practice are derived on the assumption that such normal frequen- 
cies are being discussed. 

It is of real importance, therefore, that the student of statis- 
tics should review thoughtfully the mathematical foundations upon 
which the theory rests. A knowledge of the differential and inte- 
gral calculus is indispensable if one wishes to acquire a thorough 
mastery of mathematical statistics and to appreciate the work of 
modern investigators. The elements of the theory, however, can 


iPor an instractive discussion of this problem consult: “Solar Eadiation 
and Weather Forecastinfc” by C. P. Marvin and H. H. Kimball, Jowmal of the 
FramjcUn Institute, "VoL 202 (1926), pp. 273-806. 
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be grasped with a mathematical background of algebra, including 
especially logarithms/ the binomial theorem, a few types of series, 
and the elements of graphing. It is assumed that the student has a 
preliminary knowledge of these topics, which will be partially re- 
viewed as need for them appears in the development of the subject. 

6. The Collection of Statistical Data. No formal rules can be 
set down for the collection of statistical data, since the methods 
for obtaining facts about any field of knowledge depend almost 
w'holly upon the problem that is being studied. Thus, if one is in- 
vestigating the vital statistics of a community, he must turn to 
census reports and medical sun-eys; if he is studying a problem 
involving a city’s commercial activities, he must rely upon reports 
furnished by impartial companies whose business it is to make 
such surveys. 

In general, only two criteria need be applied to the data which 
one proposes to analyze. The data must be derived from a trust- 
worthy source and they must be sufficiently comprehensive to give 
an accurate picture of the situation being studied. 

The second criterion might be illustrated by means of an ex- 
ample. Suppose that the council of some city wishes to study the 
traffic problem at a busy street intersection. Would it be sufficient 
to employ a man to count the number of vehicles passing the cor- 
ner during a single day? It is obvious that this would not supply 
trustworthy information, since the traffic varies with the seasons, 
with the daj’s of the week, and vuth the hour's of the day. But it 
is also clear that it would not be necessarj^ to employ a man to 
count the number of vehicles for everj’- hour of the day, every day, 
throughout an entire year. Samples taken judiciously at certain 
hours, and upon certain days, would be entirely adequate to repre- 
sent the traffic population of the intersection. 

7. Sources of Statistical Data. The collection of data thus fur- 
nishes a problem of its owm. It will not be further treated in this 
book. It may be useful, however, to know a few general sources of 
relatively reliable economic data, and these are here enumerated, 
together with some slight indication of lines in which each is par- 
ticularly helpful : “ 


1 For the convenience of students. Appendix II, pages 348-358 gives a thor- 
ough discussion of logarithms. 

2 The student should consult Source-Book of Statistical. Data (^ition of 
1923) prepared by the New York University Bureau of Business Sesearch, 
puhlidied by Jrentice-Hall. New York, for an excellent summary of economic 
source materials. 
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Bradstreet’s (weekly), New York, prices and business. 

Diirii’s Review (weekly), New York, prices and business.* 
Commercial and Financial Chronicle (weekly). New York, secur- 
ity quotations and an impressive mass of miscellaneous cur- 
rent statistics. 

Wall Street Journal (daily). New York, security prices, corpora- 
tion reports. 

Journal of Commerce (daily). New York, or New York Commer- 
cial (daily), current banking, investment and business statis- 
tics, prices. 

Survey of Current Business (monthly) and Annual Supplement, 
Department of Commerce, Washington, D. C., production, 
prices, trade, finance, transportation. 

Monthly Summary of Foreign Commerce of the U. S. Department 
of Commerce, Washington, D. C., imports and exports. 

Federal Reserve Bidletin (monthly), Washington, D. C., Reserve 
and member bank statistics, production, prices. 

Annual Report of the Federal Reserve Board, Washington, D. C., 
currency and banking statistics. 

Monthly Review of Business Conditions (Each of the twelve Fed- 
eral Reserve Banks publishes a review of conditions in its 
district. Banking and business, in local districts) . 

Weather Crops and Markets (weekly) , Department of Agriculture, 
Washington, D. C. 

Monthly Labor Review, Bureau of Labor Statistics, Washington, 
D. O., commodity prices. 

The Industrial Bidletin (monthly) , Industrial Commission of State 
of New York, Albany, N. Y., employment and wages. 
Information Bulletins, American Raihvay Association, Washing- 
ton, D. C., car loadings, weekly. 

Interstate Commerce Commission: 

(1) Statistics of Railways in U. S. (annual), 

(2) Monthly Bulletins on Railway Operating Expenses and 
Traffic Statistics, 

(S) Monthly Reports on Large Telephone Companies. 

Federal Trade Conamission, reports on various industries. 

IT, S. Census Publications : 

(1) Decer^^Sl Census, A treasury of information about the 
people of the country and American possessions. 


*Dtin’s Review and Bradstreet’s weekly have recently been combined. 
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(2) Five Year Censtis of Manufactures, Value added by 
manufacture, etc. 

(3) Special Bulletins (e.g., Oils, Fats, and Greases). 

Agricultural Year Book, Department of Agriculture, Washington, 

D. C., wheat, corn, cotton, production, acreage, yield, prices, 
etc. 

Bureau of Mines, Department of Interior, various bulletins on 
mineral and metal products, e.g.. Monthly Refinery Statis- 
tics (petroleum). 

Geological Survey, Department of Interior, various bulletins on 
minerals, e.g., Weekly Reyort on. Coal Production, and Sta- 
tistics of Crude Petrolejim (monthly), Washington, D. C. 

Statistical Abstract of the U. S. (annual). Department of Com- 
merce, Washington, D. C., population, production, prices, bank- 
ing, etc., etc. 

Trade Papers (In each trade or industry^ there is a leading trade 
journal, such as Iron Age, Oil, Paint, and Drug Reporter, Eti- 
gineering and Mining Journal, etc.). 

Standard Statistics Statistical Bulletin and Base Book, published 
by Standard Statistics Co., New York. Production, prices, bank- 
ing, investment; both raw data and data treated for secular 
trend, seasonal variation, etc. Indexes of stock prices by in- 
dustries. An intelligent and valuable collection. 

Review of Economic Statistics (quarterly to 1931, monthly to 
March, 193.5, quarterly thereafter), published by Department 
of Economics, Harvard University, Cambridge, Massachusetts. 
Indexes of general business conditions, manufactures, etc. 

Annalist (weekly) , published by the New York Times Co., weekly 
business and commodity price, daily stock price indexes, pro- 
duction, banking, etc. 

Monthly BuUetin of Statistics, League of Nations, Geneva, Switzer- 
land. General production indices, indices for separate indus- 
tries, commerce and transportation, exports, imports, ship- 
ping, prices, gold reserves, interest rates, exchange rates, un- 
employment, etc., for all important countries in the world. 

Statistical Year Book of League of Nations (annual), Geneva, 
Switzerland, cumulates and extends materials covered in the 
Monthly Bulletin of Statistics. 

New York Stock E.cehange Bulletin (monthly), stock values by 
industries, bond prices (foreign, domestic, an4 by indus- 
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tries), volume of trading, Stock Exchange borrowings, se- 
curity offerings, loan rates, volume of short sales, etc. 

For the study of any particular industry, valuable data may 
sometimes be secured from its Code Authority, National Recovery 
Administration, Washington. 

8. The Classification of Statistical Data. The data with which 
one works in practical problems in statistics may usually be classi- 
fied under two types : 

1. Data distributed with respect to some unit of time, 

II. Data distributed with respect to some physical characteris- 
tic. 


The first class is conveniently referred to as a thne series, and 
includes such items as daily figures on call loan rates,, weekly to- 
tals of freight car loadings, monthly totals of pig iron produc- 
tion, national income by years, all series, in fact, which are ordered 
with respect to time. Most economic statistics are of this type. 

The second class is known as a frequency distribution, where 
data are distributed according to class units which are suggested 
by the character of the subject under scrutiny. This type includes 
such situations as the distribution of a large number of bonds with 
regard to the coupon figure, or date of maturity, etc., the distribu- 
tion of wheat farms according to yield per acre, the distribution 
of wage earners with respect to weekly wages received, and so 
forth. 

It will b^ observed at once that statistical distributions such 
as those just mentioned can be classified under two heads. The 
first of these, which will be designated by the term homograde 
series, includes distributions in which all the individuals associated 
with a given class possess the same characteristic in the same de- 
gree. For example, in the series formed by recording the semi- 
aimual coupon payments of a large number of industrial bonds, 
each item will generally fall into one of the classes : $20.00, $22.50, 
$25.00, $27.60, $30.00, and so forth. Though there might be, there 
generally are not any intermediate degrees of classification such 
as $20.03, or -$31.53% but, rather, definite jumps, as from $20.00 
to $22.50. This condition is not true, however, of the second type 
of distribution, which is called a heterograde series. In this 
second type of distribution, the individuals associated with a given 
clas^- do not possess the same characteristic in the same degree. 
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An example is found in the classification of wage-earners by in- 
come. When it is said that 100 workers have annual incomes of 
$1200, it is not meant that every individual draws total wages of 
exactly $1200, but rather that all, in varjing degrees, are between 
the limiting values of $1150 and $1250. The difference between 
}iomogra-de and hetcrogmde series may be explained by saying that 
one is a discrete, while the other is a contmitons, distribution.^ 

9. Frequency Distributions. Leawng the subject of time se- 
ries for later consideration, at this point the analysis that is to be 
applied to frequency distributions may be developed. 

When some object amenable to statistical study has been meas- 
ured accoi'ding to some fundamental characteristic, the crude data 
for a frequency distribution are obtained. In order to make the 
analysis concrete, consider the following table of 4-6 months prime 
commercial paper rates, monthly, from Januaiy 1922 to Decem- 
ber 1931 : 


Month ; 1922 

i| 

1923 

1924 

1925 

1926 

! 1927 

) 

1 

j 1928 

1929 

1930 

Jan. 

1' 4.88 

4.63 

4.88 

1 

8.63 

' ' ■ “ 

4.31 

4.13 

i . 

' 3.88 

5.50 

4.85 

Feb. 

!; 4.88 

4.69 

4.78 

, 3.65 

4.19 

: 3.88 

! 4.00 

5.56 

4.63 

Mar. 

|i 4.78 

5.00 

4.59 

1 3.94 

4.28 

1 4.00 

' 4.15 

5.69 

4.19 

Apr, 

r 4.60 

5.13 

4.63 

' 3.95 

4.19 

: 4.09 

4.40 

5.90 

3.88 

May 

,j 4.25 

5.13 

4.23 

1 3.88 

4.00 

i 4.13 

, 4.55 

6.00 

3.72 

June 

: 4,05 

4.88 

8.91 

! 3.88 

3.88 

; 4.13 

: 4.70 

6.00 

3.50 

July 

: 3.94 

4.94 

3.53 

; 3.93 

! 3.97 

' 4.06 

! 5.13 

6.00 

3.13 

Aug, 

;; 3.91 

5.03 

; 3.23 

4.00 

4.25 

i 3.90 

i 5.39 

6.09 

3.00 

Sept. 

4.25 

‘ 5,16 

3.13 

■ 4.25 

' 4.43 

3.91 

! 5J>9* 

6.13 

3.00 

Oct, 

4.38 

' 5.18 

8.13 

: 4.44 

, 4.50 

4.00 

* r>M 

6.13 

3.00 

Nov. 

i 4.63 

5.09 

3.28 

' 4.38 

, 4.43 

1 8.94 

5.38 

5.41 

2.97 

Dec. 

4.63 

, 4.98 

8.5G 

' 4.38 

4.38 

, 3.95 

' 5.43 

5,00 

i 

! 

2.88 


Since one is concerned with the sizes of these items, as a first 
step an array should be formed, that is, the items should be tabulat- 
ed in order of magnitude, every item being included. These com- 
mercial paper rates (X) are tabulated from a value of 2.88 to a 
value of 6.13. The number of months exhibiting any one of these 
varying rates is given under f. 


^The terms homograde and heterograde are attributed by Helen M. Walk- 
er; Studies in the Histo^ of Statistical Method, op, dt., to C. V. L. Charlier, 
In this book one is maiiuy eoncemed with homc^rade series, since a proper 
analysis of continuous distributions requires the tehnique of integral calculus. 
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X 

/ 

X 

/ 

X 

/ 

Z 

/ 

i 

Z 

/ 

Z 

r 

1 Z 

/ 

Z 

f 

2.88 

1 

3.56 

1 1 

3.94 

3 

4.15 

1 

4.43 

1 

4.70 

1 

5.09 

1 

5.56 

1 

2.97 

1 

3.63 

1 

3.95 

2 

4.19 1 

3 

4.44 

2 

4.78 

2 

5.13 

4 

5.59 

1 

8.00 

8 

3.65 

1 

3.97 

1 

4.23 

1 

4.50 

1 

4.85 

1 

5.16 

1 

5.69 

1 

3.13 

3 

3.72 

1 

4.00 

5 

4.25 1 

4 

4.55 

1 

4.88 : 

4 

5.38 

1 

5.90 

1 

3.23 

1 

3.88 

6 

4.05 

1 

4.28 

1 

4.59 

1 

4.94 

1 

5.89 

1 

6.00 

3 

3.28 

1 

3.90 

1 ' 

4.06 

1 

4.81 

1 

4.60 

1 

498 

1 

5.41 ’ 

1 

6.09 

1 

3.50 

: 1 

3.91 

8 1 

4.09 

1 

4.88 

4 

4.63 

5 

5.00 

2 

5.43 

1 

6.13 

2 

3.53 

1 

3.93 

i 

1 

4.18 

3 

4.40 

1 

4.69 

1 

5.03 

1 

5.50 

2 

sf 

108 


Sf = N = total frequency.! 


The immediate problem is the choice of a class interval, the 
interval which sets bounds to each class of the frequency distribu- 
tion. In this case it is convenient to use .50 per cent as the interval. 
The class limits will then be 2.50-2.99, 3.00-3.49, 3.50-3.99, 4.00- 
4.49, 4.50-4.99, 5.00-5.49, 5.50-5.39, 6.00-6.49. By..cZass mark or 
number is meant a value (generally the arithmetic mean of the 
class limits) which serves to designate the class. In the example 
under discussion, the class marks are 2.75, 3.25, 3.75, 4.25, 4.75, 
5.25, 6.76, and 6.26 per cent. 

There are no fixed rules to be applied in determining the num- 
ber of classes into which a frequency distribution is to be divided, 
except that the number should be sufficiently small so that the dis- 
tribution is reasonably smooth and sufficiently large so that the 
concentration of frequencies at an average value such as the cen- 
ter of a class, interval will not seriously affect the values of the 
statistical averages. 

Some authors suggest the use of about fifteen class intervals 
for distributions whose total frequency is not less than a hundred. 
IH. A. Sturges® has suggested the following formula for the deter- 
fmination of the number (m) of class intervals: 

m=l + log„N'/logxo2 , (l/log„2 = 3.32193) 
= 1 -f 3.32193 logioW , 
where N is the total frequency.® 


!The Greek letter S (capital sigma) designates summation. For a fuller 
explanation, see section 3, Chapter III. 

®“Tlie Choice of a Class Interval,” JoumaX of the American Statistical 
Association, Vol. 21 (1926), pp. 65-66. 

»The student who is unfamiliar with logarithms may consult Appendix II 
At this point. 
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This formula is derived from a consideration of the binomial 
frequency distribution based upon the problem of penny tossing, 
which, as will be pointed out in a later chapter, furnishes a good 
approach to the subject of normal frequency sexies. Thus, if five 
pennies are tossed 32 times and classified according to the number 
that appear heads up, in the ideal case the following disti’ibution is 
to be expected : 

OHead 1 Head 2 Heads 3 Heads 4 Heads 5 Heads 
1 5 10 10 5 1 

Similarly, if six pennies are tossed 64 times, the ideal distri- 
bution is : 

0 Head 1 Head 2 Heads 3 Heads 4 Heads 5 Heads 6 Heads 
1 6 15 20 15 6 1 

Thus, it is seen that for a frequency of 32 there are 1 -f- 
log 32/log 2 = 6 class marks, for a frequency of 64 thei'e are 1 -j- 
log 64/log 2 = 7 class marks, etc. The generalization of this ob- 
servation is expressed in the Sturges formula. 

It should be observed, however, that there is no inescapable 
necessity for making such a choice and m (the number of class 
intervals) should always be selected so that it is suited to the data. 
The Sturges rule tends, in general, to give too great a concentration 
of data for large frequencies. The American Experience Table of 
Mortality, for instance, which is the basis of the gx’eat structure 
of life insurance, gives a very smooth curve when the data on 
100,000 lives are distributed by years from 10 to 95. By applying 
the Sturges formula, however, one would have «i = 18, much too 
small a figure, as a proper range. 

In case a high concentration is desired, that is to say, if the 
data are to be distributed over but a few class iriarks, corrections 
should always be applied to the averages calculated from them. 
These corrections are discussed in section 8 of Chapter III. 

Applying the Sturges formula to the data of the last table, one 
finds that 

m, = 1 3.32193 log 108 = 1 -j- 3.32193 ^ 2.03342 = 7.75 . 

The data are very conveniently treated by using a class in- 
terval of .50 per cent, so w = 8 may be chosen. On the basis of 
this choice one arrives at the following table of frequencies : 
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Classes 

(inclusive) 

1 Class 

1 Marks 

i 

Frequencies 

2.50-2.99% 

S 2.75% 

2 

3.00-3.49 

i 8.26 

8 

3.50-3.99 

i 3.75 

23 

4.00-4.49 

! 4.25 

SO 

4.50-4.99 

1 4.75 

20 

5.00-5.49 

j 5.25 

I IS 

5.50-5.99 

! 5.75 

1 ® 

6.00-6.49 

: 6.25 

1 6 

1 


In the column of frequencies one notices the existence of a 
central tendency in the data ; that is to say, there is a tendency for 
the frequencies to cluster about a class mark near the mid-point 
of the range. This characteristic of frequency distributions will 
be discussed later. 


PEOBLEMS 

1. The following tabie^ gives women’s weekly earnings (259 cases) in 
Stepney (London) for 1929: 


j 

Classes | 

(inclusive) ‘ 

i 

Frequencies * 

1 Classes 

1 (inclusive) 

Frequencies 

1 

Under 10s 

1 

35s-39s 

48 

10S-14S 

3 

40s-44s 

28 

15s-19s 

7 

45s-49s i 

24 

20s-24s 

29 

50S-54S j 

! 6 

25s-29s 

47 

55s-59s 

3 

30S“34s 

60 1 

60g or more 

3 


Does the number of intervals chosen conform to Sturges’ formula? 
(log 259 = 2.413S0). 

2. The 168 figures contained in the following table give the Eatio of In- 
vestments in U. S. Government Securities to Total Investments (All Eeport- 
ing Federal Eeserve Member Banks), and range in magnitude from 39.7 to 
63,3. Choosing a convenient unit, divide this range into a series of class in- 
tervals and construct a frequency table. 


2'Talcen from ‘The Action of Economic Forces in Producing Frequency 
Distributions of Income, Prices, and Other Phenomena: A Suggestion for 
Study/’ by Au L. Bowley, Ecmometrieoy VoL I (1933), page 363. 
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Mo. 

1919 

1920 i 

1921 ; 

1922 

1920 

1924 

1925 

{ 

1926 

192 


1928 

1929 

1930 

1931 

1 

Jan. 

58.0 

49.8 

40 . 9 : 

43.4 


9 

53.8 

51.3 

49 

5 

45 

4 

48.5 

51.1 

49.1 

40.7 i J 

Feb. 

60.2 

47.8 j 

40 . 7 . 

46.3 

56 

1 

53.7 

50.4 

49 

6 

45 

5 

49.1 ' 

.51.2 

51.9 

47.7 

( 

Mar. 

62.5 

45.8 

40.9 i 

45.5 

56 

1 

53.2 

60.7 

49 

3 

46 

2 

48.4 

51.4 

oO.O 

49.2 

t 

Apr. 

62.1 

46.5 

40.6' 

45.8 

56 

0 

52.3 

;50.2 

4S 

9 

46 

6 

48.7 ' 

51,1 

49.7 

50.5 

C 

l 

May 

63.3 

47.0 

40.0 ' 

46.6 

56 

i 

51.1 

,49.4 

48 

6 

47, 

0 

48.7 1 

50.7 

48.5 

50.6 

? 

June 

: 58.7 i 

46.4 ; 

40.9 , 

48.8 1 

56 


50.5 

i49.6 * 

48 

1 

45. 

.8 ^ 

; 48.8 i 

i 

50,7 1 

47.3 

518 i 

July 

! 55.1 ' 

45.0 • 

39.7 : 

49.5 

55 

7 

50.8 

49.3 i 

47 

6 

' 45. 

.4 

j 48.8 

49.6 

4G,S : 

52.8 S f 

Aug. 

i 56.7 ^ 

44.5 1 

, 40.8 ' 

51.2 

55. 

.2 I 

50.8 

49.3 ; 

47, 

.9 

I 45, 

.2 

j 49.1 : 

49.G 

46.0 

52.8 : ? 

Sept. 

55,8 

44.1 • 

41.1 ' 

51.8 

! 55. 

. 0 : 

51.7 

: 49.1 1 

47. 

.9 

i 45. 


; 49.9 ; 

49.5 1 

46.0 

53.3 ' ? 

Oct. 

52.9 : 

43.0 * 

■ 40.4 

52.0 : 

54 

,s : 

51.5 

48.9 1 

48, 

.0 

i 46, 

.2 

1 51.0 1 

49,1 ! 

45.7 

53.7 ; ( 

Nov. 

■ 50.8 

42,8 ’ 

' 41.8 > 

52.4 I 

50. 

.9 ^ 

50.9 

48.9 ; 

47 

.4 

i 46 

’.7 

i 50.7 

49.3 

45.4 

5.3.7 ’ ( 

Dec. 

' 50.1 i 

42.0 

! 42.7 , 

53.5 

53. 

.9 ^ 

^_51^ 

■ 49.7 I 

46. 

.4 

i 47, 


!_60.8j 

48.6 

i 46.0_ 

54.7 ' f 


Som"ce: Standard Statistics Base Book, 


3. The following table gives the montlily percentage deviations from 
trend of the Dow- Jones Industrial Averages for the pre-war period, 1897-1913. 
Conld the data of this frequency table be advantageously spread over a smaller 
number of class intervals? (Use log 204 == 2.30963.) 


Classes ■ 

(inclusive) 

i. 

Frequency !j 

Classes 

(inclusive) 

Frequency 

60-64 i 

'll 

1 : 

100-104 

' 36 

65-69 i 

4 

105-109 

1 19 

70-74 1 

10 

110-114 

17 

75-79 1 

8 

115-119 

: 8 

80-84 ; 

9 1 ; 

; 120-124 

: 13 

85-89 1 

20 ! 

125-129 

10 

90-94 1 

22 ! 

: 130-134 

3 

95-99 ! 

' 24 ’ 


i A’=x204 


4. Using the data of the table in problem 4, section 11 of this chapter, 
show that the number of class marks has been ideally chosen. 

5, Discuss the choice of the number of class marks for series X and Y 
in problem 5, section 11 of this chapter. 

10. The Graphical Representation of Frequency Distributiom. 
When the data have been collected and suitably arranged in a table, 
it is often useful as a next step in statistical procedure to repre- 
sent them by some graphical method. Numerous devices such as 
pie. charts, bar charts, maps, curves, etc., have been employed for 
this purpose. For example, see Figures la and lb. 
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NUMBER OF PERSONS AMOUNT OP TOTAL INCOME 

IN EACH INCOME CLASS RECEIVED BY EACH CLASS 

Figure l,a. Pie charts comparing the number of persons in each of eight 
income classes with the income received by each class. The numbers refer to 
income ranges (1) below $500, (2) from $500-1,000, (8) $1,000-1,500, (4) 
$1,500-2,000, (5) $2,000-8,000, (6) $3,000-5,000, (7) $5,000-10,000, and (8) 
above $10,000. For the data, see the table on page 27. 



PER CENT OF PERSONS PER CENT OF TOTAL INCOME 

IN INCOME CLASSES RECEIVED BY EACH CLASS 


PlGUBB lb,,, Bar charts comparing the percentage of persons in each of 
eight income cmsses with the percentage of the total income received by each 
class. The numbers refer to the income ranges as stated for Figure la. 


PEELIMINASY ANALYSIS OF STATISTICAL DATA 21 

Helpful as these devices sometimes are, however, in the pic- 
torial representation of statistical matei'ial, none of them is so im- 
portant in the mathematical analysis of data as the ordinary meth- 
od of graphing-. 

The most common method of graphing is that of referring the 
quantities involved to mutually perpendicular intersecting straight 
lines called axes, just as places on maps depicting large areas are 
referred to the equator and the principal meridian, or on maps of 
limited scope to convenient lines of latitude and longitude. 

The horizontal axis is customarily referred to as the x-axis, 
the vertical axis as the y-axis, and their point of intersection as 
the origin. Convenient intervals are marked off on each axis. 

A point is designated by the symbol (a,6), whei-e a indicates 
the distance along the a:-axis and h the distance along the ?/-axis. 
These values are called respectively the abscissa and ordiruite of 
the point (a,b). The point is defined as the intersection of a line 
parallel to the y-axis and at a distance a from it with a line parallel 
to the a:-axis and at a distance b from it. The abscissa o and the 
ordinate b are called coordinates of the point. They are sometimes 
referred to as the rectangular Cartesian coordinates, after Een4 
Descartes (1696-1650), who first introduced them in his famous 
essay on Geometric. 

Letting Xi, X2, ■ • • , x„, denote the x values, and 1 / 1 , 2 / 2 , • • • , Vm 
the corresponding y values, one may record them in tabular form; 


Values of x i 

1 

Xi 



^2 ^3 ' 

*vn 

i~ 

Values of y \ 

i 

Vx 



¥2 ¥3 



The number pairs (XuVi), {xzAfz), ••• , (Xml/n), may 

then be plotted as points, and this succession of points -when 
connected make a graph. Assuming that there exists some exact 
relationship between z and y, these points will not be entirely ran- 
dom ones, but will be found to be so arranged -that a smooth curve 
can be drawn to approximate them. 

If there is only an approximate relationship between the two 
variables, the points nray be joined by straight lines to obtain the 
characteristic saw-toothed graph of statistics.^ The method of fit- 


^ See, for example, Figure 10, page 46. 
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ting a smooth curve to the data thus plotted is treated in a later 
chapter under the theory of least squares. 

Some variation in this procedure is to be expected in the case 
of frequency tables. The x-axis is then usually chosen for the rep- 
resentation of the class marks, and the y-axis for the representa- 
tion of the frequencies. But, since each frequency is an integer 
and includes all the individuals within the class interval to which 
it applies, the frequency is customarily represented, not by a single 
ordinate, but by a rectangle whose base is the class interval and 
whose length is equal numerically to the value of the frequency. 
The diagram formed by these frequency rectangles is called a 
histogram. 

Example : Represent graphically the data of the table on page 

18. 

As a preliminary simplification the original class marks are 
replaced by a new set composed of the numbers 0, 1, 2, E, 4, 5, 6, 7. 
In this manner the origin of the axes is included in the picture, an 
inclusion which will often be found to be advantageous. Further- 
more, as will appear later, considerable reduction in the labor of 
numerical calculation will result from the choice of simpler class 
marks. 

The histogram is then constructed by forming rectangles with 
bases equal to unity, and altitudes equal to the successive fre- 
quencies, as shown in Figure 2. 


Y 



Figuee 2 
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The graph is completed by drawing in a smooth curve which 
approximately represents the data and includes an area (almost) 
identical with that of the total area of the several rectangles. The 
computation of the oi'dinates of such a curve will be discussed in 
detail in later chapters. The frequencies, which are represented by 
the rectangles of the histogram, ai*e contained in the following 
table: 


Class marks 0 1 2 3 4 5 6 


Frequencies 2 8 23 30 20 13 6 6 


The dotted curve (process of smoothing by inspection) in the 
above figure represents a smoothed curve, enclosing approximate- 
ly the same total area as the histogram, and so drawn through the 
points of the histogram that the areas gained and lost by each col- 
umn are approximately equal. The top of the curve slightly over- 
tops the highest plotted point in order to represent the probable 
distribution of the cases ivithin the class of highest frequency. 

11. Ogives or Cumtdative Frequency Curves. One type of 
curve often used in the graphical representation of frequencies is 
the so-called ogive or cumulative frequency curve. The ordinates 
of such a curve are formed from a given frequency distribution by 
the addition of successive frequencies. 

For example, the ordinates for the ogive which represents the 
frequency distribution given in the table on page 18 (monthly aver- 
ages of 4-6 months prime commercial paper rates, January 1922 
to December 1931), are the following: 


Class Intervals 

1 : 

i Class Marks ! 

! ! 

; Frequencies 

1 Frequencies 

! Accumulated 

! 

2.50-2.99% 

1 2.75% ! 

2 

2 

3,00-3,49 

' 3.25 ! 

i S 

10 

3.50-3.99 

; S.75 I 

23 

33 

4.00-4.49 

4.25 i 

30 

1 63 

4.50-4.99 

i 4.75 ! 

20 

' 83 

5.O0'-5.49 

: 5.25 ! 

13 

‘ 90 

5.50-5.99 

i 5.75 

; 6 

i 102 

6.00-6.49 

6.25 

1 6 

1 

j 108 
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The graph of the accumulated frequencies, or ogive, is given 
in Figure 3. These frequencies are plotted corresponding to tiie 
upper limits of the class intervals. 



2.50 3.00 3 50 4 00 4.50 5.00 5.50 6.00 6.50 


Figure 3 

One useful application of the ogive is found in the compari- 
son of one or more groups of data with some standard norm. To 
illustrate, one might be interested in comparing monthly imports 
and exports of the United States over a period of years, data 
which are contained in the following table (1912-1931, with unit as 
$ 1 , 000 , 000 ) : 


Class 

Intervals 

Class 

Marks 

j Frequency 
(Imports) 

Frequency 

(Exports) 

Frequency 

(Composite) 

Under 115 

77.5 

0 

1 

1 

115-189 

152.5 

68 

21 

80 

190-264 

227.5 

53 

1 26 

70 

2m-m 

302.5 

62 

40 

i 111 

340-414 

377,5 

45 

53 

98 

415-480 

452.5 

7 

36 

43 

490-564 ‘ 

527.5 

5 

25 

30 

565-630 

602.5 

0 

14 

14 

640 and over i 
- - — 1 

677,5 

0 

15 

15 

Totals j 

1 

1 240 

240 

480 


To make the suggested comparison by means of the ogive, 
some norm is first selected. In the present instance it will be con- 
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venient to choose for this the composite frequency distribution ob- 
tained by adding corresponding frequencies in each group. A sec- 
ond table based on the one just given is then computed, reducing 
the cumulative frequencies to percentages of the total of the fre- 
quency column. This table is given below: 


Class 

Intervals 

Class i 
Marks 

Cumulative 

Frequency 

(Imports) 

Percentage 

of 

Total i 

Cumu- 1 
lative , 
Frequency j 
(Exports) i 

Per- 

centage 

of 

Total 

; Cumu- 1 
!! lative 

Frequency ’ 
''(Composite) 

Per- 

cental 

of 

Total 

Under 115 

77.5 

0 

0 



1 

0 


1 


0 

115-189 

152,5 

68 

28 



22 

9 

i 

90 


19 

190-264 

227.5 

121 

50 



48 

20 


169 


85 

265-339 

302.5 ^ 

183 

76 


i 

97 

40 


280 

1 

58 

840-414 

377.5 

228 

95 


i 

150 

63 


378 

1 

79 

415-489 

452.5 

235 

98 


i 

186 

78 


421 

! 

i 

8S 

490-564 

527,5 

240 

100 



211 

88 


451 

1 

94 

665-639 

602.5 

240 

100 



225 

I 94 


465 

1 

97 

640-Over 

677,5 

240 

1 100 


L 

240 

100 

i’’ 

480 

1 

! 

lOO 


Drawing two mutually perpendicular axes, X and Y (see Figure 
4) , per cents from 0 to 100 are recorded as ordinates. The ruling 
for the Z-axis is obtained as follows : At some convenient distance 


Y 





26 


ELEMENTS OP STATISTICS 


from the origin on the X-axis, a perpendicular equal in height to 
the range on the F-axis is erected, i.e., the range from 0 to 100 per 
cent, and the origin is connected by a straight line with the extrem- 
ity of this perpendicular. Then, from points on the Y-axis at the 
percentage values recorded in the composite column of the table, 
lines parallel to the X-axis are drawn until they cut the diagonal of 
the figure. From these points of intersection perpendiculars are 
dropped to the X-axis and at the extremities of these perpendicu- 
lars the class limits (substituting the simple class limits, 0, 1, 2, 
etc., for the original class limits 115, 190, etc.) are recorded, thus 
establishing a I’ange of unequal intervals on the X-axis. 

Using these new values of x, the points in the other two per- 
centage columns of the above table are graphed. The resulting 
diagram gives a graphic picture of the relative value of imports 
and exports in the various groups, the composite or norm being 
represented by the straight line diagonal. 

The ordinary ogives of the distribution as shown in Figure 5 
may be compared with the ogives obtained by the method just de- 
scribed, as shOMTi in Figure 4. 

Another type of ogive curve may be formed by cumulating the 
variables on each axis and reducing the values thus obtained to 
percentages of the total. Such ogives are called Lorenz curves and 
are valuable statistical aids in analyzing data of certain types. 



Figure 5 
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A well-knoYTi example is furnished by the figures shoeing the 
distribution of national income in the United States. The follow- 
ing summary (condensed) was published by the National Bureau 
of Economic Research in 1921 to show the amount and distribution 
of personal incomes in 1918:^ 


Number ‘ Amount , ! Cumulative 

Income Class : of of Percentage j Distribution 

(Dollars) i Persons , Income ] (Percentage) 






'No. : 

Amt. 

No7 1 

Amt. 

Under 

zero 

200,000 

$ -125,000,000 

..63 : 

-.22 

.53 

-.22 

000- 

500 

1,827,554 

685,287',806 

4.86 i 

1.18 

5.39 

.96 

500- 

1,000 

12,530,670 

9,818,678,617 

33.35 i 

16.94 

38.74 

17JO 

1,000- 

1,500 

12,498,120 

15,295,790,534 

33.27 

26.40 

72.01 

44.30 

1,600- 

2,000 

5,222,067 

8.917,648,335 

13.90 

15.39 

85.91 

59.69 

2,000- 

3,000 

3,065,024 

7,314,412,994 

8.16 

12.62 

94.07 

72.31 

3,000- 

5,000 

1,383,167 

5,174,090,777 

3.68 

8.93 

97.75 

81.24 

5,000- 

10,000 

587,824 

3,937,183,813 

1.57 

6.79 

99.32 

88.0S 

10,000- 

26,000 

192,062 ; 

2,808,290,063 

.51 

: 4.85 

1 99.83 

92.88 

25,000- 

50,000 

41,119 j 

! 1,398,785,687 

.11 

2.41 

: 99.94 

95.29 

50,000- 

100,000 

14,011 

1 951,529,576 

.04 i 

1.64 i 

^ 99.98 

96.93 

100,000- 

200,000 

4,945 

1 671,565,821 

.01 ’ 

1.16 ; 

i 99.99 

: 98.09 

200,000- 

500,000 

1,976 

1 570,019,200 ^ 

: .01 

.98 

1100.00 

1 99.07 

500,000-1 

,000,000 

369 

220,120,399 1 

1 .00 

1 .38 

; 100.00 

99.45 

1,000,000-aiid over 

152 

316,319,219 ’ 

,00 

* .55 

! 100.00 

! 100.00 

Totals 

37,569,060 

57,954,722,341 

100.00 

1 

1 100.00 

1 

i 



From the percentages given in the last two columns of the 
table, the Lorenz curve of the distribution is graphed in Figure 6 ; 

It might be noted in passing that the result shown in the figure 
has been made the point of many important investigations. V. 
Pareto formulated it in terms of a special theory known as the 
'Taw of Pareto” (see section 3, Chapter IX, problem 2). The dis- 
parity between the line of equal distribution and the line of actual 
income is not a modem phenomenon, but has been observed in so- 
cial states from the earliest times down to the present day. 

PROBLEMS 

1. Make a histogram and curve to represent the data as given in the 
table of problem 1, section 9, of this chapter. 

2. Construct a histogram and curve for the data given in the follovring 
table, which shows the frequency distribution of the percentage deviations from 


^See Irusome in the United States — Its Amount and Distribution 1909-1919, 
National Bureau of Economic Research, Vol. I, New York, 1923, pp. 132-3. 
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trend of Bradstreet’s Commodity Prices monthly, corrected for secular trend, 
for the years 1897-1913 ; 


Percentage 
Deviation 
from Trend 

Class 

Marks 

Frequency 

Percentage 
Deviation 
from Trend 

Class 1 
Marks 

Frequency 

~15 to ^13 

^14 

3 

0 to 2 

1 ^ 

58 

»12 -10 

-11 

6 

3 ‘‘ 5 

4 

39 

- 9 - 7 

^ 8 

10 

6 « 8 

7 

13 

- 6 « - 4 

- 5 

31 

9 ‘‘ 11 

10 

4 

- 3 - 1 

- 2 

37 

12 14 

13 

3 


3. Draw an ogive for the data of problem 1 above. 

4. Compare the ogive of problem 3 with the ogive formed from the fol- 
lowing table: 


Class Marks 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

! 

Frequency 1 

1 

10 

45 

120 

210 

252 

210 

120 

45 

10 

1 
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5. Compare the following frequency data by the method of this section, 
using the X figure as the norm : 


Class Marks 

-!i 

0 

1 

2 

8 

4 

5 

6 

X 

ii 

_ h 

1 

6 

15 

20 

15 

6 

1 

Y 

1 

1 

5 

82 

78 

74 

25 

8 


6. Construct a Lorenz curve for the following data taken from the U* S. 
census for 1920, which show the relative size and value of American farms: 


Size of 

Farms 

(Acres) 

Number 

of 

Farms 

. Percent 

Value 

in 

Millions 

Percent 

Under 20 

796,535 

I 

12.4 

2,453 

8.1 

20-49 

1,503,732 

’ 28.3 

5,864 

7.5 

50-99 

i;474;745 

: 22.9 

! 11,188 ’ 

14.4 

100-174 

1,449,630 

; 22.5 

i 20,902 

26.8 

175-499 

1,006,477 

15.6 

i 26,390 

33.9 

500-999 

149,819 

; 2.3 

5,584 

7.1 

1000 and over 

67,405 

: 1.0 

5,598 

7.2 

Totals 

6,488,343 

; 100.0 1 

i i 

77,924 

100.0 


7. Make a Lorenz curve for the data of the first illustrative example of 
this section. 

8. Construct an ogive for the data of the first problem of section 9. 

9. Make a Lorenz cmwe from the ogive of problem 8. 


12. Binomial Freqnencies~The Binomial Theorem. One will 

find as he proceeds in the anabasis of frequency distributions that 
a considerable number of series resemble more or less closely a 
type whose frequencies are the successive terms of the expansion 
of a binomial. 

The frequencies of the table on page 18 {4-6 months prime 
commercial paper rates, January, 1922, to December, 1931), for in- 
stance, and the successive terms of the expansion of the binomial 

108 (.55 4- .45)^ 


may be compared as follows 
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Class 

Marks 

Frequencies 
, (Money Bates) 

Terms of the 

1 Expansion 

0 

2 

2 

1 

8 1 

9 

2 

2S 

2S 

3 

1 SO 

32 

4 

! 20 

26 

5 

IS 

IS 

6 

6 

3 

7 

1 

6 

0 


The general resemblance between the values in the table is 
evident. The reasons why such a resemblance is not accidental, but 
is to be expected in many statistical series, will be discussed at 
length in a later chapter. However, it may be mentioned here that 
such series are called binomial frequency distributions. 

In order to prepare for a better understanding of such distri- 
butions, a few of the facts concerning the expansion of a binomial 
may be reviewed. 

The formula representing the expansion of a binomial is called 
the binomial theorem. It has been proved in algebra that this ex- 
pansion takes the following form for integral (positive whole num- 
ber) values of n : 




n{n — 1) 

— a”-^b^ 

2! 


3! 


( 1 ) 


where 21 (read “factorial two”) =1-2, and 31 = 1 • 2 • 3, and, in 
general, rl = l- 2- 3- -''r . 

The expressions 

n{n — 1) 7i{n — 1) (« — 2) , 

n ————— , — — — , etc. , 

2! 3! 


are called the binomial coefficients and are conveniently repre- 
sented by the symbols, «(7i , „C 2 , nC ^ , etc., which will be met later 
in tixe subject of probability. 

The rth or general, coefficient is given by the formula 

^ n i.n — 1) (.n — ^2) (s?^— ?*-j-l) 
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which may be put into the following form : 

^ — 1) — ^2) • • • 

= — 

r! 

N/ [(«—>•) ••• 3-2-1] nl 

1) •••3-2-1] rl (jj— r)! 

Since the numerical values of these constants for integral val- 
ues’ of n often occur in statistical work, a short table is given below : 


TABLE or BINOMIAL COEFFICIENTS, 



0 

1 

2 

(TV 

o 

4 

5 

6 

1 

8 

9 

10 

11 

12 

13 14 15 

1 1 

1 

1 













2 1 

1 

2 

1 












3 

1 

3 

o 

u 

1 











4 

1 

4 

6 

4 

1 










5 

1 

5 

10 

10 

5 

1 









6 

1 

6 

15 

20 

15 

6 

1 








7 

1 

7 

21 

35 

35 

21 

7 

1 







8 

1 

8 

28 

56 

70 

56 

28 

8 

1 






9 

1 

9 

36 

84 

126 

126 

84 

36 

9 

1 





10 

1 

10 

45 

120 

210 

252 

210 

120 

45 

10 

1 




11 

1 

11 

55 

165 

330 

462 

462 

330 

165 

55 

11 

1 



12 

1 1 

12 

66 

220 

495 

792 

924 

792 

495 

220 

66 

12 

1 


13 

! 1 

13 

78 

286 

715 

1287 1716 1716 

1287 

715 

286 

78 

13 

1 

14 

i 1 

14 

91 

364 1001 

2002 3003 3432 

3003 2002 

1001 

364 

91 

14 1 

15 ! 

' 1 

15 105 

455 

1365 

3008 5005 6435 

6435 5005 3003 

1365 455 

105 15 1 


A few of the most useful values of „Cr for fractional and neg- 
ative indexes are given in the following table: 


^For values of n that are either negative integers or positive or negative 
fractions, the binomial coefficients may be computed either from formula (2) 
or by means of tables of the gamma function. By definition, the gamma 
function, represented by the symbol r(r), is equal to (r — 1)1 • MaJcing use 
of the difference relationship: r(a;+l) =xT(x), that is to say, rl = x(x — 1) I, 
it is possible to define the factorial symbol for all values of « except the nega- 
tive integers where r{ 5 c) becomes infinite. It is interesting to note the particu- 
lar value of r(S/2) = {^)l == . Elaborate tables of the gamma func- 

tion have been computed (See Davis, Tables of the Eigksr Mathetmtimi 
Fumctims^ Vol. 1, Bloomington, 1933), Hence, for one may mite, 

If % is a negative integer, this expression may be evaluated by appropri- 
ate limiting process^, but folmula (2) is easier to apply in this case* 
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BINOMIAL COEFFICIENTS 


n 

r = 1 

2 

3 

4 

5 

-2 

-2 

3 

-4 

5 

-6 


-1 

1 

-1 

1 

-1 

- 1/2 

- 1/2 

3/8 

- 5/16 

35/128 

- 63/256 

1/2 

1/2 

- 1/8 

1/16 

- 5/128 

7/256 

-1/3 

- 1/3 

2/9 

- 14/81 

35/243 

- 91/729 

1/3 

1/3 

- 1/9 

5/81 

- 10/243 

22/729 

-1/4 

- 1/4 

5/32 

- 15/128 

195/2048 

- 663/8192 

1/4 

1 

1/4 

- 3/32 

7/128 

- 77/2048 

231/8192 


A simple and interesting way of arriving at a table of binomial 
coefficients is here shown 



iThis is essentially Pascal’s Triangle, published by B. Pascal in 1665, 
although known as early as 1303 in a Chinese traJct by Chu Shih-CMeh. 
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Given a set of squares, the top row of squares and the left 
column of squares are each filled with ones. Then each successive 
row is formed by summing the figures in the preceding rew from 
the left, up to and including the column where the new figure is to 
be inserted. For example, the 2 in column two, row two, is the 
sum of the two I’s of the top row. Similarly, the 20 in column 4, 
row 4, is the sum of the 1, 3, 6, and 10, of the preceding row. When 
the table has been constructed in this fashion, diagonal lines are 
drawn through it, Reading diagonally, one has the binomial coeffi- 
cients as 1, 1 ; 1, 2, 1 ; 1, 3, 3, 1 ; 1, 4, 6, 4, 1 ; etc. 

The binomial series is obtained from the binomial theorem by 
replacing a by 1 and b by x. One thus obtains the following expan- 
sion: 


(1 -[-«)“ =l-{-nx- 


n{n — 1 ) 
_ 


n(7i — 1) (71 — 2) 


3! 




+ 


( 2 ) 


If n is an integer, this series terminates with the ( n l)th 
term. If, however, ti is not an integer, the series consists of an in- 
finite number of terms, since none of the binomial coefficients van- 
ishes. It has been proved by methods of analysis which cannot be 
treated here that the series converges'^ for all values of n, positive 
or negative, provided r is a number between — 1 and -fl. By this 
statement is meant that if any value of x less than 1 in numerical 
value is substituted in the right hand side of equation (2) , the sum 
of a finite number of teirms of th'e sei'ies vill approximately equal 
the value of the expression (l-j-.r)”. That this is often a useful 
thing to know is evident from the fact that the tei'ms of the series 
are always easy to compute, whereas the value of (1 -f a;) ” is some- 


■■^The theory of convergent and divergent series is a very extensive and 
important subject in mathematics and the student should have some acquain- 
tance with it. Unfortunately the limitations of space preclude any develop- 
ment of this theory here. The student should consult some standard algebra 
or, if he has studied calculus, he should review the chapter devoted to series 
in any standard text. The convergence and divergence of series is illustrated 
by the following two examples: 

1 + 1/2 + 1/3 + 1/4 + • • ■ + l/« + • • • 

1 + 1/4 + 1/9 + 1/16 + • • • + l/n2 4- • • ■ 

The first series does not converge, that is to say, as terms are added to the 
sum of the first n terms, the sum contmues_ to increase without limit. Any 
preassigned value may be exceeded if a sufficiently large number of terms are 
summed. The series is said to be divergent. The second series does converge 
and has the limiting value W6. As terms are added to the sum of the first « 
terms, the resulting sum approximates more and more closely the limiting 
value. 
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times veiy difficult to calculate directly, as, for example, when n 
equals 1/10. 

Example 1. Expand (.r + 1/xY . 

Using the table of coefficients for n = 6, one has from equation 

( 1 ): 

ix + 1/x) <= = X® + 6a;" + 15x= -\-20+15/x^ 46/a;" 4 1/x^ . 
Example 2. Calculate by the binomial series the value of 
1/4L0F . 


Noting that the reciprocal of the fifth root of a number is that 
number raised to the negative one-fifth power, one may write : 


1/^1.05= (1.05)-’''^: 
= 1— (1/5) (.05)- 


= (1 4 . 05 )-"/= 
(—1/5) (—1/5—1) 


2! 


(.05)^4. 


= .9903 (approximately) . 


PROBLEMS 

1. Make a histogram using tlie Mnomial coefficients for n = 10 as fre- 
quencies and the values of r for the class marks. 

2. Construct an ogive curve using the binomial coefficients for n = 7 as 
frequencies and the values of r for class marks. Compare this with the ogive 
given in Figure 3 of this chapter. 

Use the binomial series to calculate the following: 

8. *^T03, 4. 5. 

6. Form a table of the iirst five binomial coefficients for the values 
n = 1/2, 1/3, -1, -2 . 

7. When tables of logarithms are not available, binomial series can be 
used to calculate roots. For example, 

V25 + 5 = 5V1 + 1/5 . 

Complete the calculation. 

8. Calculate the binomial coefficients for n = 16, % = 17. 

9. Calculate * 

10. Show that the sum of the binomial coefficients corresponding to an 
integral value of n is equal to 2*®. 

11. Expand (1 -f 1/xy ; —{1 — l/x)^ , 

12. Expand (x 4- 2 + l/Va;)^ , Hint: Consider the first two terms as 
representing one number. 

13. Expand (a -f ^ + c 4- d)^. 

14. Prove that the expansion of (% + aug 4- • . . 4- ^ consists of the 

sum of the squares of the aj's plus twice the sum of their products taken two 
at a time. 
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1. Functions. Much of the importance of the modern applica- 
tion of mathematics depends upon a knowledge of the properties 
of functions. A function may be defined as follows: If two vari- 
ables X a7id y are so related that when a value of x is given, y can 
be determined, then y is said to he a function of x. 

It is customaiy to represent a function by means of the sjTn- 
bol f(,x). For example, suppose that the function under considera- 
tion is _ 3a: -j- 1. Then f{x) = a:= — 3a: -f 1, /(I) = P — 3 

= — 1,/(2) =2= — 3-2-i-l = — l,/(i/2) = (1/2)== -3(1/2) 

-j- 1 = — 14 • 

Functions sometimes cannot be represented by a mathemat- 
ical expression, but may be defined by some characteristic prop- 
erty. For example, one might say that y = fix) is zero when x 
is a rational number, and 2 / is 1 whenever x is an irrational num- 
ber. Then one would have fiV^,) = 0, fi\/2) — 1, fO/i) = 0, 
fin) = 1 . 

Every applied field in which mathematics is used has its own 
particular set of functions, and one’s knowledge of this field may 
be accurately evaluated by his familiarity with their properties. 
For example, the mathematical theory of finance is a study of the 
relationship between money and time, and this relationship is ex- 
pressed by means of functions involving a rate of interest. 

Example 1. Given fix) — find /(O), /(V2) , /(I) . 

(r-f-l) 


Substituting in the explicit formula, one has 

( 0 - 1 ) , . 


/(V2) 


/(O) 

(V2 — 1) 


( 0 + 1 ) 

(V2- 


• 1 ) = 


(V2+1) 

/(I) 


<V2— 1) (V2+1) 
( 1 — 1 ) 


:3 — 2V2~ 


( 1 + 1 ) 





36 


ELEMENTS OP STATISTICS 


In statistics, the values of a function are usually given by a 
set of empirical values, that is, values obtained from experimental 
observation. One might, for example, observe the minutes of day- 
light for each day of the year and express these numbers as func- 
tions of the number of days from December 31. Thus, starting 
with December 31 as origin, one obtains for New York City the fol- 
lowing data, tabulated for intervals of five days, which represent 
the number of minutes of daylight corresponding to each fifth day 
in the year:^ 


os 

/(a) 

X 


X 

f{^) 

X 

fioo) 

X 

fix) 

X 

fix) 

5 

561 

65 

688 

125 

843 

185 

902 

245 

787 

305 

630 

10 

567 

70 

701 

130 

854 

190 

898 

250 

774 

310 

618 

15 

573 

75 

715 

185 

864 

195 

892 

255 

761 

315 

607 

20 

582 

80 

728 

140 

874 

200 

885 

260 

748 

320 

596 

25 

501 

85 

741 

145 

882 

205 

877 

265 

734 

325 

587 

30 

601 

90 

755 

150 

889 

210 

868 

270 

721 

330 

578 

85 

611 

95 

769 

155 

894 

215 

859 

275 

707 

335 

570 

40 

623 

100 

782 

160 i 

900 

220 

848 

280 

694 

340 

564 

45 

635 

105 

795 

165 

904 

225 

837 

285 

681 

345 

560 

50 

648 

no 

808 

170 

906 

230 

825 

290 

668 

350 

557 

55 

661 

115 

821 

175 

906 

235 

813 

295 

655 

355 

555 

60 

674 

120 

833 

180 

905 

240 

800 

i 

300 

642 

360 

555 


It should be observed that the functional relationship existing 
here is defined only for integral values of x, since it would be 
meaningless to ask the number of minutes of daylight correspond- 
ing to a: = 10.5. This is characteristic of statistical theory, as was 
pointed out in Chapter I in the discussion of homograde frequency 
distributions. Some authors prefer to use the word variate instead 
of variable when referring to x in such functional relationships. 

In order to find a value of / (x) not given in the above table, 
it is necessary to interpolate.- Thus for x = 93, one has 

/ (93) =755 + 4 - (769 — 755) 

5 

= 755 + 8.4 = 763.4 . 

An interesting fact about the function Just defined is that it 
is periodtCy that is to say, the values recur after a fixed interval. 


slight variation in these figures will be found from year to year, 
section 4, Appendix IL For a more extensive account of interpola- 
tion, refer to the introduction to the tables, Appendix III. 
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since the value for x ~ 365 -f 15 is identical with the value for 
X = 15. This may be represented symbolically as follows : 

f(x-j-a)=f(x) , 

where a is the period. In the example, a = 365. Time series in 
statistics often show this characteristic periodicity, which is called 
“seasonal variation.” 

Example 2. It has been discovered from statistical studies^ 
that the inhibition effect, F, of foreclosures on the supply of capital 
available for new residential building in a large community may be 
adequately represented by tlie function 

F = 1 — 129.6// , 

where / is the number of foreclosures per year per 100,000 families. 

In times of high prosperity / is approximately equal to 120 and 
in periods of deep depression / is around 840. Hence, one finds 
F = 1 — 129.6/120 =-.08, that is to say, approximately zero, to 
be the inhibition coefficient for a prosperous period and F = 1 — 
129.6/840=1 — ,15 = .85 to be the inhibition coefficient for a 
period of depression. 


PROBLEMS 

(If he has not already done so, the student should familiarize himself with 
the exponential e® before working these exercises. See section 6, Appendix II) . 

1. Given f(,x) = — 3a; + 1, calculate /(O), /(2), /( — 1), 

/( 6 ). 

2. Is there a value of x for which f(x) = — 3a; — 5 equals zero? 

Hint: Substitute various positive and negative values for x and see whether 
f(x) changes sign. Why will this answer the question? 

3. Given f(x) = calculate /(O), /(I), /(—I), /(2), /{V3 ). 

4. If X is the niHnber of days from December 31 and f (sc) the miaiites 
of daylight at New York City, find /(35), /(‘T2), /(268), and /(m). 

5. The following data show the population (expressed in millions) of 
the United States at each census from 1790 to 1920: 


Year 

1790 

1800 

1810 

1820 

18S0 

1840 

1850 

Population 

3.929 

5.808 

7.240 

9.638 

12M$ 

17.069 

23.192 


^Taken from G. F. Boos, Dynamic Ecmomies, Bloomington, 1934, p. 87* 
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Year 

I860 1870 1880 1890 1900 1910 1920 

Population 

31.443 38.558 50.156 62.948 75.995 91.972 106.711 


Letting » be the number of years since 1780, and assuming that the popu- 
lation of the United States is a function of sf, find /(60), /(lOO), /(85). Esti- 
mate the population for 1930. 

6. Assuming that for problem 5 

197.27 

/(*)= 

1 + 67 . 326 - 0313 * 


estimate the population, in 1780. Hint: Let a: = 0. 

7. If the function in problem 6 is the true law of growth for the United 
States, what is the limiting value for the population? Hint: Let a: become very 
large. 


8. If /(a) = 

9. If f{x) = 

10. If /(») = 


6®, calculate /(O), /(.I), /(.2), /(—I), /(- 
6®, show that f{x) • f(y) = f(x + y) . 
(aj— 1) 


- 1 , 000 , 000 ). 


(ac+l) 

/(«+l) 


prove that 
/(*) = 


(»+l) (a:+2) 


11. If f(x) = logloa:, calculate /(.I), /(1.63), /(6.43) . 

12. Table VI gives values for the function fit) = e-%*’ . Calculate 

V2w 


/(2.93) and / (2.936). 

m(w — ^1) (n — 2) 

13. The third binomial coefficient is „C^ = . Is a 

3 ■ 

function of ra? Calculate 5C3, 1/2C3, j/iUj . 


2. Correlations. In illustrating the principles involved in 
functional relationship it is usually convenient to employ examples 
taken from the physical sciences because it is difficult to establish 
functional relationships as simple between two economic series. One 
cannot say, for example, that bond prices are a function of interest 
rates alone, because other factors complicate the relationship. There 
is, of course, a tendency toward a functional relationship between 
time and many economic variables, where the period is a year. Cer- 
tain situations are necessarily affected by seasonal changes; the 
volume of shipping on the Great Lakes is an obvious instance. No 
periods longer than a year have been definitely and irrefutably 
established. 
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On account of the striking instances in the natural sciences, 
the idea of periodic functions has exercised considerable attraction 
over economists. W. S. Jovons, with sunspot cycles, H. L. Moore, 
with the cycles of Venus, Sir William A. Beveridge, with rain- 
fall cycles, have all attempted to demonstrate their existence in 
economic series. The attempts have been interesting but not con- 
vincing. Seasonal variation is the simplest and nearest approach 
to periodic functions in economic series. Egg prices are compara- 
tively high in winter, comparatively low in summer but, due to 
other factors in the equation, such as inventories and the general 
price level, one is unable to say that on January 5 eggs will be 
exactly 40 cents a dozen with any such assurance as he can say 
that there will be 561 minutes of daylight in Mew' York City on 
that date. 

The material with which statistics deals is obtained from col- 
lections of items which do not, as a rule, have a complete functional 
relationship with other sets of items. The following table gives 
the average monthly price of eggs per dozen at New York Ciiy for 
the period 1923-1931 : 


Montli 

Jan. Feb. Mar. Apr.May June July Aug. Sept. Oct. Nov. Dec. 

Average Price 

.41 .35 .28 .27 .27 .27 .27 .30 .33 .36 .44 .44 


It will be clear that egg prices are not, in the strictest sense 
of the word, a function of the time of year, because, if one is 
given any specified month, say December, he would not be justi- 
fied in asserting that eggs would be selling at exactly 44 cents per 
dozen for, in addition to the time of year, egg prices are affected 
by several other variables. He could, however, assert strongly that 
their price will very probably be higher in December than in April. 
While he cannot say, then, that price is a function of the time of 
year alone, he may say that price and the time of year are corre- 
lated. A mathematical measure of correlation is developed later, 
in Chapter X. 

From the very strictest point of view, it might be said that 
ail functional relations which are derived from experiment are 
examples of correlation, although there are many different degrees 
of correlation. One may take instances from the physical sciences, 
where it is possible by controlled experiment to eliminate prac- 
tically all extraneous possibilities that might bias the result, where 
the possibilities of random error may be so minimized as practi- 
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cally to be ignored, and where one arrives at correlations that are 
practically perfect and sustained through a series of tests. When 
the results in such cases are supported by a priori reasoning, one 
is justified in assuming he has arrived at true functional rela- 
tionships. This happy situation does not often obtain in economic 
series. Since almost every economic variable reacts in some de- 
gree on other variables, it is difiicult to distinguish the effect of 
different factors. It is impossible by controlled experiment to 
eliminate these confusing elements, for the variables the econo- 
mist may be studying cannot be effectively isolated from their 
economic context. There is not, as there often is in the physical 
sciences, any possibility of minimizing the random element and 
reducing the relative error.^ Take as an example the following 
illustration: It has already been shown in the table given in sec- 
tion 1 that there is a fundamental relationship between the time 
of year and the minutes of daylight. If the date is known, the 
length of day can also be known. In this case the correlation is 
perfect and one says that "minutes of daylight” is a function of the 
days from December 31. Consider, however, the case of the mean 
daily temperature at New York City. Is it also a function of the 
time of year? One sees at once that this is not the case; for in- 
stance, one cannot foretell the exact average temperature for next 
July 21. He is sure, however, that it will be greater than the 
average temperature for next December 21, and from a table of 
mean temperatures for July an approximate guess can be made 
which will probably not be far from the true value. In other 
words, mean daily temperature, while not an absolute function of 
the time of year, is closely correlated with it. 

The same situation prevails among economic series also. One 
cannot say from the fact that it is September that pig iron pro- 
duction will be 2,314,700 gross tons. He can say, however, that 
it is very probable that pig iron production in the September of 
any year will be greater than in the January of that year. There 
is a definite association between the months of the year and pig 
iron production, when one considers enough cases. But the action 
of a multitude of effective economic elements such as cyclical phase, 
the construction, automotive, and railroad situations, the pressure 
of competitive materials, the price factor, etc., etc., prevent one 
from establishing any true functional relationship between the 
month of the year and the production of pig iron alone. 


iSee C. P. Uoos, Dymmde Econoirdcs, Bloomington, Indiana, 1934, Appeal- 
dix I, p. 246, for a stimulating discussion of correlation of time series. 
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PROBLEMS 

1. The following table gives the monthly price of eggs in dollars per 
dozen at New York City for the five-year period 1023-1927: 


Year 

Jan. 

Feb. 

Mar, 

Apr. 

May 

June July 

Aug. 

Sept. 

Oct 

Nov. 

Dec. 

1923 

.42 

.37 

.31 

.27 

.27 

.24 

.25 

.29 

.35 

.39 

.53 

.47 

1924 

.42 

.39 

.25 

.24 

.25 

.27 

.29 

.33 

.39 

.44 

.52 

.57 

1925 

.59 

.44 

.30 

.29 

.32 

.33 

.33 

.oo 

.37 

.48 

.56 

.51 

1926 

.88 

.31 

.29 

.32 

.31 

.30 

.29 

.31 

.38 

.40 

.50 

.48 

1927 i 

.42 

.32 

.25 

.26 

.23 

.23 

.25 

.28 

.34 

.40 

.44 

.45 


Estimate the price for January, 1930; for April, 1931; far September, 
1929. (The actual prices for these dates were .42, .27, and ,36, respectively.) 

2. The following table gives the monthly receipts of eggs (unit, 1,000 
cases) at New York iCity for the five-year period 1923 to 1927: 


Year 

Jan. 

Feb. 

Mar. Apr. 

May 

June July Aug. Sept. 

Oct. 

Nov. Dec. 

1923 

386 

447 

981 

924 

1163 

796 

596 

528 

416 

377 

270 

272 

1924 

301 

410 

717 

1082 

970 

789 

599 

429 

405 

361 

221 

259 

1925 

825 

550 

872 

1115 

871 

838 

550 

490 

427 

328 

208 

320 

1926 

393 

471 

813 

860 

868 

871 

579 

502 

433 

344 

284 

400 

1927 

458 

542 

863 

1094 

1038 

716 

521 

441 

386 

355 

319 

315 


Does a functional relationship exist between time and receipts of eggs in 
New York City? Does a functional relationship exist between receipts of eggs 
and the price of eggs as given in the table of problem 1? 

3. The following table shows the ton-miles (in millions) of revenue 
freight for the railroads in the Eastern Division from 1890 to 1922: 


Year 

1890 1891 1892 1893 1894 1896 1896 1897 1898 1899 1900 

Revenue Ft. 

43 44 50 51 43 48 53 51 60 67 75 

Year 

1901 1902 1903 1904 1905 1906 1907 1908 1909 1910 1911 

Revenue Ft. 

76 79 87 87 94 107 118 108 106 125 131 

Year 

1912 1913 1914 1916 1916 1917 1918 1919 1920 1921 1922 

Revenue Ft. 

135 154 144 137 179 188 191 170 189 139 151 


Is the amount of revenue freight hauled by railroads a function of the 
time? Estimate the ton-miles for 1923; for 1889; for 1930. 
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4. The following table gives the percentage of persons gainfully occupied 
in the United States, by age and sex, for the year 1930; 


Age 
in years 

1 Percent Gainfully Occupied 

Men 

Women 

10-13 

3.3 

1.5 

14 

9.2 

4.0 

15 

16.3 

7.6 

16 

32.7 

17.0 

IT 

49.9 

27.5 

18-19 

70.7 

40.5 

20-24 

89.9 

42.4 

25-29 

97.0 

31.0 

30-34 

97.6 

24.4 

35-39 

97.7 

23.1 

40-44 

97.6 1 

21.9 

45-49 

97.2 1 

21.0 

50-54 

95.7 1 

19.7 

55-59 

93.0 1 

17.3 

60-64 

86.8 1 

14.7 

65-69 

75.7 1 

11.4 

70-74 

1 57.5 

7.6 

75 and over 

! 32.3 

4.0 


Is there a functional relationship between the percentage of persons gain- 
fully occupied and age? What is the probability that a man was gainfully oc- 
cupied at an age between 20 and 24? between 36 and 39? What are the cor- 
responding probabilities for a woman? Hint: Probability is expressed as the 
ratio of the number of favorable cases to the total number of cases. 

5. Problem 1, section 4, Chapter X, lists the dividend rates and prices of 
the common stocks of 200 companies listed on the New York Stock Exchange. 
Is there a functional relationship between dividends and prices? 

3. The Gra/pMcal Representation of Functions. It is an im- 
portant part of statistical procedure to represent data graph- 
ically, and to fit to these data appropriate functions which are ap- 
proximate representations of them. 

In the fest chapter, the usual method of graphing, where 
points are located by referring them to mutually perpendicular in- 
tersecting straight lines, has been explained. Functional relations 
of all kinds are presented visually by this method. 

A few examples will illustrate the essential features of the 
graphical representation of functions: 

Example 1. Graph the function y = 2x B . 
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Since only the mathematical expression for the function is 
given, the first task is to form a table of values convenient for use 
in graphing. Let arbitrary values be assigned to the variable x. 
Unless there is some reason to the contraiy, the first values used 
may be — 2, — 1, 0, 1, 2. This choice does not represent a fixed rule, 
because the values to be assigned arbitrarily depend entirely upon 
the character of the function. 

The following table of values is thus obtained : 


£15 

—2 

—1 

0 

1 

2 

V 

—1 

1 

3 

5 

7 


When the number pairs (—2, —1), (—1, 1), (O, 3), (1, 5), 
(2, 7) are plotted, as in Figure 7, they are found to lie upon a 
straight line, which is the graphical representation of the function. 


V 



Example 2. Graph the function y — ± \/2.t -f 3 . 

Here again, one must arbitrarily assign values to the variable 
X in order to obtain the table used in graphing. It will also be no- 
ticed that, to each value of x, there will correspond two values of 
y. As before, assume the values — 2, — 1, 0, 1, 2. The first, it is 
found, must be discarded, since the corresponding values of y will 
be ±: which are not real numbers. The square root of a 

negative number is called an imaginary. It is also convenient to 
add the number a; = 3 to the arbitrary values of the abscissa. The 



44 


ELEMENTS OF STATISTICS 


following table is then used to obtain the graph, which is shown in 
Figure 8: 


X 

—1 

0 

1 

2 

3 

y \ 

±1 

± 1.73 

± 2.24 

- 4 - 2.65 

±3 


Y 



FiGXJEE 8 


Example 3. Make a graphical representation of the data giv- 
en in section 1 showing the relationship of daylight to the time of 
year. 

The problem presented here, which is always one met with in 
graphing, is that of selecting proper units for the two axes. This 
selection should be made only after a consideration of the 
ranges of the two variables to be represented. In the present case, 
in order to show the periodicity of the function, a range of 730 
days for the Z-axis should be assumed. Also, since the minutes of 
daylight in a day at New York City are never less than 555 nor 
greater than 906, it will be convenient to divide the y-range into 
four sections of 100 units each, the origin corresponding to 500. 
The data are plotted in Figure 9. 

The student should observe from this example that one may 
be required to choose different intervals on each axis, and that the 
lower left hand corner does not necessarily represent a zero value. 

Example 4. Exhibit the following data graphically and show 
that the function y — 19.40 — .07® is an approximate representa-. 
tion: 
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MtNUTES 



365 


Figure 9 



Value of X 
(Class Mark) 



Price of Pig Iron | 

in Dollars per Ton 19.98 15.87 22.19 19.92 15.57 17.88 


Year ! 1906 1907 1908 1909 1910 

1 - 

Value of S/ ' 7 8 9 10 11 

Price of Pig Iron ! 20.98 23.89 17.70 17.81 16.88 


Calculating values of the function y — 19-40 — .07a;, one has 
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The graphs of the data and the function are shown in Figure 

10 . 



Figure 10 


PROBLEMS 

1. Graph the function ^ = — % a; — 3. 

2. Show that the graphs of the functions = 4a; + 2 and 2/ = — a? 
4- 1 are perpendicular to one another. 

3. Graph y = • 

1 

4. Graph 2 / == - + 

X 

5. Show that 2 / = d: V25 — a:® graphs into a circle of radius 5. Hint: 
Use both pins and minus values of x and notice that x cannot be greater than 
5 nor smaller than — 5. 

6. If a box with a square base has an open top, the area A is given by 
the formula 

A = + W/a , 

where a is the side of the base and V the volume of the box. If V is one cubic 
foot, graph the value of A in terms of a and show graphically that the area 
is the smallest when a is equal to twice the height. 

7. Graph the data of problem 1, section 2. 

8. Graph the data of problem 2, section 2, for the years 1924 and 1925. 

9. Graph the data of problem 4, section 2. 

W, Graph the data of problem 3, section 2, Chapter V. 

11. Graph the data of problem 5, section 1, and by continuing the curve 

estimate the population for 1930, 1940, and 1950. 
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12. The following table gives the values (imit, 1,000 cars) of a smooth 
curve fitted to automobile production (U.S. passenger cars) for the years 
1913-1927: 


Year 

j 1913 

li 

1914 1915 1916 

1917 

1918 

1919 

1920 

Value 

j 33.45 

42.90 54.46 68.38 

84.61 

103.10 

123.33 

144.81 








Year 

1 1921 

1922 1923 

1924 

1925 

1926 

1927 

1 

Value 

166.59 

187.95 207.96 

226.22 

241.95 

255.81 

266.91 


Represent these data graphically. In what years was automobile produc- 
tion growing most rapidly? (The curve obtained is known as the logistic curve; 
it approximates many forms of industrial growth.) 

13. Make a graph of the ‘'goodness of fit” curve, Table VIII (The Pearson 
Probability P), for n = 3, using as the abscissa and the tabulated value 
as ordinate. 

14. Make a graph of the “goodness of fit” curve. Table VIII, for 
using n as the abscissa and the tabulated value as ordinate. 

The Straight Line. In the following sections a few typical 
graphs useful in statistical work are discussed. One may begin 
with the straight line. 

The general equation of straight line is 

y = a-{- bx , (1) 


also sometimes written as 

y = ck-Sf-a2Z , 

where a and b are arbitrary constants. The constant a is repre- 
sented in the graph as the distance from the origin, measured 
along the y-axis, of a point on a straight line, namely, the dis- 
tance OA in Figure 11. This distance is usually referred to as the 
y-intereept. The constant b is the slope of the straight line, and is 
numerically equal to the ratio BC/AB. In graphing equation (1), 
since it is a straight line, only three values of x and y need be used. 
Two of these values determine the line, and the third can be used as 
a check. The first example of the preceding section illustrates the 
problem of graphing a strai^t line. 

5. Fitting a Straight Line to Data. In statistical work, one is 
usually more concerned with the problem inverse to that discussed 
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in the preceding section, that is to say, with the problem of finding 
the equation of a straight line which approximately represents a 
given series of data. 


Y 



To illustrate the procedure, consider the following data : 


X 

1 

2 

3 

4 

5 

6 

y 

2 

3 

4 

4 


5 


If these points are represented graphically, they will be found 
to lie approximately, but not exactly, in a straight liife. ’ The prob- 
lem is to calculate the coefficients a and b of the Straight line 
y = a-\-bx, determining them in such a way that the straight line 
will pass as near all the given points as possible. 

A method by which these coefficients may be computed is 
called the method of least squares, and is discussed more fully in 
Chapter IX. For our present purpose, it will be sufficient to exhibit 
the process by which the line is determined. 

If X and y in the equation y = a hx are replaced by the 
values given in the table, the following set of six equations is ob- 
tained: 

b -j— a 2 , 

2b-\-a — Z , 

3b-f a=.4 , 

46 -j- a=:4 , 

m + a = h , 

66-fa=5 . 
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It will be readily seen that no values of a and b can be obtained 
which will satisfy simultaneously all six equations. Hence, one must 
find one set of values which is the hesP- approximation to a solution 
of the equations. 

In order to do this one may first obtain two equations called, 
respectively, the first and second normal equations. The first normal 
equation is formed by multiplying each equation by its coefficient 
of h and then adding together the set thus obtained. Similarly, the 
second normal equation is formed by multiplying each equation by 
the coefficient of a, (in this case by 1), and then finding the sura of 
the set. For the present example, this process is as follows : 


6-j- a— 2 

6 + a= 2 

4b-j-2a= 6 

2b-i-a= 3 

96 -j- 3a = 12 

36 a = 4 

166 -f 4a = 16 

46 + a= 4 

25,6 -f 5a = 25 

56 — |— a == 5 

366 -f 6a = 30 

66 “I” a == 5 

916 + 21a = 91 

216 + 6a = 23 

(First Normal Equation) 

(Second Normal Equation) 


The desired values of a and 6 are to be computed by solving the 
two normal equations simultaneously. To do this, divide the first 
equatiop by 91, the second by 21, and subtract the first from the 
second. Then 

(1) ’ ' & + . 2308a = 1 

(2) 6 -f .2857a = 1.0952 


.0549a = .0952 


Hence, one gets. 


a = 1.73 . 


Substituting this value in the first equation and solving for 5, 
one obtains 


6 = 1— (.2308) (1.73) = .6 . 


^The word best is used here in a particular sense, namely, as best in the 
sense of least squares. It is not convenient at this point to amplify the defini- 
tion thus implied, hut a discussion of the principle will be given in section 7 
of Chapter VIII. A further amplification will also be found in Chapter IX. 
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The least square straight line, y = a-\- bx, is then 
i/ = 1.73 + .6.r , 

which is graphically represented in Figure 12. 



6. Use of Tables in Fitting a Straight Line to Data. The prob- 
lem of fitting a straight line to data is one so frequently met with in 
statistics that it is desirable to have a short cut for computing the 
coefficients. This can be done conveniently by means of Table IX, 
provided the abscissa values are the sequence 1, 2, 3, ... . ,p, that 
is to say, provided the data are given in the following form : 



1 

2 

8 

4 . . . 

. . . p 

y 

Vi 

y2 

2/3 

2/4 •• • 

• • • 


The derivation of the formulas from which Table IX was com- 
puted is given in section 5, Chapter IX, and will not be discussed 
here. The use of the table is explained in the following rule : 

First calculate the values m© = 2/i -f- j /2 4- 2/8 -f- + 2/p 

and Ml = 2/1 -f 2^2 -f 32/s -f + 2 > 2 /p ■ 

Then the coefficients of the straight line, y — a bx, which 
best fits the data, are computed from the formulas : 

a — Amo-\-Bmz. , 
h = j?Wo -f- Cmi , 

where A, B, C, a/re the values in Table IX corresponding to p. 
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Example : The coefficients a and 5 for the example discussed in 
the preceding section are thus easily obtained. 

One first computes 

mq = 21 3 4 “i- 4 -p ^ » 

??tx = 2 + 64-12-4-16-4-25 — 30':==91 . 

Using p = 6 (the last abscissa value), it is found from Table 
IX that, 

A = .86667 , B = — .20000 , C = . 05714 . 

Hence, 

(.86667) (23) (—,20000) (91) =1.73 , 

5= (—.20000) (23) -r (.05714) (91) = .6 . 

PROBLEMS 

1. Graph y = — 2x + 3 . 

2. Graph 2a; + 3^^ = 6 . 

3. Show that the lines 3a; + % = 12 and 4x — = 12 are perpendicular 

to one another. 

4. What are the slopes of the lines 2x — Sy == 6, 5x -i- y = 2^ 5x + y 
= 6, and 2a5 + 62/ = 5? 

5. Find graphically the intersection of the lines 2a; 4- 3i/ = 6 and 
8a; — 2y = 6. 

6. Graph the lines 4a; 62/ = 1 and 2x -- 3?/ = 3. From this example 

state the condition for parallel lines. 

7. Graph the lines x -h Sy = 6, x — 2y — 4, and x 4- y = 6. 

8. Show that the following lines meet in a point: 

a; 4- = 4 ; 2y — x = 0 ; 3x — ^ 2;/ = 4. 

0. Calcnlate by the method of section 5 the straight line which fits the 
data of example 4, section 3. 

10. Calculate by means of Table IX the straight line which fits the data 
of example 4, section 3, 

11. Obtain a straight line of the form, 

p=za + MI , 

where iff is the month and F is the average price, using the data given In sw- 
tion 2 to determine a and Hint: Replace the MOfith class marks by the in- 
tegers 1, 2, 3, , 12. 

12. Fit a straight line to the data of problem 3, section 2, for the years 
from 18004013, Hint: Replace the years by the integers 1, 2, 3, , 24, 
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7. The Parabola. A parabola is the locus or curve determined 
by the equation 

y — Oa OiX OsX^ ( 2 ) 

where Oi, a^, and a^ are arbitrary constants. 

Example : For the parabola 

y = 2 -\-Zx — 2x^ 

the following table of values for x and y is determined, which, when 
plotted in Figure 13, give us a picture of the curve : 


X 

— 2 

—1 

0 

1 

2 

3 

4 

y 

—12 

——3 

2 

3 

0 

—7 

—18 


Y 



A parabola, in the form in which it has been written, is charac- 
terized by the fact that it is a curve that is either concave up or 
concave down. In other words, it has either a minimum, that is, a 
smallest value, or a maximum,, that is, a largest value. If is nega- 
tive, the parabola is concave down, as in the example. 

The value of x for which the parabola is a maximum or a 
minimum is 


a: = — (<* 2 / 203 ) 


(3) 
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and the maximum or minimum value for y is given by 

y = (iOsCh. — / 4«3 . ( 4 ) 

In the example, ai=2, Oa = 3, a 3 = — 2, Hence, x= — 3/( — 4) 

= .75 and y ^ = 3.126 . These values 

are represented in Figure 13 by the lines OA and AB respectively. 
Since the curve is concave down, AB is a maximum value. 

The results (3) and (4) readily follow from the fact that 
equation (2) can be written in the form 


y- 


( 4 ^ 30^1 

40.3 




If y is to reach its maximum or minimum value, the squared 
term, which is variable, must be made as small as possible, that is 
to say, it must equal zero. Setting it equal to zero, therefore, and 
solving for x, one gets (3). The remaining term is seen to be equal 
to the term in (4) . 

The parabola may cross the a;-axis twice, may touch it, or may 
lie entirely above or below it. To find where the parabola crosses 
the a;-axis, one sets y <=0 and thus obtains the equation 


+ dzX -f- cti = 0 . 

The solution of this equation is given by the familiar quadratic 
formula : 

eta y 0f2^ — 

x = . 

2a,s 


From this formula it is readily seen that: 

(a) if Oa® — 4a3ai > 0, the parabola crosses in two points, 

since x has two real values ; 

(b) if — ^asOi = 0, the parabola touches in two coinci- 
dent points, since a: has only one value; and 

(c) if Oa® — 4asai < 0, the parabola crosses at no point, 
since x has two imaginary values. 

In the example, 


X 


— 3 ± V9 + 16 
__ 
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and hence one gets 

x = 2 and sc = — 1/2 

8. Fitting the Parabola to Data. The method of fitting a 
straight line to data, as described in section 5, is capable of im- 
mediate generalization. In the case of the parabola 

y = a± -I- a^x — |— a^x^ 

three normal equations instead of two may be used for the deter- 
mination of the constants, ai, Oj, and Oa- 

It will be more convenient at this time, however, to postpone 
consideration of the general theory of curve fitting to a later chap- 
ter and to make use of Table X which is designed to simplify the 
problem in the case of the parabola. 

The rule to be applied may be stated thus : 


Let the data be given in the following form: 


X 

1 

2 

8 

4 . . . 

. . . p 

y 1 

Vi 

y2 

Vb 

^ 

■ • • Vp 


Then compute the values : 


Then compute the values : 

mo = 2/i -i- l/a + ^3 1/4 -f- + 2/p , 

mi = 2/i-j- 22/2 -fSys-f- 41/4-4- » 

m^ = 2/i -f 42/2 4- 92/3 + 162/4 -f- -f P% . 


From these constants determine the coefficients of the parabola 
by means of the formulas : 

01 = Amt, -}- Bmx -f- Cm^ , 

02 = Brno -j- Dwi -j- Em2 , 

Oi = Cmo -}- Evh. 4- Fm2 , 

where A, B, C, D, E, and F, are the values in Table X correspond- 
ing to the value p. 

Example: In illustration, a parabola may be fitted to the fol- 
lowing data : 


X j 

~ 2 

—1 

0 

1 

2 

3 

4 

1 

y 

-—12 

—8 

2 

3 

0 

—7 

—18 


(a) 
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Since the values of x are not the sequence of positive integers 
required by the rule, although successive values differ by unity, the 
positive integers will be chosen as new class marks and the table 
written thus : 


a;' 

1 

2 

3 

4 

5 

6 

7 

y 

—12 

—3 

2 

3 

0 

—7 

—18 


This makes it possible to use Table X and one computes : 

mo = — 12 — 3 + 2 + 34-0 — 7 — 18 = — S5 , 

= — 12 — 6 + 6 + 12 + 0 — 42 — 126 = — 168 , 

??fe = — 12 — 12 + 18 + 48 + 0 — 252 — 882=— 1092 . 

Referring to Table X for p = 7, the values for A, B, C, D, E, 
and F, are found to be 


A = 

2.428571 , 

D = 

.797619 , 

B = - 

-1.285714 , 

E = — 

.0952381, 

C = 

.142857 , 

F = 

.0119048; 


and Ox, cts, and Oa are computed as follows : 

(—35) (2.428571) + (—168) (—1.285714) 

+ (—1092) (.142857) = —26 , 

a, = (—35) (—1.285714) + (—168) (.797619) 

+ (—1092) (—.0952381) =16 , 

ax = (—35) (.142857) + (—168) (—.0952381) 

+ (—1092) (.0119048) =— 2 . 

Hence, the parabola fitting the data of table (b) is 
y = —2h-\-l^x' — 2{xT . 

In order to obtain the parabola fitting table (a) one observes 
that the class marks in (a) differ by 3 from the class marks in (b), 
that is to say, x' = x-\-Z. Substituting this value in the parabola 
just written down, one finds 

p==— 25 + 15(a: + 3) —2,{x +3)® 

= _25 + 15a: +45 — — 12a: — 18 

2 4” 2a:^ • 

This is, in fact, the parabola used in the illustrative example 
of section 7. 



56 


ELEMENTS OF STATISTICS 


PEOBLEMS 

1. Graph y = — 4a; + 2 . 

2. Graph 2/ = — ^ 00 ^ + 60; — 1 . 

S. Which of the following parabolas cross the a;-axis and which do not? 

y = 9a52 — 60; + 1 ; 

yzzzx^ — 2a; + 4 ; 
y = — H- 2a; + 4 . 

4. For what values of x do the following parabolas cross the oj-axis? 

y = 2£c 2 4* 3a; — 5; y^ 9x^ — 6a; + 1 . 

5. Find the lowest or highest points on the parabolas of problem 8. 

6, Find the value of x for which the expression 

3(ic-^2)2 -I- 5(flj_3)2 + 7(a;— 4)2 , 

is a minimum, 

7, Fit a parabola to the following data: 


X 

1 

2 

3 

4 

5 

6 

y 

1 

2 

9 

22 

41 

66 

8, Fit a parabola to the values in the following table; 

X 

4 

5 

6 

7 

8 

9 

y 

1 

3 

7 

20 

42 

60 

Hint: Eeplace the values of x by the sequence 1, 

2, 3, 4, \ 

), 6. 


9. Fit a parabola to the population data of problem 5, section 1. In order 
to simplify the calculations, round off the population figures to the nearest 
million and replace the years by the class marks 1, 2, 3, 4, ...» 14. 


9. The Exponential Curve. A curve of great importance in 
many branches of mathematics, and particularly in statistics, is the 
exponential curve, whose equation is 

, (5) 

where a and b are given numbers. It can be conveniently graphed 
by referring to a table of values, such as Table II.^ 

Example: Graph 5 = . 


^If he has not already done so, the student should familiarize himself with 
the exponential function before beginning this section. See section 6, Ap- 
pendix n. 
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Convenient values for e* are first obtained from Table II. 


t 

—2 

—1 

—.5 

0 

.5 

1 

2 

et ' 

.1853 

.3679 

.6065 

1.0000 

1.6487 

2.7183 

7.3891 


From this table the following values of y are calculated : 


X 

" 4 

—2 

—1 

0 

1 

2 

4 

y 

.4059 

1.1037 

1.8195 

3.0000 

4.9461 

8.1549 

22.1673 


The graph is given in Figure 14. 



The exponential curve is sometimes referred to as the “curve 
of growth,” since it represents the growth of living matter under 
ideal conditions. It is also called “the compound interest curve ” 
from the fact that it gives the amount to which a principal a would 
accumulate in time x at interest b continuously compounded. 

The values a and b which occur in the general formula are to 
be determined from the data of the problem, namely, from given 
sets of values of x and y. 

Thus, suppose that y — 10 when x — 2, and y — 2Q when a; = 5. 

Taking logarithms of both sides of (5) and substituting the 
first set of values of x and y, one gets 

log 10 = log 0+26 log e , 
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or, since log e — .434, one then has 

l = loga+.868 6 . 

Also, using the second set of values, one has 

log 20 = log a + 55 log e , 
or 

1.301 = log £1 + 2.170 5 . 

Eliminating log a by subtracting the first equation from the 
second and solving for 5, one has 

1.302 5 = .301 , 

5 = .231 . 

Substituting this value of 5 in the first equation and solving for 
log a, one obtains 

log a = 1 — .200 = .800 , 
and hence a = 6.31 . 

The desired equation is then 

y = 6.31 . 

If more than two sets of values of x and y are given for the 
determination of the curve, then the method of least squares ex- 
plained in section 5 may be employed to advantage. 

For example, suppose that the following values are given : 


X 

2 

3 

4 

5 

6 

7 

8 

V 

.8 

2.2 

3.6 

6 

10 

19 

40 


and one is required to determine tiie '“best” exponential curve that 
will fit them. 

Taking logarithms of both sides of the equation (6), one re- 
duces the problem to the determination of log a and 6 from the fol- 
lowing expression : 


log a + 5a; log e = log y . 

Substituting in this equation the tabulated values for x and y 
and r^embering that log e = .434, one obtains the following set 
of equations: 
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log a 4- (.434) (26) =log .8 , 
logo, 4 C434) (36) =log 2.2 , 
logo, 4 (.434) (46) =Iog 3.6 , 
loga4 (.434)(56)=log 6 , 
log a 4 C434) (66) = log 10 , 
log a 4 (.434) (76) = log 19 , 
log a 4 (-434) (86) = log 40 . 

Multiplying each of these equations by the coefficient of log a, 
that is to say, by 1, and adding, one obtains the first normal 
equation. Similarly, multiplying each equation by the coefficient of 
6 and adding, one obtains the second, normal equation. The explicit 
calculations follow: 


log a 4" 

.868 6=- 

-0.097 , 

.868 

log 

a4 

.753 6 = 

-.084 , 

log a 4 

1.302 6 = 

0.342 , 

1.302 

log 

d 

1.695 6 = 

.445 , 

log a 4* 

1.736 6 = 

0.556 , 

1.736 

log 

0/ — |- 

3.014 6 = 

.965 , 

loga-i- 

2.170 6 = 

0.778 , 

2.170 

log 

d —j- 

4.709 6 = 

1.688 , 

loga-j- 

2.604 6 = 

1.000 , 

2.604 

log 

d — l— 

6.781 6 = 

2.604 , 

loga4 

3.038 6 = 

1.279 , 

3.038 

log 

d — |- 

9.229 6 = 

3.886 , 

log a 4 

3.472 6 = 

1.602 , 

3.472 

log 

d — |— 

12.055 6 = 

5.562 , 

log a 4 

15.190 6 = 

5.460 . 

15.190 

log 

a4 

38.236 6 = 

15.066 . 


(First Normal Equation) (Second Normal Equation) 

In order to solve these equations for 6 and log a, one proceeds as in 
section 6. Dividing the first normal equation by 7 and the second by 
15.190, one gets 


log a 4 2.17000 6 == .78000 

log a 4 2.51718 6= .99184 


Solving for 6, —.34718 6 = —.21184 , 

6= .610 . 

Substituting this value in the first equation above, one finds 
log a = .78000 — 1.32370 = —.54370 = 9.45630 — 10, 
and hence a = .286 . 

The desired equation thus becomes 
2/ = .286e-“‘“ . 
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Values calculated from this function are compared with the 
original data in the following table : 


X 

2 

3 

4 

5 

6 

7 

8 

Given Values of y 

.8 

2.2 

3.6 

6 

10 

19 

40 

Calculated Values 

1.0 

1.8 

3.3 

6.0 

11.1 

20.4 

37.6 


PROBLEMS 

Graph the following functions: 

1 . , 

2 . . 

3. 2/ = "h e-® . 

4. y — 6'® . 

5. y:=ze^ — . 

6. Determine the exponential curve that passes through the points 
(—2,7) and (4,1). 

7. Determine the exponential curve that passes through the points (1, 
8,66), (2, 4.47), (3, 5.47), (4, 6.68), (5, 8.15). 

8. Fit an exponential curve to the following data: 


X 

I 1.5 

2 

2.5 

3 

8.5 

4 

y 

2 

3 

4 

7 

12 

20 


9. Fit an exponential curve to the jfirst seven items of the population 
data of prohlem 5, section 1, replacing the years by the class marks 1, 2, 3, 
... , 7. From this curve calculate the values corresponding to the next 
live items in the table. How do these values compare with the data? Does 
population growth follow the exponential law? 

10. According to Eaymond Pearl, the following function represents the 
population growth of the United States: 

197.27 

yz=z , 

1 4- €7.32e~*osisfl? 

where represents the number of years since 1780. Graph this function and 
compare it with the actual population statistics. (See problem 5, section 1), 
Hint: Let aj be multiples of twenty. 
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10. The Translation of Axes. It is often convenient in the 
graphical representation of equations to change the origin from one 
point to another by moving the axes parallel to themselves. This 
process of translating the axes will often simplify the appearance 
of an equation of a curve although, of course, the curve itself re- 
mains unaltered. For example, if the origin of coordinates is 
changed to the point ( — 4, 8) the equation of the parabola 
y = 2a:* 16a; 35 reduces to the simple form y = 2a:* . 

The method of translating axes is explained by Figure 15. 
Let OX and OY be the original axes and O'X' and O'Y' the new 
axes. Let ih,h) be the coordinates of the new origin O' re- 



( ^ 

(Kk) 

p 


6 

k 

h 

1“^ 



ferred to the < 

1 A 

Figure 15 

old axes. Then, if (x,y) denotes a point with coor- 


dinates referred to OX and OF, and {x', y') the same point referred 
to O'X' and O'Y', is is clear that the coordinates x, y may be com- 
puted from the coordinates x', y' by means of the following equa- 
' tions : 

x = x' -\-h , 
y — y'-^-Tc . 

Example : Transform the equation of the parabola y = Bsc* -f- 
16a: -!- 35 by changing the origin from (0, 0) to the point ( — 4, 3) - 

In this example, h== — 4 and k — Z. Therefore, if x' and y' 
are the new coordinates, one has 

x = x' — 4 , 
y = y'~\-Z . 
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Substituting these in the equation of the parabola, one gets 
2 /' + 3 = 2 (»'— 4) ^ + 16 (x'— 4) + 35 , 
which reduces to 


y' = 2x'^ . 

The relationship thus obtained is brought out in Figure 16. 


Y' Y 



Figure 16 


PROBLEMS 

Transform each of the following equations by shifting the origin to the 
point indicated. 

1. Sir + 42^ = 3 , (—5,5) . 

2. — 4ir + 2/2 + 62/ + 9 = 0 , (2,-3). 

3 . y — + ( 1 ,- 1 ). 

4. xy + 2y + 4,x — 1 = 0 , ( — ^2, — 3) . 

5. 2/ = + 3 , (2, 3) . 

6. For what values of h and k will the equation y = 3i»2 — 12x + 7 
reduce to y' = 3 £c' 2 ? Hint; Substitute x -= x' h, y = y' + k in the first 
equation. Then set the coefficient of x and the constant term equal to zero, and 
solve the two equations thus obtained for h and k. 

7. Reduce the equation 10a; — Zy 2 = 0 to the form 10a?' — 3|/' = 0 
by a translation of axes. 


8. Show that the parabola y 




4- a^x + 


may be put into the 


form y* = h 


and k • 


(4a3% — 


2^3 4a3 

9, Make use of the results of the preceding problem to compute the maxi- 
mum (or minimum) value of the general parabola. Compare with the analy- 
sis given in section 7 of this chapter. 
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11. The Normal Probability Curve. The equation of the nor- 
mal probability curve, which will be studied in considerable detail 
later, is given by the equation 


y 


N 

<T\/2n 


^lix-A)ya- ^ 


( 6 ) 


where N , A, and o- are constants the significance of which will be 
pointed out in a subsequent chapter. 

In order to graph (6) it is usually convenient to make a trans- 
lation of axes by means of the relation 


or 

Thus (6) takes the more convenient form 


(7) 


yt= . 

<r y2ai 

Values of the function have been recorded in 

Table VI and this very much simplifies the calculation of values 
of y. 


Example'. Assuming the values N = 131, <r == .6, A == .25, 
graph equation (6). 


First Solution: The simplest procedure is first to compute 
N/<x = 131/.6 t= 218. Then letting t assume the values — 3, — 2, 
— 1, — yk, 0, 1/^, 1, 2, 3, find from Table VI the corresponding 
values of (1/V^)^^*'’- These values are then multiplied by N/c. 
Finally, from equation (7), written in the form x <r t A, one 
finds the values of x which correspond to the assumed values of t. 
The following table is thus constructed: 


t 

X 

1 

y 

t 

X 

y 


— 1.6S 

.97 


.85 

76.76 

—2 

— ,95 

11.77 

1 

i 1.45 

62,75 

—1 

— J5 

52,75 

2 

2.05 

11.77 


— .05 

76.75 

3 

2.65 

.97 

0 

.25 

86.97 
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Second Solution: Since it is sometimes more convenient to 
graph equation (6) by assuming that values of x are chosen as 
multiples of <r, an alternative method is given here. 

In (6) first expand (,x — A) - and then write the equation in 
the form 

N 1 . , 

y I (•^’/CT) 0~l(3^/cn- , (8) 

cr \/ 27 i 

Making the abbreviations 

N'i=N t = x/cr , 

one may then write (8) in the form 

N' 

y<=—yiy^ • 

cr 

Assuming the values formerly given, one now computes 

A/(r=.25/.6 = .42, i/2(A/<r)2^.088 . 

From Table II, by interpolation, the value of N' is found to equal 
N' t= 131 e-®*® t= 131 X -91576 e= 120. Then let x take the values 
— 3cr, — 2(7, — <T, — y^a, 0, y^^cr, <t, 2(7, 3(7. The quantities 2/1 and y^ are 
■explicitly the following; 


= , 2/2 = — 1— 6“% '*''*'>* . 

Then for x = 2cr, 2/1 = = g-si — 2.3164, from Table II; and 

2/2 = -4=re-^‘=’’ = . 0540, from Table VI. For a; = — 8<7, 

■\/2ji 


2 /i = e-« 2 x® = e-i -28 =.2837, from Table II, and 2/2 
= .0044. 


'\/2n 


The values of 2/1 and 2/2 are calculated for each value of x, and 
recorded in parallel columns together with the value of N'/a . 

The products of the three numbers in each row will be the 
desired values of y. The following table shows the results of these 
-calculations, and the final values are graphed in Figure 17. 
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X 

a ; 

N' 

(T 


2/2 

N' 

ij = — y^y. 

“ s 

200 

.2837 

.0044 

.25 

- 2 

200 

.4317 

.0540 

4.66 

- 1 

200 

I .6571 

.2420 

31.80 

-V2 

200 

.8106 

.3521 

57.08 

0 

200 

1.0000 

.3989 

79.78 

% 

200 

1.2337 

.3521 

86.88 

1 

200 

1.5220 

.2420 

73.66 

2 ! 

200 

2.3164 

.0540 

25.02 

3 

200 

3.5254 

.0044 

3,10 


Y 



Figuke 17 


PROBLEMS 

Graph equation (6) for the following values of N, <r, and A. 


1. 

N= 1024, 

O' = 1.58, 

A= 0 . 

2. 

N = 59049, 

o = 1.05, 

.17 . 

3. 

N == 50049, 

a = 1.05, 

.4= .17 . 

4. 

N= 1000, 

O' = 2.00, 

A=— .4 . 

5. 

II 

ot 

o 

o 

cr = 1.00, 

A .o . 

6. 

N = 500, 

a == 1.00, 

.5 . 

7. Calc\ilate the binomial frequencies for r = 5, 6, 7, 8, 9, and 10 ; 

show that they are approximately equal to the ordinates of the curve of 
problem 1 for r = 0, 1, 2, 3, 4, 5. 
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1. Six Averages. In the theory of statistics there are several 
averages in common use, in particular, (1) the arithmetic mean 
(A) ; (2) the root-mean-sqimre or quadratic mean (R) ; (3) the 
medicm (M) ; (4) the mode (Mo) -, (5) the geometric mean (G) ; 
and (6) the harmonic mean (H) . With so many averages to choose 
from, it is often very confusing to know just which one to use in 
the study of a particular problem. Fortunately, however, each aver- 
age has its own special uses, as will appear in the ensuing discus- 
sion. 


2. Illustrative Data. In order to have a common example to 
which the various methods of averaging may be applied for com- 
parative purposes, the frequency distribution discussed in section 
9, Chapter I, page 18, may be employed. For the sake of ready ref- 
erence, Table (a) and Table (b) derived from it are repeated 
below: 


Table (a) 4-6 Months Prime Commercial Paper Rates, 
January, 1922, to December, 1931 


£15 

/ 

X 

/ 

X 

/ 

X 

/ 

X 

/ 

X 

/ 

X 

/ 

X 

/ 

2.88% 

1 

3.56 

1 

3.94 

3 

4.15 

1 

4.43 

1 

4.70 

1 

5.09 

1 

5.56 

1 

2.97 

1 

3.63 

1 

3.95 J 

2 

4.19 

3 

4.44 

2 

4.78 

2 

5.13 

4 

5.59 i 

1 

3.00 

3 

3.65 

1 

3.97 

1 

4.23 

1 

4.50 

1 

4.85 

1 

5.16 

1 

5.69 

1 

3.13 

3 

3.72 

1 

4.00 

5 

4.25 

4 

4.55 

1 

4.88 

4 

5.38 

1 

5.90 

1 

3.23 

1 

3.88 

6 

4.05 

1 

4.28 

1 

4.59 

1 

4.94 

1 

5.39 

1 

6.00 

3 

3.28 

1 

3.90 

1 

4.06 

1 

4.31 

1 

4.60 

1 

4.98 

1 

5.41 

1 

6.09 

1 

3.50 

1 

3.91 

3 

4.09 

1 

4.38 

4 

4.63 

5 

5.00 

2 

5.43 

1 

6.13 

2 

3.53 

1 

3.93 

1 

4.13 

1 3 

4.40 

1 

4.69 

1 

5.03 

1 

5.50 

2 


108 


Table (b) Fre(iuency Table of 4-6 Months Prime Commercial Paper Rates, 
January, 1922, to December, 1931 


- f J.. 

Class 

Intexvals 

Class 

Marks 

Frequencies 

2.50^-2.99% 

2.75% ! 

2 

3.00-3.49 

3.25 

8 

3.50-8.99 

3.75 

23 

4.00-4.49 1 

4.25 ! 

30 

4.50-4.99 

4.75 

20 

5.00-5.49 

5.25 

13 

5.50-5.99 

5.75 

6 

6.00-6.49 

6.25 1 

6 
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3. The Arithmetic Mean. The arithmetic mean is the most 
commonly used average, and is generally vrhat is referred to when 
speaking of the average price, average rate, average income, etc. 
By the arithmetic average of a set of items is meant the sum of 
the items divided by their number. For the following table. 


Class Marks 





•^1 


*03 • . . • . 



Frequencies 


/2 

/a 

fm 


the arithmetic mean is, by definition, the class mark obtained from 
the formula: 

^ fl^l “I" "f" -j- fmX„i 

__ , 


where N = fi fs \-fm . 

It will frequently be convenient for us to make use of the ab- 
breviation S fiXi — fiZx /2X2 fsXi 4- 1- fmXm • The symbol 

2 is the Greek letter sigma (capital) and it is used throughout all 
mathematics to designate summation. Often the symbol is written 

m 

2 fiXi, the lower value, i = 1, designating the beginning term and 

i=l 

n 

the upper value, m, the final term of the summation. Thus 2 x^ = 

«=1 

12 2^ 3^ + • • • 4- When there exists no ambiguity, it is 

usually convenient to omit the limits of the summation from the 
symbol. 

In terms of this S3anbol the arithmetic mean becomes 


Example: For frequency Table (a) one obtains: 


A 


1 ^ 2.88 4- 1 X 2.97 4- 3 X 3.00 4- 

108 


477.36 

108 


= 4.42 . 


4-2X6.13 


For frequency Table (b) , 

^ _2 X 2.75 4- 8X3.25 4- 
“ 108 


480.50 

108 


= 4.45 . 


4- 6 X 6.25 
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It should be noticed that the two values for the average agree 
very closely, as they always should if the choice of the class inter- 
val has been properly made. 

An alternative form, useful in calculation, can be given to the 
formula for the arithmetic mean, as follows : 


N • N 


Xlfi 

N 


A — X , since Xfi = N • 


Therefore, 

^ ^ I Xfii^Xi X) 

A^X + 

By choosing for X some value close to the mean, the labor of 
calculation can often be materially reduced. 

In calculating the arithmetic mean, it is well to follow some 
systematic scheme such as that given below. The value X = 4. 00 
has been chosen. 


Class Mark 

(«i) 

Frequency 

(/i) 

(Xi—X) 


2,75% 

2 

— 1.25 

— 2.50 

S,25 

8 

— .75 

~ 6.00 

S,75 

23 

— .25 

— 5.75 

4.25 

80 

.25 

7.50 

4.75 

20 

.75 

15.00 

5.25 

13 

1.25 

16.25 

5.75 

6 

1.75 

10.50 

6.25 

6 

2.25 

13.50 

Totals 

108 


48.50 


A 


4.00 


48.50 

108 


= 4.45 . 


PROBLEMS 

1. The following table shows the distribution of the percentage devia- 
tions from trend of the Dow-Jones Industrial Averages for the pre-war period, 
18S7-1913: 
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Class Mark 
(per cent) 

Frequency 

Class Mark 
(per cent) 

Frequency 

62 

1 

102 

36 

67 

4 

107 

19 

72 

10 

112 

17 

77 

8 

117 

8 

82 

9 

122 

13 

87 

20 

127 : 

10 

92 

22 

132 

3 

97 

24 






II 

o 


Calculate the average percentage deviation for this distribution. 


^ 2. The following data give an actual distribution, obtained by tossing 
ten pennies 1024 times and recording the number of heads that appeared on 
each toss. What is the average number of heads per toss? 


No. of Heads 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Frequency 

1 

16 

42 

126 

199 

253 

209 

118 

53 

4 

3 


3. Problem 2, section 11, Chapter I, gives the distribution of the per- 
centage deviations from trend of Bradstreet’s Commodity Prices, for the years 
1897-1913. Calculate the average of this distribution. 

4. The items in the table of problem 2, section 9, Chapter I, give the 
Ratio of Investments in U.S. Government Securities to Total Investments (All 
Reporting Federal Reserve Member Banks). Arrange these data for the five 
years 1924-1928 in a frequency table and calculate the average ratio of in- 
vestments to total investments. 

5. The following table gives the frequency distribution of the percent- 
age weekly gains or losses of a random forecast record, divided by one-half 
of the corresponding stock market gain or loss, for the 230 weeks from Janu- 
ary 1, 1928, to June 1,1932: 


Percentage 

Gain or Loss 

Class Mark 

Frequency 

96.50- 97.49% 

97% 

1 

97.60- 98.49 

98 

13 

98.50- 99.49 

99 

32 

99.50-100.49 

100 

115 

100.50-101.49 

101 

45 

101.50-102.49 

102 

14 

102.50-103.49 

103 

2 

103.60-104.49 j 

104 

4 

104.50-105.49 

105 

2 

105.50-106.49 

106 

1 

106.50-107.49 

107 

1 

Total 1 

230 


What is the average gain or loss for this distrihution? 
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6. Find the average taxable income in 1921 in the United States from 
the following data^, using the mean of the income class as the class mark : 


Income Class 

Number 

Income Class 

Number 

$ 1,000- 2,000 

2,440,544 

$ 40,000- 50,000 

6,051 

2,000- 3,000 

2,222,031 ; 

60,000-100,000 

8,717 

8,000- 4,000 

702,991 

100,000-160,000 

1,867 

4', 000- 5,000 

369,155 

160,000-200,000 

450 

6,000-10,000 

353,247 

200,000-260,000 

205 

10,000-15,000 

80,014 

250,000-800,000 

84 

15,000-20,000 

34,230 

800,000-400,000 

98 

20,000-25,000 

‘ 18,100 

400,000-500,000 

64 

25,000-80,000 

10,848 

500,000-1000000 

63 

30,000-40,000 1 

i 

12,047 

1,000,000 and over"* 

21 

®-This table is 

condensed from 

a summary in Statistics of Income from 


Betums of Net Income for 1921 , Treasury Department Publication, Washing- 


ton (192S). 

*^Use 1,000,000 as the class mark. 


7. The following table shows the receipts and expenditures of the United 
States Government, expressed in per capita amounts, for the twenty-year 
period, 1913-1932: 


Year 

1 Per Capita 

Eeceipts 

Expenditures 

1913 

$ 7.50 

$ 7.51 

1914 

7.50 

7.51 

1915 

7.03 

7.66 

1916 

7.77 

7.29 

1917 

11.00 

19.36 

1918 

35.38 

122.58 

1919 

49.07 

176.40 

1920 

62.91 

60.91 

1921 

51.87 

51.07 

1922 

87.39 

34.54 

1923 

35.88 

33.10 

1924 

35.28 

30.83 

1925 

32.76 

30.59 

1926 

33.83 

30.61 

1927 

34.81 

29.45 

1928 

33.68 

30.36 

1929 

33.67 

32.13 

1930 

34.47 

32.96 

1931 

26.54 

33.76 

1932 

15.81 

38,96 


Calculate the average receipts and average expenditures for these data. 
S. The following frequency table shows the distribution of 1110 obser- 
vations made on 149 commodity price series during ten business cycles 


^Source of data: Frederick C. Mills, The Behavior of Prices^ Ch. IV., 
National Bureau of Economic Eesearch, N.Y.,, 1927. 
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Duration of Cycle 
(from low to ensuing low) 

(in months) 

Class Mark 

Frequency 

7.50 to 12.49 months 

10 months ' 

7 

12.50 to 17.49 

16 i 

27 

17.50 to 22.49 

20 ! 

: 61 

22.50 to 27.49 

25 

i 115 

27.50 to 82.49 

30 

1 139 

32.50 to 37.49 

35 

i 186 

37.50 to 42.49 

40 

i 167 

42.50 to 47.49 

45 

! 124 

47.50 to 5i2.49 

50 

I 122 

52.50 to 57.49 

55 

1 67 

67.50 to 62.49 

60 

! 52 

62.50 to 67.49 

65 

; 15 

67.50 to 72.49 

70 

i 15 

72.50 to 77.49 

75 

! 8 

77.50 to 82.49 

80 

1 2 

82.50 to 87.49 

85 

1 2 

87.50 to 92.49 

90 

i 0 

92.50 to 97.49 

95 

1 ^ 

Total 


j 1110 


Calculate tlie average duration of the cycle for this distribution. 


Transforming the Arithmetic Mean from One Set of Class 
Marks to Another. It is frequently desirable in the study of statis- 
tical problems to be able to change from one set of class marks to 
another. Perhaps one wishes to change the origin or to increase 
or diminish the breadth of the class interval. Suppose that the old 
class marks, are related to the new class marks, yu by the for- 
mula: 

Xi^aVi-^h . ( 1 ) 

It can then be proved that the old average. A®, is related to the 
new average. Ay, by the following formula: 


By definition, 


At'^=aAy-\-h . 

Ic* — ' ' " • 

N 


Substituting the value of Si in terms of Vi, from (1) , one gets 
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_2fi{ayi-i-b) {aSfiVi) 6^/i 

N N N 

= aAy-\-b . 


Example: Given that As = 76.199, where the average refers 
to the set of class marks (X) , calculate the average for the follow- 
ing data, using the second set (F) ; 


Class Maries (X) 

62 

67 

72 

77 

82 

87 

92 

97 

Class Marks (Y) 

0 

1 

2 

3 

4 

5 

6 

7 

Frequencies 

14 

41 

56 

85 

52 

21 

7 

5 


Since for x = G2, y = 0 and for x = 97, y— 7, for the deter- 
mination of a and b in the transformation there are the two equa- 
tions : 

62 = 0 a — 1“ b , 

97 = 7 tt -j- 6 . 

Solving for a and b one gets a = 5, b = 62. 

Hence Ay = (A* — 6)/a = (76.199 — 62) /5 = 2.840 . 

If, for any frequency distribution, the average for the set of 
class marks 0, 1, 2, . . . . , n, where n — m — 1, has been calculated, 
this average is the Bernoulli mean and is designated by the S 3 rmbol 
Ab . It will be found later to play an important role in normal and 
skew-normal frequency distributions. In the example just given, 
Ab 5= Ay 2.840. 


PROBLEMS 

1. What is the relationship between the following sets of class marks? 


X \ 

5 

10 

15 

20 

25 

30 

35 

'Y \ 

9 

10 

29 

30 

49 

59 

69 
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2. Given the sets of class marks: 


X 

S 

S + s 

S-^2s 

S+3s 

S + As 

Y 

0 

1 

2 

3 

4 


show that the values of a and h in the formula + h are c& =: s, S* 


3. Given the following sets of class marks: 


X 

S 

S + s 

S + 2s 

S + Ss 

S + 4s . . » . 

Y 

T 

T + t 

T + 2t 

T + M 

T + At .... 


calculate the values of a and 6 in the formula Xi^ = + 5. Does the solution 

supply a formula for transforming from one set of class marks to another? 
Apply it to problem 1. 


4. Calculate the Bernoulli mean for problem 5, section 8. 

5. Calculate the average for the frequency table in problem 2, section 
8, using the class marks 10, 9, 8, 7, 6, 5, 4, 3, 2, 1, 0. 


5. The Root-^MemrSquare or Qmdraiic Mean — Standard 
and Mean Deviation. Next to the arithmetic mean, the root-mean- 
square, or quadratic mean, plays the most important role in statis- 
tics because of its fundamental connection with dispersion. It may 
be defined as the square root of the arithmetic mean of the squares 
of the class marks. In symbols this definition becomes:^ 


R: 




N 



The quadratic mean gives special weight to lai^ge class marks, 
since they enter into the formula as squares, and, therefore, it fur- 
nishes an effective average to use in the study of the dispersion of 
data. 


^A generalization of the quadratic mean occasionally used is 






(/jOJi* + + /a*/ + \r /mV®) 

N 


h>Z. 
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A deviation from the mean may be defined as the difference be- 
tween a class mark and the arithmetic mean, i.e. (pSi — A) . 

The standard deviation of a frequency distribution is the root- 
mean-square of the deviations of the values of the variable from 
their arithmetic mean. The Greek letter o- (sigma) is commonly 
used to denote the standard deviation. Where A is the arithmetic 
average as previously defined, this definition becomes in symbols 


/i (®i — ^A) ~ f 2 (s.'2 — ^A) - -j- • • -{- /w (a’,,! — A) 


N 


( 2 ) 


12 fAXi—A)- 
~ V N 

In application it will usually be found simpler to use the fol- 
lowing formula, rather than (2), where X is some conveniently 
chosen number : 


ffl! 


jf,{x,—xr-+Uix^—xy+--" 

‘ * “4” /m Y'^2 

- } 

1 N 



at — 


jXfAxi—Xy 

M N 


(A—Xy . 


(3) 


In applying this formula to data, it is usually desirable to let 
X be an integer differing as little as possible from A. It is some- 
times convenient, however, to let Z = 0. 

In proving that formulas (2) and (3) are identical, one pro- 
ceeds as follows 


Squaring equation (2) and expanding, one obtains 
o^c=2fi {Xi—Ay/N = 2 fi — 2Ait’i -f A^) /N 

= 2 fiXi^/N — 2A 2 f^xJN + A^ 2 fi/N 


iTo the student who knows differential calculus, this may be more easily 
proved as follows: 


d _2S/,(Xi— X) 

■ =: 

dX ^ . N 


2(Z— A)= — 2A + 2X— 2X + 2A^O . 


Hence jg independent of X, To show that 0-^2 is actually equal to one 
now need merely let X = A in^formula (8) and compare the result with for- 
mula (2) . Why is this a proofl 

1. ' 
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Since 2 f;X,/N — A and 2 fi/N — N/N — 1 , one has 
^ fa^^/N — 2A^ + A^ = 2 fiXi^N — A^. 

In the same way, from equation (S) one finds 
cri^ = 2' /i (a;,— X) VA" — (A—X) ^ = 2 fi {xi^ — 2Xxi -f X^)/N 

— {A—X)‘ 

= 2 fixe/N — 2AX -f -f 2AX — 

= 2fiX^/N — A^ . 

^ Since the squares of the two expressions are identical, the 
equivalence of the two formulas has been proved. 

Example : Calculate the standard deviations for Tables (a) and 
(b) , section 2. 

Since A — 4.42, for the data of Table (a) , it will be convendent 
to let X = 4.00. One thus obtains 




(2.88—4.00) = + (2.97—4.00)® + • 

108 


•4- (6.13—4.00) = 


(.42)= 


= V 82.85/108 — (.42)® = .77 . 

As in the case of the arithmetic mean, the work of calculation 
should be arranged in a systematic way. Letting X = 4.00, the 
value of the standard deviation for Table (b) may be computed in 
the following manner: 







2.75 

2 

1,25 

1,56 

3.12 

3.25 1 

8 

— .75 

.56 

4.48 

3.75 1 

23 

— .25 

.06 

1.38 

4.25 

30 

.25 

.06 

1.80 

4.75 

20 

i .75 

.56 

1120 

5.25 

13 

1 1.25 

1.56 

20.28 

5.75 

6 

1.75 

3.06 : 

ias6 

6.25 

6 

2.25 

5.06 

30.36 

Totals 

108 



90.98 

a 


a == V90.98/10S — (4.45 — 4.00) ® = .80 
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The coefficient of vm-iability is defined as the ratio of the 
standard deviation to the arithmetic mean, that is, 

V — af A , 

and is used as a measure of the uniformity of data. 

If one had, for example, two sets of data whose arithmetic aver- 
ages were the same, but where the items of one set varied consider- 
ably in magnitude, while the items of the second set varied little in 
magnitude, this would be shown by the fact that the coefficient of 
variability in the first case was larger than in the second. By it- 
self, the standard deviation does not give a measure of uniformity 
for a set of data which is directly comparable with the standard 
deviations of other sets of data, since the magnitudes of the orig- 
inal items may be very different. The standard deviation of high 
grade bond yields over a period might be, say, 1 per cent, and the 
standard deviation of national income, say, $10,000,000,000. It 
would be palpably absurd to say that national income varied 
10,000,000,000 times as much as bond yields. Only when a stand- 
ard deviation is related to the arithmetic average of the series, has 
one figures which are comparable measures of the uniformity of 
•data. And this is the function of the coefficient of variability. ' 

Example : Compare the uniformity of the following data with 
that of the data given in Table (b) , section 2 : 


Class Marks 

2.75 

3.25 

3.75 

4.25 

4.75 

5.26 

5.75 

6.25 

Frequencies 

7 

10 

15 

38 

33 

28 

22 

15 


For this table, A = 4.72 and a == .91. Hence, v — <r/A == 
.91/4.72 = .193 . For Table (b), v = .80/4.45 = .180, which indi- 
cates that the variation of the second group is somewhat greater 
than that of the group represented by Table (b). 

It occasionally happens in the study of the dispersion of data 
that it is not only unnecessary, but even misleading, to give too 
jpu ch emphasis to largfe deviations. In this case, the mean or aver- 
age deviation should be used instead of the standard deviation, By 
the mean deviation shall be understood the arithmetic average of 
the absolute values, i.e., numerical values of the deviations from the 
mean. If the absolute value of a number m is designated by the 
•customary symbol \m\, this definition may be stated as follows: 

. 2fi\Xi A\ 


N 
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Example*. Calculate the mean deviation for the data of Table 
(b) , section 2, for which A = 4.45 . 


Class Mark 

Frequency 



2.75 

2 

1.70 

3.40 

3.25 

8 

1 1.20 

9.60 

3.75 

23 

i .70 

16.10 

4.25 

30 

.20 

6.00 

4.75 

20 

.30 i 

6.00 

5.25 

18 

.80 

10.40 

5.75 

1 6 

1.30 

I 7.80 

6.25 

6 

; 1.80 

10.80 

Totals i 

108 

■ 



70.10 


= 70.10/108 = .65 . 

The mean deviation of .65 is to be compared with the stand- 
ard deviation of .80, the difference being due in large part to the 
extra weight given in the latter to extreme items. 


PROBLEMS 

1. Calculate the standard and mean deviations for the data of problem 
1, section 3. 

2. Calculate the standard deviation for problem 2, section 3. 

3. Calculate the standard deviation for the per capita receipts and ex- 
penditures of the United States Government as given in problem 7, section 3. 

4. Do per capita receipts or per capita expenditures show the larger 
variability? (Problem 7, section 3). 

5. Calculate the standard deviation for problem 5, section 3. 

6. Calculate the standard and mean deviations for problem 8, section S. 

7. Two students, A and B, toss ten pennies 1024 times, recording the 
number of heads which appeared on each toss, with the following results : 


No. of Heads 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Frequency (A) 

0 

5 

39 

125 

227 

270 

197 

121 

36 

4 

0 

Frequency (B) 

5 11 

41 

114 

209 

237 

212 

134 

50 

8 

3 


Which set of data shows the larger variability? 
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6. Transfol'ming the Standard Deviation from One Set of 
Class Marks to Another. It is often important to be able to trans- 
fer from one set of class marks to another as it was in the case of 
the arithmetic mean. 

If the old class marks, Xi, are related to the new class marks, 
yi, by the formula 

Xi = ayi-{-b , 

it can be proved that the old standard deviation, cr*, is related to the 
new one, ctj,, by the formula 

• ( 4 ) 

By definition, 

= 2 fi {Xi — A^) ^/N , 

where Ax is the average computed for the class marks Xi. In section 
4, it was learned that Ax and Ay (the average in terms of the class 
marks yO are connected by the formula 

Ax aAy — 1“ b . 

If this value is substituted for Ax, and the value of Xi in the 
formula for o-/, one then obtains 

crx^=2fiiXi—Ax)^/N 

= 2 fi {ayi + & — aAy — hy/N 
==a^2fi(yi — Ay)^/N 
= a~<Xy^ , 

or dx = |a.|<ry, which was to be proved. 

Example : Given cr* = 7.41, the standard deviation for the set 
of class marks (X), calculate a-y using the second set (F). 


Class Marks (X) 

62 

67 

72 

77 

82 

87 

92 

97 

Class Marks (F) 

0 

1 

2 

3 

4 

5 

6 

7 

Frequencies 

14 

41 

56 

85 

52 

21 

7 

6 


Since the class breadth (i.e., the difference between class lim- 
its) for (X) is 6 and that for (F) is 1, the value of a is 5/1 —5. 
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Hence, using the formula for transforming from one set to the 
other, one has 


(Ty <T;]*/jO'j ' — 7.41/5 — 1.4S2 

If, for any frequency distribution, the standard deviation for 

the set of class marks 0, 1, 2, ,n, where % — m — 1, has been 

calculated, this value is referred to as the Bernoulli deviation and 
designated by the symbol <7^ . Its importance in the theory of 
statistics will become apparent when normal and skew-normal fre- 
quency distributions are studied. In the example just given, 

(TB —— tTy — 1.4S2 . 


7. Moments. By the rth moment of a frequency distribution is 
meant the sum of the products of the frequencies by the rth power 
of the corresponding values of the variable, i.e., Mr = . 

Thus, for the zero-th, first, second, and third moments," one has 

ma = B fi — N ; mx — ZfiXi ; 

The arithmetic mean and the standard deviation are easily 
expressed in terms of the zero-th, first, and second moments, as fol- 
lows: 

From the definitions above, since wto = iBfi = N, and 

mi = B fiXi, 

A = B f;Xi/N — mi/mo . 


In formula (3) let Z = 0 ; then 


Since — then becomes 

(r=* Z= JMa/mo — miVmo® = (WoWz — / Wo® • 


iThe name moment for these sums comes from mechanics. The center of 
gravity of a system of masses is computed from the first moment of the masses 
and the radius of gyration of the system from the second moment of the 
masses. Continuous moments both of frequency distributions in statistics and 
of systems of masses in mechanics may be defined by replacing the sum sym- 
bols in the formulas by integrals. The history of the introduction of moments 
into statistics is given in Studies in the History of Statistical Method, by 
Helen M. Walker, Baltimore, 192&, Chap. 3. 
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By the rth moment of a frequency distribution about a number 
X, is meant the sum 

Nr = Xfi{Zi—X)^ , N, = N . 

If one chooses X = 0, then Nr — nir — X fixi^ . 

It will appear subsequently that the most important class of 
moments in the theory of statistics is made up of the moments 
taken about the arithmetic mean, i.e., 

Mr — Xf^{Xi — A)'^ , 

where A is the arithmetic average. 

In order to obtain the relationship between Mr and Nr, it is 
first to be noticed that 

N^ = 2fiX, — XfiX = NiA—X) . 

By means of the binomial theorem, the following expansion 
is obtained : 


Mr = Xfi iXi~Ay = 2 fii ixt—X) — U—X ) ] >• 


= 2 fd iXi—X) ^ — r iXi—X) {A—X) 

+ — ^ iXi—X) iA—X) ^ — 

+ (— D'-U— Z)--] 

:=Nr — rNr.^ (A—X) + ^ Z,-. (.A—X) ^ 

— + (— l)Wo(A— X)^ . 


Substituting Ni/N for the value (A — X) in this expression, 
one then obtains the formula : 


Mr = Nr — rNr-t (N^/N) + Nr^ iN^/N) ^ 

— + i—irNdN,/Ny . 


(5) 


If one lets r = 1, 2, 3, 4, ••• , the following identities between 
the two sets of moments are calculated; 


Mo^No = N 
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M^ = N, — N^ = 0 , 

M, = N, — N,^/N , ( 6 ) 

Ms = N, — SN^N^/N + 2N^^/N^ , 

M, = N, — 4N^Ns/N 4 - — ZN^*/N^ . 

Other additional relations can be readily determined by the student.^ 


PEOBLBMS 

1. Calculate the Bernoulli deviation for the data of problem 1, section 8. 

2. Calculate the standard deviation for table (b), section 2, using the 
class marks .275, .325, .375, etc. 

3. Calculate the Bernoulli deviation for problem 2, section 3. 

4- What is the standard deviation for problem 3 if the class marks are 
10, 9, 8, 7, 6, 5, 4, 3, 2, 1, 0? 

5. Calculate the first, second, and third moments for problem 2, section 
3. From these values calculate the first, second, and third moments about the 
mean, 

6. Using the data obtained from problem 5, calculate the first three mo- 
ments about X = 10. Hint: Remember that = NA and that = 
N (A — X ) , Then make use of the relationship between and ikfo. 

7- Express in terms of . . . , . 

8, Sheppwrd's Adjustments. In the case of ordinary frequency 
distributions, it is usually important to make an adjustment in the 
values of the moments to correct the error made in assuming that 
all the frequencies in a class interval correspond to the mean value 
of the interval. For example, if the rates on 90-day commercial 


iThere is, unfortunately, no universally adopted notation for moments. 
Since, however, most authors use to designate Sheppard's adjusted mo- 
ments (see next section), there is a strong tendency to use augmented by 
bars and primes, to represent M/N and N^/N. In W. P. Elderton's 

Frequency Curves and Correlation^ second edition, London, 1927, p. 15, the 
following notation is specified: 

iV = total frequency , 

= wth unadjusted statistical moment about mean , 

= lith unadjusted statistical moment about any other point , 

11 ^ =; nth. moment from curve about mean , 

=: nth adjusted statistical moment about mean , 
nth moment from curve about other mean , 

= nth adjusted statistical moment about other point , 

These all refer to moments as defined in the text divided by N . 



82 


ELEMENTS OP STATISTICS 


paper over a period of 120 months range between 2.50 and 5.00 per 
cent, it would be convenient to divide the range into 25 unit inter- 
vals one-tenth per cent in width. But the rates on commercial paper 
do not progress uniformly by increments of one-tenth per cent, 
so that in the interval between 2.50 and 2.60 one may find com- 
mercial paper whose rates differ by various fractions of one per 
cent. 

By a method too intricate to give in detail here, W. F. Shep- 
pard derived formulas to correct the moments of such heterograde 
series when each end of the frequency curve makes high contact 
with the a:-axis, as is usually the case.^ These corrections to the 
moments are often referred to as Sheppard’s adjustments. 

rf one designates by Mo, Mi, M,, , Mr, the various mo- 
ments taken about the mean, and by /%, pi, n^, , fir ig is the 

Greek letter mu), the adjusted moments, the following formulas 
for the calculation of the latter are available : 

^0 = Mo = iV , iMi t= 0 , fis — Mi — Moa^/12 , 

fii=Mi , fL, = M, — yzMia^-\-mo(i*/240 , 

^5=M5 — 5MsaV6 , 

fi, = M,~ 5am,/4: -f 7MoaV16 — 31MoaV1344 , 
where a is the breadth of the class interval. 

Example: Adjust the second moment for Table (b), section 2, 

Calculating the moments about the value X = 4.00, one finds 
N == 108, Ni — 48.50, and = 90.98. Making use of these values, 
the moments about the mean are calculated to be : 

Mo = iV = 108 , 

Mi = Mi — Ni = 0 , 

Mi = Ni — Ni^N = 90.98 — 21.78 = 69.20 . 

The adjusted moments then become : 

/«o = 108 , 

j«i = 0 , 

^0 = 69.20— (108) (.50)712 = 66.95 . 


If, now, one computes o- ~ yM^/N = .800 and a' = ypt/N — 
.787, it is seen that the first value is the standard deviation obtained 
in section 5 for Table (b) and that the second value is somewhat 


, ^“The Calculation of the Moments of a Frequency Distribution,” Bio- 
metrika, Vol. 6 (1906-1907), pp. 460-459. 
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closer to the standard deviation for Table (a) , i.e., <t = .769. In 
other words, the distortion in o- caused by the concentration of fre- 
quencies in Table (b) has been adjusted. This illustrates the prin- 
cipal use of Sheppard’s corrections. 

PROBLEMS 

1. Adjust the second moment for problem 1, section S. 

2. Express the adjusted second and third moments in terms of 

and Wg. 

3. Calculate the adjusted second moment for problem 8, section 3. 

9. The Median. Another average which is of frequent use in 
the theory of statistics is the median. By the naedian shall be meant 
the value on the scale above and below which half the data lie. 
When the items of the series have been arranged in order of size, 
the median has the central position. Its usefulness is derived from 
the fact that it is easily found, since only arrangement of the data 
is necessary to determine it. When the median is the average used, 
no undue weight is given to extreme items nor, indeed, need every 
item in the series be explicitly known, since the position of the 
item in the sequence, and not its actual value, is the knowledge re- 
quired. 

When the items of a series are arranged by class marks in a 
frequency table, it is usually found to be necessary to interpolate 
for the value of the median, since the frequency table gives only 
the limits between which the median lies. This is done by means 
of the formula’^ 

( 7 ) 

where L is the lower limit of the median class, C is the class in- 
terval, N the total frequency, 2fi the total number of items be- 
low L, and F the frequency of the median class. 

If the class marks of the frequency distribution, the median 
of which is sought, are given merely as central values of the class 
intervals, then L and C may be determined from the formulas 

L = Xi-\-y-a (Xu — Xi) 

c=y%(xt—xx) , 

where xu is the class mark of the median class, sci the class mark 


iSome authors prefer to write N instead of iV + 1 in this formula. This 
applies also to the definitions of quantities, deciles, and percentfles as given 
below* 
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of the class just below the median and X 2 the class mark of the class 
just above the median. 

Example: Determine the median for the data of Table (b), 
section 2. 

In this case the median class is 4.00-4.49. Hence, it is seen that 
L = 4.00, C = .50, N — 108, Sfi = 33, F — 30. From this 

M = 4.00 + .50 (54.5 — 33)730 = 4.36 . 


When each half of the data of a frequency table is divided into 
equal parts, the values representing the points of division are called 
the first and third quartiles. 

The values which form the division between the first and sec- 
ond and the third and fourth quarters of a series of items arranged 
in a frequency table are called the first and third quartiles, respec- 
tively. If there are N items in the table, the first quartile is the 
value of the class mark corresponding to item (M+l)/4, the third 
quartile to item 3(2V+l)/4 . In the case of eleven items, for ex- 
ample, the median corresponds to the sixth item and the quartiles 
to the third and ninth items. 

The quartiles may be computed by the median formula if one 
replaces (IV+l)/2by (iV+l)/4 and 3(N+l)/4 . 

Example ; Calculate the quartiles for Table (b) , section 2. 


Since there are 108 items, the quartiles correspond to the items 
27.25 and 81.75 respectively. Using these values in place of 
(A7+1) /2 in the formula for the median, and designating the quar- 
tiles by and Q 2 , it is found that 


and 


= 3.50 +.50 (27.25 — 10)723 = 3.88 , 
Q2 = 4.50 + .50 (81.75 — 63)720 = 4.97 . 


In a similar way, one may define the deciles and percentiles to 
be the values of the class marks which divide the distribution into 
ten and a hundred equal parts, respectively. They are calculated in 
the same manner as the median and the quartiles, except that 
r(JV'+l)7l0 and r(IV+l)7100 are used in the median formula in 
place of (2V"+1) /2 for the frequencies corresponding to the rth 
decile and rth percentile respectively. 

Example : Calculate the third decile for Table (b) , section 2. 
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For the third decile, D 3 , one has 

D 3 3.50 + .50 (3X109/10 — 10 ) /23 = 3.99 . 

The most striking characteristic of the median is found in the 
fact that the sum of the absolute values of the deviations from the 
median is smaller than the sum of the same deviations from any 
other average. This may be proved as follows : 

Suppose that A, B, C, D, E, F, G, are successive points on a 
line. Let X be any other point. If one denotes by CX the distance, 
regardless of sign, between C and X, it is clear that CX + EX will 
be smaller when X is between C and E than when it is outside this 
interval, and further that CX + EX is constant v^hen X lies 
inside the interval. The same statement holds for any other pair 
of points. Hence the total sum of deviations from X is smaller 
when as many points lie on one side of X as on the other, or, in 
other word^, when X is the median. 

The statistical importance of this statement is evident when 
one considers the geographical location of centers of industry. A 
business that lies at the geographical median of the district that it 
serves has its most favorable location so far as distribution is con- 
cerned.^ 

PROBLEMS 

1. Calculate tlie median for problem 1, section 3. 

2. What is the median for problem 2, section S? What are the quartiles 
for this problem? 

8. Calculate the median for the income data of problem 6, section S. 

4. Compute the medians for the per capita receipts and expenditures of 
the United States Government given in problem 7, section 3. 

5. Calculate the quartiles for the data of problem 8, section 3. 

6. Calculate the first, fifth, seventh, and ninth deciles for the data of 
problem 8, section 3. 

7. A chain store dealing in a certain group of commodities has 96 branch 
stores in eight cities along a certain highway. Using city X with 9 branch 


Uf the points A, B, 0, D, E, F, and G, are not on a straight line, but 
scattered in the plane, then the problem of finding a point, X, such that the 
sum of the distances from X to the given points is a minimum Is one of great 
mathematical complexity. For a discussion of this question and its applica- 
tion to the center of population of the United States, the reader is referred to 
a paper by D. A. Scates: “Locating the Median of the Population in the United 
States,” Metron, VoL 9, Ho. 1 (1933), pp. 49-65. The problem for three points 
is treated in Goursat-Hedrick: Mathematical Analysis, Boston, 1904, pp. 130- 
131, where it is proved that the central angles formed by the lines from the 
points to X are all 120 degrees. If one of the angles of the triangle formed 
by the three points exceeds 120 degrees, then X coincides with the vertex of 
the obtuse angle. 
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stores as a reference point, the other seven cities with their branch stores are 
located as follows: 


City 

Number of 
Branch Stores 

Distance 
from X 
(in miles) 

A 

10 

60 

B 

12 

33 

C 

5 

15 

D 

6 

— 25 

E 

15 

— 65 

F 

20 

— 85 

G 

19 

—102 


The company wishes to establish a main office for this group of stores and 
is confronted with the problem of choosing the most convenient location. What 
would be the most logical place for the company’s main office? 

8. Show graphically that the median of the values 1, 2, and 7, is the 
value of X for which the following function is a minimum ; 

y zzz — 1| 4* \x — 2| + \x — 7] . 


10. The Mode. Nearly all frequency distributions show a ten- 
dency toward the accumulation of frequencies at one or more values 
of the class marks. By the mode is meant that value of the class 
mark which has the largest frequency, that is to say, that value 
which is the most fashionable. When a distribution has but one 
mode, it is called uni-modal, when it has two modes, bi-modal, etc. 

in order to calculate the values of the mode, it is necessary to 
interpolate, as was done in the case of the median. The formula for 
the mode is 


= , ( 8 ) 

where L is the lower limit of the modal class, C the class interval, 
F the frequency of the class just above the mode, and / the fre- 
quency of the class just below the mode. 

Example : Calculate the mode for Table (b) , section 2. 

The modal class is 4.00-4.49. Hence L — 4.00, C ~ .50, F = 20, 
and f t= 23. Substituting these values in the formula above, one has 

Mo = 4.00 4- (.50) (20) /43 = 4.23 . 
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Frequency distributions occasionally occur where two distinct 
modal tendencies are apparent. These are usually indications of 
the existence of two separate distributions which for some reason, 
have been mixed together. 

The following is an example of bi-modal distribution formed 
in that manner. The table gives low prices during 1934 of 60 bonds 
listed on the New York Stock Exchange, 30 of the bonds being in- 
dustrial and 30 railroad. When the two classes are combined, the 
composite distribution is distinctly bi-modal, as may be seen in Fig- 
ure 18. 


Class Interval 

Frequencies 

$ 

Industrial 

Railroad 1 

i 

Composite 

under 89 

i 

1 1 

2 1 

3 

40-49 

1 1 

2 I 

8 

50-59 

2 1 

' 3 i 

5 

60-69 

3 i 

8 ! 

11 

70-79 

4 

5 

9 

80-89 

4 

5 

9 

90-99 

9 

4 

13 

100 and over 

1 

6 

1 

7 

Totals 

30 

SO 

60 



Figure 18 


The mode is an average that is easily obtained, but obviously 
can be used only when the data show a strong modal tendency. It 
is an average that is unaffected by extremes in the data. 
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One important use to which the mode has been put in the 
theory of statistics is that of measuring the unsymmetrical charac- 
ter, or the skew-ness, of data. It often happens that the frequencies 
in a distribution will tend to pile up at one end or the other of the 
class range, instead of near the middle as in the so-called normal 
distribution. In other words, the mode will not correspond to the 
arithmetic mean, from which it may deviate in a significant man- 
ner. 

As it is convenient to have some measure of this skewness, one 
may adopt as a more or less arbitrary definition the following 
ratio suggested by Karl Pearson, 

S (Skewness) = — . (9) 

or 

When the sign of S' is negative, the skewness is to the right; 
when the sign is positive, the skewness is to the left. Examples are 
shown in Figure 19. 




Figure 19. 

In case the data of the statistical series under consideration 
are known to be skew-normal (see Chapter VII), then the follow- 
ing definition of skewness should be used : 

S' (Skewness) (10) 

Mb 

where Ab is the Bernoulli mean, <tb the Bernoulli deviation, and 
n + 1 is the number of class marks.^ When the sign of S' is positive, 
the skewness is to the left as in the previous definition. 


iThe student will recall from section 6 that the Bemcntlli mean and the 
B&movMi deviation are computed using the class marks, 0, 1, 2, 3, • - . m . 
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When an application is made of formula (10), it will be ob- 
served that an exact determination of the value of n is sometimes 
difficult. A more precise definition, which is, however, essentially 
equivalent to (10), is found in the formula, 

S" (Skewness) = , (11) 

where vs is the third moment about the mean divided by the total 
frequency, i.e., = Mz/N (See section 7) . The class marks used in 

this computation must be 0, 1, 2, 3 • • • A positive value of S" 
indicates skewness to the right. A derivation of both formulas (10) 
and (11) from formula (9) wall be given in Chapter VII. 

In cases where the mode is not clearly defined, the skewness 
as calculated by the Pearson formula would be unreliable, and one 
should then use either S' or S". For example, using the data of 
Table (b) section 2, one gets: 

„ 4.45 — 4.2S 


^ 2(3.40) 

S' = -4 = .0089 . 

3.2 

Since the skewness is obviously very slight (see Figure 2, sec- 
tion 10, Chapter I) , the value of the skewness S' should be used in 
this case. The sign of S' indicates a skewness to the left. Using for- 
mula (11) one obtains S" = .0380, which again indicates a small 
skewness to the left. 


PROBLEMS 

1. Calculate the mode, the skewness B, and the skewness S\ for the data 
of problem 5, section 3. 

2. Calculate the mode for the data of problem 1, seetion 3. 

3. Is there a modal income for the United States? (See problem 6, sec- 
tion 3.) 

4. Calculate the mode for problem 8, section 3. 

5. Calculate the skewness 8 and the skewness B* for the data of problem 
8, section 3. 


11. The Geometric Mem, The geometric mean of a set of N 
positive numbers is the Nth, root of their product. In case a number 



90 


ELEMENTS OF STATISTICS 


is repeated one or more times, it will appear in the product as many 
times as it occurs in the given set. In symbols this definition be- 
comes 


N 

G .Vs' ' • • • a;,/” , 

where fi, /a, • • • , fn> are the frequencies of the class marks and N 
is the total frequency. 

The use of logarithms greatly facilitates the calculation of the 
geometric mean. Thus, if logarithms of both sides of the above 
equation are taken, one has 

, ^ /ilog Xi 4- /alog X 2 -{ 1- /„log x„ 


In other words, the logarithm of the geometric mean is the 
arithmetic average of the logarithms of the class marks, each mul- 
tiplied by its frequency. 

Example: Calculate the geometric mean of the data of Table 
(b), section 2. 


G ~V 2.75= • 3.25* 6.26* ; 

log (?==( 2 log 2.75 + 8 log 3.26 -f- -f- 6 log 6.26) /108 


= 69.25727/108 
= .64127 ; 

G = 4.38 . 


The geometric mean is useful in the averaging of ratios and 
rates of interest. Suppose that A held a stock which, during five 
successive years, increased 5 per cent, 6 per cent, 6.5 per cent, 4 per 
cent, and 3.6 per cent. What was the average annual increase? 

The total return from unit capital on the basis of compound 
interest would be 

S= (1.05) (1.06) (1.065) (1.04) (1.035) 

Hence, it is reasonable to assume that his average rate of in- 
crease should be calculated from the equation 

l + r = fS 

which is the geometric average of the five sums. Thus, one has 



METHODS OF AVERAGING 


91 


— 1 = .0499 , 

or, the average return was 4.99 per cent. 

One of the defects of the geometric average is the large in- 
fluence exerted on the average by very small numbers. It is for 
this reason that the use of this mean should be largely confined to 
the averaging of rates which do not differ greatlj^, for which it is 
most admirably suited. 

An interesting application is found in the following example : 
From the following data predict the total population of the United 
States for the 1930 census ; 


Year j Population 


1870 

1 38,558,000 

1880 

j 50,156,000 

1890 

! 62,948,000 

1900 

i 75,995,000 

1910 

1 91,972,000 

1920 

105,711,000 


First, the 10-year increases are calculated by dividing each 
census figure by the one immediately preceding. There is thus 
obtained : 


Ratios 

Logarithms 

1.3008 

.11421 

1.2550 

.09864 

1.2073 

.08182 

1.2102 

.08286 

1.1494 

.06047 


5 ) .43800 


log(?= .08760 


(7 = 1.2235. 


Using this average, the population for 1930 is calculated to be 
(1.2235) (105,711,000) = 129,337,000, which is in excess of the true 
figure 122,775,000. What conclusion may be drawn from this? 

Further application of the geometric average will be made in 
connection with the theory of index numbers. 
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PEOBLEMS 


1. The national income of the Uniied^States, expressed in actual dollars 
and in 1913 dollars, over a period of eleven years, was as follows 


Year 

Total Income in Billion Dollars 

Actual Dollars 

1913 Dollars 

1921 

58.3 

33.6 

192i2 

62.1 

37.6 

1923 

69.3 

42.0 

1924 

71.9 

43.6 

1925 

76.6 

45.2 

1926 

80.3 

47.3 

1927 

82.9 

49.7 

1928 

84.1 

50.7 

1929 

87.5 

51.2 

1930 

72.9 

44.5 

1931 

57.5 

38.9 


What is the average rate of increase per year, in terms of actual dollars 
and in terms of 1913 dollars? 


2. According to three census reports made five years apart, a certain city 
had the following population; 

first report, 15i2,762; second report, 169,804; third report, 186,981. 

A water works system large enough to supply a city of 300,000 was built 
at the time of the third report. In how many years may the city find it neces- 
sary to enlarge its water system? 

3. Using 1926 (1926 == 100) as the comparison year, the United States 
Bureau of Labor Statistics Wholesale Commodity Price Index for preceding 
and succeeding years was as follows: 


Year 

Index 

Year 

Index 

1913 

70 

1925 

104 

1919 

189 

1926 

100 

1920 

154 

1927 

95 

1921 

98 

1928 

97 

1922 

97 

1929 

95 

1923 

101 

1930 

86 

1924 

98 1 

1931 

73 


From this table compute the average increase in wholesale prices over 
this period. 


Urving Fisher, Booms and Depressions^ New York, 1932, p. 200. 
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4. The following table gives the monthly average of automobile produc- 
tion in the United States for the years 1926-1982 (unit 1,000 cars) : 


Year 

1 

1926 

1927 

1928 

1929 

1930 

1981 

1982 

Production 

j 858.4 

288.4 

863.2 

446.5 

279.7 

199.1 

114.2 


Calculate the average per cent of change per year. 

5. The automobile production for January over a seven-year period, 1926- 
1982, is given by the following table: 


Year 

1926 

1927 

1928 

1929 

1930 

1931 

1982 

Production 

309.0 

238.9 

231.7 

401.0 

273,2 

171.8 

119.8 


Calculate the average per cent of change and compare the answer with 
that of the preceding problem. 

6. The following data give the weeMy wage rate index of union workers, 
also the retail price index of food, for the twelve-year period 1920-1931 (figures 
are relatives, with 1918 as 100) : 


Year 

Wages 1 

Per Week 

Retail Prices 
of Pood 

1920 

188.5 

203.4 

1921 

193.3 

158.3 

1922 

183.0 1 

141.6 

1923 

198.6 1 

146.2 

1924 

214.3 ' 

145.9 

1925 

222.3 

157.4 

19126 

233.4 

1 160.6 

1927 

240.8 

1 155.4 

1928 

240.6 

i 154.3 

1929 

240.7 

156.7 

1980 

248.8 

i 147.1 

1931 

242.9 

121.3 


Calculate the average per cent increase per year for each series and com- 
pare your answers for the two. 


12* The Harmonic Average. A sixth average occasionally used 
in statistical problems is the so-called harmonic mean^ which is de- 

fined as the total frequency divided by the sum of the reciprocals 
of the class marks multiplied by their respective frequencies. In 
symbols this definition becomes 
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E = 


N 

I I I /» 

«Vl iUo ilg 


Because of the unfamiliar nature of this average and the labor 
involved in its computation, it is not used so frequently as the other 
averages, although it is occasionally very useful in application. 

The harmonic mean may be used in the averaging of rates and 
ti m e. The following simple examples are illustrative of the under- 
lying principles ; 

Example 1 : Suppose that an aviator flies his plane for 50 min- 
utes at the rate of 150 miles an hour and then, because of engine 
trouble, flies for ten minutes at 50 miles an hour. What is his aver- 
age speed? 

It is at once clear that his average speed is closer to 150 miles 
an hour than it is to 50 miles. It is, of course, equal to 150(50/60) 
-f- 60(10/60) = 138.33 miles. Now this simple answer may be ob- 
tained in another way. One may employ the familiar formula that 
d (distance) equals the product of v (velocity) and t (time). Ap- 
plying this to the two parts of the flight, one has 

d^ = Vtt^ , or 125 = 150(50/60) 

= , or 8.33= 50(10/60) 


It is now reasonable to define the average velocity, not as the 
average of Vi and v^, but by means of the formula, 

(di -j- da) = V {ti fa) 

where v is the desired average. Since fi = di/i>i and fa = dz/v<i, one 
has 

dx — da 
di da 


125-1-8.33 
125 8.33 

150 50 


= 133.33 


A second example will show the application of the harmonic 
mean to the determination of time averages. 

Example 2: A wholesale house has ten t:^velling salesmen 
who make trips of essentially the same length. Of these, seven 
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make their trip in 30 days and three in 20 days. What is the aver- 
age time per trip? 

One can argue as was done in the first example from the equa- 
tion d == vt, where d is the length of the trip, t, the time, and v, the 
speed of the salesmen. For determining the speed of the first seven 
salesmen, there is the equation 

d = Z0%h , 

and for the last three, 

d — 2(iVi . 

It is clear that a satisfactory definition of the average time per 
trip is obtained from the equation, 

7d + 3d= , 

where t is the average desired. One thus gets as the answer to the 
problem : 

t= (7d-f 3d)/ (7-Wi 4-3^2) 

= 10d/(7d/30 4-8d/20) 

= 10/ (7/30 -f 3/20) = 26.09 days. 

It will be clear that this same argument can be used to find the 
average time per trip when the trips are of varying length. 

The harmonic mean may also be used effectively in determin- 
ing the average price of commodities. 

Example 3: Three items, a, b, and c, sell for $2.00, $3.00, and 
$5.00, respectively. "What is the average price per item? 

It is obvious that this problem does not have precise meaning 
until something is known about the volume of the sales of each 
item, so it will be assumed that the total return from the sale of 
each is the same. Consider then, the equation, 

R^Np , 

where R is the total return, N, the number of articles sold, and p, 
the price. For a, 6, and c, one then has 

(a) fe = 2X^i . 

(b) r = zxn. , 

(c) 22 = 5X^^3 . 

A reasonable basis for determining the average price is found 
in the equation 


322= iN^ + N, + Ns)p . 
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Hence, 

p==ZB/(Nt-i-N2 + N,) 

= ZB/ (B/2 + 72/3 + 12/5) 

= 3/ (1/2 + 1/3 + 1/5) = 90/31 = $2.90 . 

An application of the harmonic average to the theory of index 
numbers will be made in a subsequent chapter. 


PROBLEMS 

1. The sales record of a certain firm showed the following items: 1,000 
articles at 10 cents ; 500 articles at 25 cents ; 400 articles at 50 cents ; 150 ar- 
ticles at 75 cents; 100 articles at $1.00. What was the average price per ar- 
ticle? 


2. Calculate the harmonic average for Table (b), section 2. 

3. Two hundred men of a certain industry are studied with regard 
to their efficiency in making a certain article. They were classified into ten 
groups according to the time they required. From the following record cal- 
culate the average time it takes to manufacture the article: 


Time 

No. of Men 

Time 

No. of Men 

12 Min. 

5 

22 Min. 

37 

14 

12 

24 

25 

16 

17 

26 

19 

18 

20 

28 

14 

20 

42 

30 

9 


4. A man travels 20 miles at 40 miles an hour, 10 miles at 30 miles an 
hour, and 60 miles at 50 miles an hour. What was his average velocity? 

5. Compute the harmonic average of the sequence, 1, 2, 3, 4, 5, 6, 7, 8, 

0 , 10 . 


IS, Relative Magnitude of the Averages of a Series of Posi- 
tive Terms. It is occasionally of impoortance to know the relative 
magnitude of the various means. If the average of the sequence 
1, 2, 8, 4, 5, 6, 7, 8, 9, and 10, is calculated by the methods devel- 
.oped in the preceding sections, the following results are obtained : 
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R (Quadratic Mean) =6.205 , 

A (Arithmetic Mean) = 5.5 , 

G (Geometric Mean) =4.529 , 

H (Harmonic Mean) = 3.414 . 

It is proposed to show that these relative magnitudes are not 
accidental, but are inherent characteristics of the four averages. 
The fundamental inequalities may be stated in the following the- 
orem: 

Theorem: In a series of positive terms, the quadratic mean is 
greater than the arithmetic mean, the arithmetic mean is greater 
than the geometric mean, which in turn is greater than the har- 
monic mean, unless the terms are all equal, in which case the values 
of the four are identical. Symbolically, this is expressed by the in- 
equalities 

R^A^G^H , 

where the equality sign prevails only when all the items are equal. 


Proof: Consider first the geometric and arithmetic means 


G = -^XxX2Xi--‘ Xn , 


A = 


Xx X 2 ^3 "f" 

n 


x„ 


in which at least two of the items are assumed to be different from 
one another. Suppose that the greatest one of these items is Xi 
and the least is Xj. Now replace Xi and x^ in each average by their 
arithmetic mean V 2 (xi-\-Xj). The effect of this is to leave the arith- 
metic mean unchanged but to increase the geometric mean, since 


This inequality is derived as follows : 

Since xi is different from Xj, one has 

(Xi — Xj)^ > 0 , 


or xf‘ — 2xiXj xf > 0 
When iXiXj is added to both sides, this becomes 

{Xi-\- Xj)^ > 4XiXj , 

from which the desired inequality follows by a division by 4. 
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If the new items are still unequal, the same process may be 
repeated again, replacing the largest and the smallest by their 
arithmetic averages. Since this method can be continued as long 
as we wish, it is evident that the items can be made as nearly equal 
as we please, and G will approach A as a limiting value. 

But the effect of this process has been to increase G while A 
has remained unchanged, so G must originally have been less than 
A. 

In a similar way, G and the harmonic mean may be con- 
sidered : 

H = n/il/xr -f 1/x, 1/xz H h 1/x ^ ) . 

Replace the largest and smallest values of the items, namely, 
Xt and Xj, by the value 

2xiXj/{Xi-]-Xj) . 


Now consider the inequalities: 

(iTi — Xj)^ > 0 , 

Xi^ -f Xj^ > 2xiXj , 

(Xi -\-Xjy> AxiX) , 

XiXj(xi-\~ Xj)^ > 4xi^xf , 

XiX, > iXi^XjViXi-^- Xj)^ . 

From this inequality, it is seen that the result of the substitu- 
tion is to decrease the value of G while H remains unchanged, 
since 

1/Xi -f l/Xj = (Xi -f Xj) /XiXj . 

By repeating this process, as before, the values of the items 
can be made to approach equality, and hence the value of G will 
approach the value of H. 

But, since the effect of the process has been to reduce G while 
H remained unchanged, it follows that G must have been originally 
greater than H. 

To prove that JB S A, it can be shown that the following in- 
equality is true : 

Xi^ -j- Xs^ x„^ ^ -j- iCa -j- aJs -f- • • • -}- x„\^ 


Explicitly squaring the right hand member and multiplying 
both sides by w®, this inequality becomes 
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-j- ^ -(- Xn^) ^ X2~ -}“ S/’s® 

Xn~ ‘ ^ 2^xS' 2 “j~ 22 /iS/ 3 — j“ ■■•••• , 

Subtracting Xi® -f- Xa® + *3® -j j- .r„® from each side of the 

inequality, there is obtained finally 

(n — 1) (xi® + a;2® 4- + H- = 2X1X2 

-j~ 2ria;3 -{■ • (2 ) 

Recalling from the previous discussion that 
xr -j- x,^ § 2x,Xj , 
the follo’wing set of inequalities is formed : 

aji® + SJa® ^ 2a:ia:2 , 

Xi‘ + STs^ ^ 2X1X3 , 


In the left hand array, one notices that each Xi occurs (w — 1) 
times, since it is associated once ■with each of the other (n — 1) 
values. Hence, if the set of inequalities be added, inequality (2) is 
obtained, which establishes the truth of the theorem. 

It can also be proved in a somewhat similar way that E', the 
generalization of the quadratic mean (see section 5), is greater 
than R. For proof, see Chrystal’s Algebra, Edinburgh, 1889, part 
2, page 49. 


PROBLEMS 

1. Prove tliat the product of the first n odd numbers is less than n”'. Hjnt : 
Making use of the fact that A > (r, start with the inequality 

(14-3 + 5 + ... +2n~l)/>i> 1.3.5... (2n— 1) , 

2. Prove that the product of the first n numbers is less than (1+w) 

For example: 4! < (1+4) V24 = 625/16 = 39 + . Hint: make use of the fact 
that A > G and compare the arithmetic average of the first % numbers with 
their geometric average. 

3. Given the fact that 1 + 1/2 + 1/3 + . . . + 1/n for sufficiently 

large values of n is approximately equal to G + where C (Euler^s nium.*- 

ber) = .5772, show that n\ > + G)^ For example; 4! > W(log^4 

+ -.5772)^ = 17.2. Hint; Use the fact that G > H and compare the geometric 
average of the first n numbers with their harmonic mean. 

4. Illustrate numerically the proof of the theorem on the relative mag- 
nitudes of the four averages, using the set of class marks, 1, 3, 5, 7. 

5. Show* that the sum of the squares of the first n numbers is greater 
than ai(«+l) V4 . Hint: Compare the quadratic mean of the first n numbers 
with their arithmetic mean. 
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Index Numbers 

1. The Unstable Dollar. Under the normal operation of the gold 
standard, the price of gold seldom changes; the purchasing pow- 
er of gold seldom ceases changing. This fact is possibly the most 
important in modem economic life. The role of prices is absolutely 
central in any consideration of the economic state. When a nation 
is on the gold standard, every small change in the value of gold, that 
is to say, in the price level, involves probably a change in, and cer- 
tainly a redistribution of, the national income. Every major change 
in the price level is a vital factor in such world-wide upheavals as 
the one which began in 1929. An upward move in prices of such 
magnitude as took place in Germany in the post-war years may 
serve to eliminate all debt; a downward move of such magnitude as 
took place in the United States from 1929 to 1932 may serve to 
cripple industry and agriculture by the multiplication of debt. Curi- 
ously enough, these simple facts are not adequately appreciated. To 
most people a dollar is a dollar, an unvarying and immutable entity. 
A glance at an index of commodity prices (see Figure 22) will serve 
to show that a 1913 dollar was something quite different from a 
1919 dollar, as the 1929 dollar was quite different from the 1932 
dollar. A dollar derives its significance from its purchasing power, 
tl^tiS|-irom its. capacity to command commodities in exchange for 
itself, and this exchange value, of course, is directly reflected in the 
grice level. An index of prices of commodities, therefore, is an index 
of the fluctuations of the purchasing power of the dollar over these 
commodities.^ ^he concern here is not with the causes of these 
fluctuations, Ijut’with their measurement. And this is a purpose 
^ index numbers. 

By an index number is meant a ratio, generally expressed as 
a percentage, which is designed to indicate the level at any given 
date of the items of a time series. Index numbers are usually 
thought of as applying to prices, but they may, of course, refer to 
any other characteristic property of a series of items. Since index 

iThere are, of course, fixed prices in the system. Thus, prices of com- 
modities may ch^ge 50 per cent during a period when transportation charges 
remain fixed. If this occurs, the purchasing power of the dollar over teanspor- 
tation does not, of course, change. 


■ 100 — 
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numbers, however, are conveniently studied through their applica- 
tion to price changes, the discussion in this chapter is limited to 
this important problem. 

Index numbers are a comparatively recent development. They 
were forced, so to speak, on economists by the great gold discov- 
eries of the mid-nineteenth century with the resultant disturbances 
in prices. But even two hundred years ago, the question had been 
attacked in an elementary fashion in France, and it is interesting 
to note that as early as 1747 the Colony of Massachusetts initiated 
a crude device to stabilize the value of contractual obligations. Wil- 
liam Stanley Jevons’ publication in 1865 of a study of prices with 
index numbers from 1782 up to that time, entitles him, in Irving 
Fisher’s opinion, to be considered the father of index numbers. The 
oldest of still current indexes is that of the Economist (London) , 
which started in 1869. Sauerbeck commenced his famous index, 
which is still continued by the Statist, in 1886. Modern interest is 
attested by the fact that Irving Fisher lists 153 indexes being pub- 
lished regularly in the world in 1927. The literary landmarks of 
the subject are Edgeworth’s two Memoranda for the British Asso- 
ciation for the Advancement of Science (1889), the most thorough 
investigation of the question up to that time ; Walsh’s Measurement 
of General Exchange Value (1901), a comprehensive treatise deal- 
ing ^ith the theory of the subject, and The Making of Ind,ez Num- 
bers, by Irving Fisher (third edition revised, 1927) , which must 
be considered the definitive work on the problem thus far.^ 

2. The Price Index Problem. The problem to be considered is 
that of comparing the purchasing power of a dollar in one year with 
its purchasing power in another. To make the problem precise, 
suppose that both the prices and the quantities produced of a set of 
n basic commodities are known for each of the two years. Employ- 
ing customary notation, the price is designated by p and quantity 
by q, using the subscript “0” to denote the base or comparison 
year, and the subscript “1” to denote the year whose price index is 
desired. Thus, for the base year there may be assumed as known 
the following priceh and quantities : 

Prices for base year: Po Po' Po" , 

Quantities for base year: Qo go' Qo" • 


1 Special reference should also be made to the comprehensive report of 
W. C. Mitchell, Index Numbers of Wholesale Prices in the United States and 
Foreign Countries, U. S. Bureau of Labor Statistics, Bulletin 284 (1921) 
[Eevision of Bulletin 173 (1915)]. 
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Similarly, for the year whose price index is sought, the fol- 


lowing quantities are supposed known : 

Prices for second year : p/ Pi" ^ 

Quantities for second year: qi q^' q/' . 


For simplicity in writing formulas, it is useful to employ 
the abbreviation 

i:pq = pq-{- p'q' -f p"q" 4- + pin-Dgin-n . 


To supply material for numerical examples to illustrate the 
theory of this chapter, two tables of price and production data for 
ten important agricultural products are given. Table 1 gives the 
prices for these products in convenient units over the twelve-year 
period 1920-1931. This period is a particularly interesting one to 
investigate because it includes the remarkable fluctuations due to 
post-war reactions. Table 2 contains the production figures of the 
ten items for the same twelve-year period. 

Table 1 

WHOLESALE CROP PRICESi 
Unit = 11.00 


Year 

Corn 

( bti .) 

Wheat 

(bu.) 

Oats 

(bu.) 

Cotton 

(lb.) 

Potatoes 

(bu.) 

Hay 

(ton) 

Sugar 

(Ib.) 

To- 

bacco 

(lb.) 

Barley 

(bu.) 

Eye 

(bu.) 

1920 

1.41 

2.53 

.80 

.339 

1.315 

36.27 

.ISO 

.212 

1.24 

1.80 

19l21 

.57 

1.44 

.37 

.151 

1.214 

23.03 

.048 

.199 

.59 

1.15 

1922 

.62 

1.15 

.88 

.212 

.753 

22.66 

.047 

.232 

.57 

.83 

1923 

.81 

1.09 

.43 

.293 

.946 

23.90 

.070 

.199 

.60 

.70 

1924 

.96 

1.31 

.50 

.287 

.779 

24.94 

.060 

.207 

.76 

.86 

19i25 

1.02 

1.59 

.45 

.235 

1.834 

23.53 

.043 

.182 

.78 

1.09 

1926 

.75 1 

1.45 

.41 

.175 

1.420 

23.41 

.043 

.182 

.64 

.92 

1927 

.86 i 

1.32 

.47 

.176 

1.081 

19.37 

.047 

.212 

.77 

1.00 

1928 

.97 

1.18 

1 .53 

.200 

.620 

20.97 

.042 

.202 

.78 

1.07 

1929 

.94 

1.21 

.47 

.191 

1.362 

• 20.40 

.038 

1 .185 

.63 

.96 

1930 

.84 

.87 

i .39 

.136 

.904 

19.89 

.034 

.144 

.52 

.61 

1931 

.53 

.63 

.27 

.086 

.607 

17.54 

.034 

.127 

.46 

.39 


The simplest method of comparing one year with another is to 
form the price and production relatives. To do this, each number 


iThese figrures are assembled from various sources as, for example. The 
Daily Trade BvMeiin, U. S. Bureau of Labor Statistics, The Grain Reporter, 
U. S. Dept, of Agriculture, Bureau of Agricultural Economics, Standard Sta^ 
tistics Base Book, Journal of Commerce, etc. They represent yearly averages. 
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Table 2 

CROP PRODUCTION 
Unit =1,000,000 


Year 

Corn 

(bn.) 

Wheat 

(bn.) 

Oats 

(bn.) 

Cotton 

(lb.) 

Po- 

tatoes 

(bu.) 

Hay 

(ton) 

Sugar 

(lb.) 

To- . 

bacco Barley 
(lb.) ; (bu.) 

Rye 

(bn.) 

1920 

3209 

833.0 

1496 

6720 

403.3 

105.32 

10,795 

1582 ; 189.3 

60.49 

1921 

3069 

814.9 

1078 

3977 

361.7 

97.77 

11,101 

1070 ! 164.9 

61.68 

19-22 

2906 

867.9 

1216 

4881 

453.4 

112.01 

10,463 

1247 ! 182.1 

103.40 

1923 

3054 

797.4 

1306 

5070 

416.1 

106.61 

10,044 

1515 1 197.7 

63.08 

1924 

2309 

864.4 

1503 

6814 

421.6 

112.63 

11,552 

1251 181.6 

i 65.47 

1925 

2917 

676.4 

1488 

8052 

323.5 

99.42 

13,527 

1757 213.9 

1 46.46 

1926 

2692 

831.0 i 

1247 

8989 

354.3 

96.07 

! 12,952 

1298 184.9 

1 40.80 

1927 

2763 

799.3 ; 

1183 

6478 

402.7 

123.33 

1 12,540 

1212 i 265.9 

58.16 

1928 

2819 

914.9 

1439 

! 7239 

465.4 

106.47 i 

11,617 

1375 1 357.5 

1 43.37 

1929 

2535 

812.6 

1118 

7413 

329.1 1 

87.30 1 

13,830 

1537 i 280.2 

34.95 

1930 

2060 

858.2 

1278 

6966 

333.2 ! 

74.21 1 

13,169 

1635 304.6 : 

45.38 

1931 

2557 

892.3 

1112 

8548 

376.2 : 

72.36 1 

9,157 i 

1610 1 199.0 1 

i i 

32.75 


in each column of the preceding tables is divided by the number cor- 
responding to some base year, that is to say, the ratios Pi/Po and 
Qx/qo are calculated. In making index numbers for the post-war 
period, the base year is often chosen to be 1926. The relatives for 
Tables 1 and 2 referred to 1926 are given in Tables 3 and 4, respec- 
tively. 


Table 3 

CROP PRICE RELATIVES 
1926 = 100 


Crops 

1920 

1921 

1922 

1923 

1924 

1925 

1926 

1927 

192S 

1929 

1930 

1931 

Corn 

188 

76 

83 

108 

128 

136 

100 

115 

129 

125 

112 

71 

Wheat 

174 

99 

79 

75 

90 

110 

100 

91 

81 

83 

60 

43 

Oats 

195 

90 

93 

105 

122 

110 

100 

115 

129 

115 

95 

66 

Cotton 

194 

86 

121 

167 

164 

134 

100 

101 

114 

109 

78 

49 

Potatoes 

93 

85 

53 

67 

55 

129 i 

100 

76 1 

44 1 

96 

64 

43 

Hay 

155 

98 

97 

102 

107 

101 i 

100 

83 

90 

87 

85 i 

75 

Sugar 

302 

112 

109 

1 163 

140 1 

100 

100 

109 

98 : 

88 

79 

79 

Tobacco 

116 

109 

127 

109 

114 : 

100 

100 1 

116 

111 

102 

79 

70 

Barley 

194 : 

92 

89 

94 

119 

122 

100 

120 

122 

98 

81 

72 

Eye 

196 

1.25 

90 

76 

i j 

93 

118 

100 

109 

116 

104 

66 

42 
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Table 4 

CROP PRODUCTION RELATIVES 
1926 = 100 


Crops 

1920 

1921 

1922 

1923 

1924 

1925 

1926 

1927 

1928 

1929 

1930 

1931 

Corn 

119 

114 

108 

113 

86 

108 

100 

103 

105 

94 

77 

95 

Wlieat 

100 

98 

104 

96 

104 

81 

100 

96 

110 

98 

103 

107 

Oats 

120 

86 

98 

105 

121 

119 

100 

95 

115 

90 

102 

89 

Cotton 

75 

44 

54 

56 

76 

90 

100 

72 

81 

82 

77 

95 

Potatoes 

114 

102 

128 

117 

119 

91 

100 ' 

114 

131 

93 

94 

106 

Hay 

110 

102 

117 

111 

117 

103 

100 

128 

111 

91 

77 

75 

Sugar 

83 

86 

81 

78 

89 

1 104 

100 

97 

90 

107 

102 

71 

Tobacco 

122 

82 

96 

117 

96 

135 

100 

93 

106 

118 

126 

124 

Barley 

102 

84 

98 

107 

98 

116 

100 

144 

193 

152 

165 

108 

Eye 

148 

151 

253 

155 

160 

114 

1 

100 

143 

106 

86 

111 

80 


The complex nature of the problem presented by the subject 
of making a price index is illustrated in the accompanying figures 
(Figures 20 and 21) , which are formed by the composite graphing 
of the price and production relatives given in Tables 3 and 4. How- 
ever, the price graph very distinctly shows a peak for 1920 due 
to the inflation of the war, with a substantial decline by 1931, 
although the production remained essentially uniform. 
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1920 1921 1922 1923 i924 1925 1926 1927 1028 1929 1930 1931 


Figure 21 


3. Price Index Formvlas, After the data have been secured^ 
the first problem that presents itself is to find a formula which will 
give an adequate index. That this is not an altogether simple mat- 
ter is seen from the fact that Irving Fisher in his treatise on The 
Making of Index Numbers (1922) lists 134 formulas that have been 
proposed for the solution of this problem. For the sake of showing 
the steps by means of which he arrived at the “ideal” index num- 
ber, a few of the formulas that have been proposed may be noticed. 
Using the notation of the preceding section, these may be written : 




(1) 

Po 


(simple arithmetic mean) 

n 

9 

(2) 

n 


(simple harmonic mean) 

2 (El) 

Pi 

» 

(S) 

;/ix 

Pi^Pi' 

Po'^p/'"" 

— . (simple geometric mean) 

(4) 

^ , 
2Po ’ 


(simple aggregative) 
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(5) 

Epiqo 

Epoqo 

(weighted aggregative) 

(6) 

-^(Qo-hqi)Pi 

^(Qo-hqJPo 

( E dgeworth-Marshall aggregative ) 

(7) 

j -^PiQo Epiqt 
' Epoqo 2poqi 

, (ideal) 

(8) 

2 

" — } 

Epoqo , Epoqi 

(harmonic aggregative) 


■Tpigi 

SpoQo 

(9) (Walsh’s cross-weight aggregative) 

^(Po+Pi)(lo 

(10) V (Formula 6) X (Fo^iulaO) , 

(crossed cross-weight aggregative) 


These ten examples are typical of the many formulas that have 
been proposed. The question is how to discriminate among them 
and determine which index most nearly represents the true aver- 
age of prices. In order to solve this problem, Irving Fisher pro- 
posed two fundamental tests, the time reversal test and the f?ic- 
tqr reversal test. These criteria will be discussed in the next Wo 
sections. 

In order to make comparisons, the index numbers of the ten 
crop prices for the year 1930, using 1926 as base, have been calcu- 
lated by several of the above formulas. 

For this purpose Table 5 has been computed, the values of 
pq being expressed in millions of dollars. 

Example 1. The index of prices for 1930 with 1926 as base, 
according to the simple arithmetic formula (1) , is at once obtained 
from price relatives, Table 3 : 

(1.12 -|- .60 -j— .95 — ^ -|-,81 '-|-.66) 


10 


= .799 
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Table 5 

VALUES OF pq FOE YEAES 1926 AND 1930 


Crops 

Po 

Px 

9o 

j 

! 

i 

Po% 

Pxlx 



Com 

.75 

.84 

2692 

2060 

2019.0000 

1730.4000 

1545.0000 

2261.2800 

Wheat 

1.45 

.87 

831.0 

868.2 

1204.9500 

746.6340 

1244.3900 

722.9700 

Oats 

.41 

.39 

1247 

j 1278 

511.2700 

498.4200 

523.9800 

486.3300 

Cotton 

.176 

.136 

8989 

1 0966 

1573.0750 

947.3760 

1219.0500 

1222.5040 

Potatoes 

1.420 

.904 

354.3 

333.2 

503.1060 

301.2128 

473.1440 

320.2872 

Hay 

23.41 1 

1 19.89 i 

i 96.07 

! 74.21 ' 

2248.9987 

1476.0369 ! 

i 1737.2561 

1910.8323 

Sugar 

.043 1 

1 .034 i 

i 1 

1 12952 

1 13169 

556.9360 

447.7460 

1 666.2670 

440.3680 

Tobacco 

.182 

.144 ! 

1 1298 

i 1635 

286.2360 

235.4400 

297.6700 

186.9120 

Barley 1 

.64 ' 

.52 

184.9 

1 304.6 

118.3360 

158.3920 

' 194.9440 

96.1480 

Eye 1 

.92 

.61 

40.80 

i 45.38 

37.5360 

1 

27.6818 

: 41.7496 

24.8880 

ji 

Totals Ij 

!l 

i i 

1 ! 

9009.4437 

j 

6569.3395 

j 7843.3507 

7672.6196 


Example 2. In terms of the reciprocals of the price relatives. 
Table 3, the index for 1930 is calculated by the simple harmonic 
formula (2) to be 

10 10 

/ = = .774 . 

_1_ _1. 1 JLj_ -L-A-fii 12.9145 

1.12 ”^.60 '^.95 ~^.81 "^.66 


Example 3 .Using formula (5), the price index for 1930 is 
found to be : 


^^7672.5195 

~9009.4437 


.852 . 


Example Using Fisher’s ideal formula (7) , one finds 



7672.5195 

9009.4437 


X 


6569.3395 

7843.3507 


= V-851609 X .837568 = .845 • 


PEOBLEMS 

In proWems 1-4, calculate the price index for 1930, with 1926 as base : 

1. Using formula 6. 

2. By the harmonic aggregative formula. 
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S. Using formula 9. 

4. Using formula 10. Compare this result with the value of the ideal in- 
dex as given in example 4. 

5. Make a. price index for each of the twelve years from 1920 to 1931 
using some one of the above formulas. Graph your results and compare with 
the general commodity price index of Figure 22. Select your own base. 


" The Time Reversal Test. It is quite obvious that with so 
many formulas to choose from, some reasonable test must be de- 
vised by means of which good index numbers can be detected from 
inadequate ones. The time reversal test is such a criterion, and may 
be defined as follows : 

If la is the index number computed for year b with year a as 
base, and if It is the index number for year a with year 6 as base, 
then I a and h should satisfy the equation 

IaXh = l . 


If the product h X h is greater than 1, then it is said that an 
■upward bias exists ; if the product is less than 1, the bias is 
■downward. > 

It will be clear from this definition that the time reversal test 
reduces to a study of the product of an index number by the same 
number in which the subscripts “0” and “1” of p and q have been 
interchanged. 

Example 1. Does the simple arithmetic index, formula (1), 
.satisfy the time reversal test? 


That it does not is easily proved by the following computation. 
The value of I for 1930, using 1926 as base, has been calculated as 
.799 . Changing the base to 1930 and calculating I for 1926, one has 
I = 1.29 . The product of the two numbers equals 1.03, indicating 
an upward bias. 


Consider the geometric mean of the relatives, formula (3) : 




Pi Pi Pi" 
PoPo'P" 


Pi 


(»-l) 


Pa 


(»-i) 


It is easily seen that this index number satisfies the time re- 
versal test, since the product of lo by the same formula with the 
subscripts “0” and “1” interdianged clearly reduces to 1. But it 
■Jias already been proved in section 13 of Chapter III that the arith- 
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metic mean of a set of positive numbers always exceeds the value 
of the geometric mean of the same numbers. Hence, since no bias 
exists for lo, the arithmetic index must always show an upward 
bias. 


Example 2. Prove that formula (6) satisfies the time reversal 

test. 

Changing the base by interchanging the subscripts as explained 
above and forming the product of the two index numbers, it is 
seen that 

-^(go+gi)2>i go)Po 

■2'('7o + -I- (7n)p, 


PROBLEMS 


1. Explain why the time reversal test is a reasonable one to make. 

2. Show that formula (2) always has a downward bias. Hint: How are 
the geometric and harmonic means related? Use an argument similar to the 
one in the first example. 

3. Apply the time reversal test to formula (5). 

4. Show that the “ideal” formula fulfills the time reversal test. 

5. Apply the test to the harmonic aggregative. 

6. Does formula (9) fulfill the test? 

7. Give numerical values to p and q in formula (6) to show that it may 
have either an upward or a downward bias. 


' 5. The Factor Reversal Test. A second fundamental test to 
which index numbers may be subjected is that to which the name 
of the factor reversal test has been given. This may be illustrated 
as follows: Suppose that an index of prices and an index of 
quantity change have been constructed. It is then reasonable to ex- 
pect that the product of the two, that is, price change by quantity 
change, would equal the ratio of the total value — the product of 
price by quantity — iir the second year over the total value in the 
base year. In order to state this algebraically, one may designate the 
price index by 7^ and the quantity index by The factor reversal 
test then requires that 


„ -^p X -^<1 ' — 


SpoQn 


Since tiie quantity index is obtained from the price index 
merely by interchanging p with g, leaving the subscripts unchanged. 
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the factor reversal test consists in showing that the product of the 
price index formula by the same formula in which the p’s and q’s 
have been interchanged is equal to the total value in the second 
year divided by the total value in the base year. 

The meaning of the test is best clarified by examples. 

Example 1. Apply the factor reversal test to formula (5). 
Making use of the data given in Table 5, one calculates the price 
index to be, 

^ 2'piqo 7672.5195 


9009.4437 


.852 


Similarly, interchanging the p’s and q’s, the quantity index is 
calculated to be 

7843.3507 




A'qoPo 


9009.4437 


.871 


The product of these two numbers. Ip X Iq 
.742, is seen to differ somewhat from the ratio 

2'piqi 6569.3395 


.852 X -871 


^Poqo 


9009.4437 


.729 


It is also obvious algebraically from the formulas for Ip and Iq 
that the factor reversal test is not, in general, fulfilled. 


Example 2. 
reversal test. 


Prove that the “ideal” formula meets the factor 


This is proved by forming explicitly the product of Ip with Iq. 
It is found that 


X ^9 


^Ptqo ^^Ptq-L 


■J 


■2'qtPci 


2'poqo Epoq-, Eq^pa EqoPi 


•2'Pigi 

Epoqo 


PKOBLEMS 


1, Show by numei'ical examples that neither formula (1) nor formula 
(2) satisfies the factor reversal test. 

2. Apply the factor reversal test to formula (6). 

2. Show that' formula (10) satisfies the factor reversal test. 

4. Show that the criterion, of this section is fulfilled by the index number 
made up of Iqnare root of the product of the simple arithmetic index 


number by 
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6. Fisher’s Ideal Index Number. Foi’mula (7) has already 
been referred to as the “ideal” index number. This formula was ob- 
tained by Irving Fisher after an examination of 134 possible formu- 
las, many of which had previously been used by economists and 
others. Fisher first applied the time reversal test to this group and 
from the total obtained 41 formulas which satisfied this test. From 
this smaller set, he then eliminated all that did not meet the factor 
reversal test and thus obtained 13 formulas which met both the 
time and factor requirements. 'In order to make a final choice from 
the field as thus limited, Fisher then examined the formulas from 
the practical point of view of simplicity and ease of calculation, and 
in this respect the “ideal” easily led the rest. 

On the score of practical calculation, however, the use of 
formula (6) is strongly urged, since it gives results that, even in 
extreme cases, are very close to the results obtained by the “ideal”. 
The following considerations will show that the discrepancy be- 
tween the two formulas^ is, in general, small. 

Making use of the following abbreviations, Je for formula (6), 
!■, for the “ideal”, 2’poqo = A, Sp^qt = B, Zp^qo = C, Zf^q^ — D, 
the following identities are obtained by straightforward algebra 

C-f D 1-fD/C 

= c/A 

A + B 1 -h B/A 

1 -f D/C 

= VDC/AB --s/CB/AD 

l^B/A 


1 -f- ^/BD/AC VAD/BC 

=-=- • /r • yCB/AD 

1 + VBD/AC ^BC/AD 


When the further abbreviations == AD/BC, = BD/AC, 
are employed, this identity reduces to the following: 


h 


1 + XY _ 

• i? • 

X-i-Y 


It will be readily seen from this equation that the value of the 
multiplier of B is less than 1, provided either of the following sets 
of inequalities is satisfied : 

X<1<7 , 

Y<1<X . 


*WitIi variations in notation, from I. Fislier, The Making of IndeiK^ Nwmr 
hers, 1922, pp, 428-4S0. 
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Similarly, the coefficient is greater than 1 provided both X and 
Y are either greater than or less than 1. The two index numbers 
are equal when X and Y are each equal to 1. 

In order to show the range of error, Fisher calculated tables of 
the coefficient of /t for values of X^ from .90 to 1.10 and for values 
of Y^ from .50 to 2.00. The maximum range of the coefficient was 
thus found to be from .983 to 1.016. This means that under all usual 
conditions formula (6) will give an answer that is within four per- 
cent of the value calculated by the “ideal” formula. 

7. Types of Bases. In the discussion of index numbers, it has 
thus far been assumed that the comparison of a price level in a 
given year is being made with the price level in a base year. This 
is not always desirable and the expedient of broadening the base 
is often resorted to. This is done by using the arithmetic average of 

the prices covering m years, (px Pi -r Pi 4- + Pm) /w, as 

the base, instead of referring all prices to a single year. Such a pro- 
cedure often minimizes or eliminates distortions that may rise from 
using a single year as a base. 

Another method is that of employing a moving base. In this 

case chain or link relatives, namely, Pi/Po, pJPx, Pi/Pz, pJPs, , 

are used instead of the fixed base relatives such as were calculated 
in section 2. A series of index numbers, using a moving base, is 
called a series of chain index numbers. From a series of such chain 
index numbers, one is always able to compare the price level of one 
year with the price level of another by multiplication of the inter- 
vening numbers. Thus, if the index number of the second year in 
the chain with the first year as base is designated by /is, the index 
number of the third year with the second year as base by /a.?, etc., 
then the index number of the «th year with the first year as base is 
given by the product, 

Iln = 1x2 /as /si /n-l, n • 

Of course, this value will not agree exactly with the index num- 
ber calculated by a direct comparison of the price level of the nth. 
year with the price level of the first, but experience shows that it 
will be sufficiently near for most practical purposes.^ 

^In this connection E. E. Day in his Statistical Analysis, New York, 1925, 
has sng^sted that a perfect index nnnaber should meet the circular test, which 
he describes as follows (see p. 361) : “Suppose an index number is computed 
by the ‘ideal’ formula for each successive pair of years from 1914 to 1924; 
thus for 1915 on the base of 1914, 1916 on the base of 1916, and so on, to the 
index number for 1924 on the base of 1923. Suppose these individual index 
numbers, first obtained as a series of year-to-year links, are welded together 
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Example : The following calculation is based upon the figures 
of Tables 1 and 2 and illustrates the method of chaining. For sim- 
plicity, price index formula (5) is used. The years 1926, 1927, 1928, 
and 1929, are compared. Letting pi, p 2 , Ps, Pi, represent the prices 
for the years 1926, 1927, 1928, and 1929, respectively, and qt, q 2 , qs, 
q 4 ., the quantities or production for the years 1926, 1927, 1928, and 
1929, respectively, one gets the following values for pg (expressed 
in millions of dollars) . 


Table 6 


VALUES OF pq FOR YEARS 1926, 1927, 1928, AND 1929 


Crop 


P27i 

Pog. 


P-Jz 

PSz 


Com 

Wheat 

Oats 

1 2019.0000 

1 1204.9500 
511.2700 

2315.1200 
! 1096.9200 
i 586.0900 

2376.1800 

1055.0760 

556.0100 

2680.1100 

943.1740 

626.9900 

2734.4300 

1079,5820 

762.6700 

2649.8600 
1107.0290 i 
676.3300 

i 2530.4800 
1005.5100 
586.0900 

Cotton 

Potatoes 

Hay 

Sugar 

1 1573,0750 
; 503.1060 
2248.9987 
556.9360 

1582.0640 

382.9983 

1860.8759 

608.7440 

1140,1280 

435.3187 

2388.9021 

589.3800 

1295.6000 

249.6740 

1 2586.2301 

1 526.6800 

1447.8000 

288.5480 

2232.6759 

487.9140 

1382.6490 

683.8748 

2171.9880 

441.4460 

1716.8990 

1 482.5566 
i 1959.8280 
j 492,1760 

Tobacco 

Barley 

Rye 

286.2360 

118.8360 

37.5360 

275.1760 

142.3730 

40.8000 

256.9440 
204.7430 i 
58.1600 

244.8240 

207,4020 

62.2312 

277.7500 

278.8500 

46.4059 

254.3760 

225.2250 

41.6362 

j 240.1300 

1 116.4870 

1 39.1680 

Totals 

9009.4487 

8891.1612 

9060.8418 

9422.9153 

9636.6259 

9584.4120 

1 9169.3246 


Crop 

Piq2 


Vzi* 

PtQi 

PSi, 



Corn 

V/heat 

Oats 

2072.2500 

1158.9850 

485.0300 

2424.3400 

1207.6680 

676,3300 

2458.9500 

958.8680 

592.5400 

1901.2500 

1178.2700 

458.3800 

2382.9000 

983.2460 

525.4600 

2611.2400 

980.5800 

660.9100 

2597.2200 

967,1530 

556.0100 

Cotton 

Potatoes 

Hay 

Sugar 

1133.6500 

571.8340 

2887.1553 

539.2200 

1274.0640 

503.0974 

2062,3239 

545.9990 

1482.6000 

204.0420 

1830.6810 

580.8600 

1297.2750 

467.3220 

2043.6930 

594.6900 

1415.8830 

448.2342 

1780.9200 

525.5400 

1797.8000 

219.6660 

2014.5879 

543.9840 

1237.2980 

548.4774 

1 2515.9320 
476.5200 

Tobacco 

Barley 

Rye 

220.5840 

170.1760 

53.5072 

1 291.5000 
275.2750 
43.3700 

310.4740 

218.5560 

37.3965 

279.7340 

179.3280 

32.1540 

284.3450 

176.5260 

33.5520 

262.1960 

144.2220 

43.6560 

224.2200 

167.5170 

55.8336 

Totals 

9292.3915 

9303.9673 

! 

8674.9676 

1 

8432.0960 

8556.6062 

9278.8419 

9848.6834 


so as to make a chain for the full period of eleven years. The question may 
then he raised: how far is the result thus obtained for the year 1924 on the 
base of the year 1914 consistent with the result obtained by comparing 1924 
with 1914 by direct application of the ‘ideal' formula for these two years?'' 
If the results are consistent then the formula meets the circular test. Rigor- 
ously stated the criterion wo.uld read: “Any index number meeting the circu- 
lar test will give for a final year m which the data are identical with the 
initial year, a result identical with the index number of the initial year". The 
“ideal" index of Fisher does not meet this test. 
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Using the above data, one obtains the following chain of index 
numbers : 


= 8891.1612/9009.4437 = 
7^3 = 9422.9153/9060.8418 = 
734 = 9584.4120/9636.6259 = 


.9869 

(index for 1927 with 
1926 as base). 

1.0400 

(index for 1928 with 
1927 as base). 

.9946 

(index for 1929 with 
1928 as base). 


To compute the value of the index for 1929 with 1926 as base, 
these three numbers are multiplied together to yield 

7i 4 = 7a2 X h, X -?S4 = 1.0208 . 


This index is seen to compare favorably with the one computed 
directly, namely, 

7i4 = 9169.3246/9009.4437 = 1.0177 . 

PROBLEMS. 

1. Using formula (1), calculate the price index for 1928 with the average 
of the preceding five years as base. 

2. Using formula (6), compare the price levels for 1922 with the average 
of the two preceding years. 

8. Make a chain of index numbers from 1926 to 1929 using the “ideal” 
formula. Calculate the index of 1929 with 1926 as base, by both the chain and 
the direct methods. Is the agreement closer using the “ideal” formula or for- 
mula (5)? Explain. 

8. Some Practical Considerations Concerning the Making of 
Index Numbers. In the preceding sections, the making of index 
numbers has been considered only from the standpoint of the 
mathematical formula. As a matter of fact, the practical applica- 
tion of the theory of index numbers rests in a very fundamental 
way upon the actual data. For the solution of the problem of how 
to obtain the desired data and how many items to include, no mathe- 
matical formula, of course, exists, and, thus, this question is outside 
the scope of the present work. 

It may be of interest, however, to note that in a comprehensive 
article on the subject,^ Carl Snyder gives the following sources of 

^“The Measure of the General Price Level,” Harvard Review of Economic 
Statistics, Vol. 10 (1928), pp. 40-51. 
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material, with assumed weights, for the construction of the general 
price index. 

1. Industrial commodity prices at wholesale, U. S. 
Department of Labor (Weight 10). 

2. Farm prices of 30 commodities, U.S. Department 
of Apiculture (Weight 10) . 

3. Forty-three articles of food in 51 cities, U. S. De- 
partment of Labor (Weight 10). 

4. Cost of housing in 32 cities, U. S. Department of 
Labor (Weight 5). 

5. Cost in 32 cities of clothing (weight 4), fuel and 
light (weight 1), home furnishing goods (weight 1), mis- 
cellaneous (weights 4), U. S. Department of Labor. 

6. Transportation costs, Federal Reserve Bank of 
New York. Railway freight rates per ton mile, U. S. In- 
terstate Commerce Commission and U. S. Department of 
Commerce (Weight 5). 

7. Realty values — Urban, Federal Reserve Bank of 
New York (weight 8), Farm, estimated value per acre, 

U. S. Department of Apicultui'e (weight 2). 

8. Security prices. Pi’eferred stocks (weight 1), 
conmion stocks (weight 4), yield on sixty high grade 
bonds (weight 5), Federal Reserve Bank of New York 
from data of the Standard Statistics Company. 

9. Equipment and machinery prices: (a) Railway 
equipment, (b) electric car costs, (c) farm machinery, 

(d) telephone equipment, (e) electrical appliances, (f ) el- 
ectrical machineiy, (g) heating appliances. Federal Res- 
erve Bank of New York (Weight 10) . 

10. Hardware prices, index of National Retail Hard- 
ware Association (Weight 3) . 

11. Automobile prices, weighted price index of six 
makes of cars (Weight 2) . 

12. Composite wages. Federal Reserve Bank of New 
York (Weight 15). 
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The United States government in forming its general index 
considers the following items : 

1. Commodity prices at wholesale, Bureau of Labor 
(Weight 20). 

2. Cost of living, Bureau of Labor (Weight 35). 

3. Composite wages. Federal Reserve Bank of New 
York (Weight 35) . 

4. Rents, Bureau of Labor (Weight 10) . 

In Figure 22 is given the index of wholesale commodity prices 
published by the United States Bureau of Labor Statistics.^ In 
1932 this index comprised 784 prices of different commodities, in 
earlier years this number was, of course, smaller. Indexes are also 
calculated by the Bureau of Labor Statistics for various groups of 
commodities such as raw materials, semi-manufactured articles, 
finished goods, farm products, foods, cereals, hides and leather pro- 
ducts, textile products, metals and metal products, etc., etc. 



^Indexes for the years 1797-1889 have been prepared by Professors G. P. 
Warren and F. A. Pearson, of Cornell University. From 1890 to date, the in- 
dexes are by the TJ. S. Bureau of Labor Statistics. 
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9. Miseellwneous Applicatiom. So far the discussion has been 
limited to index numbers of prices. It will be clear, however, that 
the theory for the comparison of one section of a time series 
with another applies to other statistical units as well. The follow- 
ing problems illustrate this point. 


PROBLEMS 

1. Make a set of index numbers to compare the number of bank suspen- 
sions in the United States, for the various kinds of banks as well as for all 
banks, from 1927-1932. (The statistics of bank suspensions relate to banks 
closed to the public either temporarily or permanently on account of financial 
difficulties, by order of supervisory authorities or directors of the bank. They 
do not include banks closed temporarily under special or ^‘moratoriums’ holi- 
days declared by civil authorities.) The data are given in the following table: 


Year 

Number 

Deposits 

($1,000,000) 
All Banks 

■ 

All 

Banks 

Member 

National 

Banks 

State 

i Non- 

! Member 

1 Banks 

1 

1927 

662 

91 

S3 

538 

$ 193.9 

1928 

491 

57 

16 

! 418 

138.6 

1929 

642 ! 

64 

; 17 

j 561 ' 

234.5 

1930 

1345 

161 

i 26 

‘ 1158 

864,7 

1931 

2298 

409 

! 108 

i 1781 

1691.5 

1932 

1453 

276 

54 

1 1128 

730.5 


2. Compare the bank suspensions in 1932 -with the bank suspensions in 
1927 using the ^TdeaF’ formula. Hint: Consider the deposit column as the 
product of p by g. 

3. The following data give the number of wage earners in manufacturies 
in the United States and their total yearly wages. Make an index comparing 
wages with 1923 as a base. 


Year j 

1 

Wage Earners 

Total "Wages 

1914 ! 

6,896,190 

' $ 4,067,718,740 

1919 1 

9,000,059 1 

1 10,461,786,869 

1921 

6,946,570 i 

8,202,324,339 

1923 

8,778,156 ! 

! 11,009,297,726 

1925 ! 

8,384,261 1 

1 10,729,968,927 

1927 

8,349,755 

1 10,848,802,532 

1929 

8,838,743 

11,620,973,254 


4. Use the "ideal” formula to compare wages in 1929 with wages in 1914. 
Hint : Consider total wages as the product of p by g. 
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5. Study the growth of the life insurance business in the United States 
from the following data: 


Year 

No. of Policies 

Amount 

1900 

3,136,051 

$ 7,093,152,380 

1905 

5,621,417 

11,054,255,524 

1910 

6,954,119 

13,227,218,168 

1915 

9,890,264 

18,349,285,339 

1920 

16,694,561 

35,091,538,279 

1925 

23,881,758 

i 54,519,175,903 

1930 

33,498,958 

1 79,774,840,870 



CHAPTER V 


The Analysis op Time Series 

1. Historical Note. The analysis of time series furnishes a 
problem of engaging interest to the economist and statistician. 
Since it is only by careful study and interpretation of the past that 
one can hope to foretell the future, it becomes a matter of major 
importance to have statistical methods applicable to the analysis 
of conditions of the past through which some knowledge may be 
gained as to probable conditions in the future. The history of the 
development of “business cycles,” a t^rm applied to the more or 
less periodic alternations of business between prosperity and de- 
pression, is the story of this attempt. It is possible here to give 
only the briefest outline of this development. 

Like many other scientific problems, a consideration of busi- 
ness cycles, then limited to their most spectacular phase of crisis, 
was forced on students by events.^ The South Sea Bubble and Mis- 
sissippi Scheme culminated in crises of the first order.^ The Na- 
poleonic Wars led to grave commercial perturbations. But eco- 
nomists, by and large, were more interested in “the normal state”, 
in the “conditions of equilibrium”, that hypothetical Utopia of the 
theorist, when all parts of the economic machine function in per- 
fect balance with faultless smoothness, than with the harsh ac- 
tualities of rhythm, and perturbation, and crisis. To them crises 
were unwelcome and disruptive intruders on a theoi'etical “nor- 
mal,” and were treated, therefore, as mere addenda of the eco- 
nomic state, instead of one of its most notable characteristics. But 
economic heretics, notably Sismondi, raised the problem, and it 
has not yet been solved. The Nouveaux Principes d’Economie Poli- 
tique of J. C. L. de Sismondi (1773-1842) was published in 1819, 
when the crisis of 1816, a year after Waterloo, was fresh in the 
minds of men. This first comprehensive explanation of crises set 
forth, however tentatively, many, if not most, of the theories still 
current in regal'd to the origins of crises. 

Possibly Clement Juglar’s Des crises cornmerciales et de leur 
retour periodique, which appeared in 1860, marks a turning point 
in cycle theory, for the reason that Juglar gave to exact observa- 

iSee Wesley C. Mitchell, Business Cycles, New York, 1928. 

— 119 — 
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tion and description of the phenomena a prominence they had not 
hitherto had. He also raised the question of inter-crisis cycles. 
As early as 1833 some notice of rough periodicity in crises had 
been made, and by 1837 some descriptions of the phases of the 
cycle. These paved the way for diversion of emphasis from “cri- 
ses,” which were thought of as sporadic, discrete accidents, to 
cycles, the continuous ebb and flow of business fortune through 
typical patterns. Given, on the one hand, a recognition of the con- 
tinuity of commercial phenomena and, on the other hand, an em- 
phasis on precise observation and description of these phenomena, 
the way was paved for statistical studies. 

Here again one encounters the redoubtable William Stanley 
Jevons, who was the most effective pioneer in this effort. Cournot 
had, it is true, noticed the necessity of distinguishing between sec- 
ular trends and periodic variations. Although one or two papers 
had appeared some half dozen years before, Jevons’ “On the Study 
of Periodic Commercial Fluctuations” (1862) marks the real be- 
ginning of work on seasonal variations. He was the father of the 
indispensable index number, wrote on secular trend, and analyzed 
British prices over a long period of years. Although William Play- 
fair^ justly claimed charting as his invention in 1787, Jevons first 
used the vertical ratio scale in his studies of trend in 1863, a prac- 
tice which, despite its many advantages, did not win wide adherence 
till 1917. Studies made on index numbers by Jevons were not ma- 
terially fioiwarded till Edgeworth’s work. Meantime, correlation 
analysm was invented by Sir Francis Galton (1889) and refined 
by Karl Pearson. 

Therefor^, “by the time writers on business cycles began to 
make systematic use of statistics — say in the decade be- 

ginning in 1900 — ^they could use many methods already developed 
by mathematicians, anthropometrists, biologists, and economists, 
and many data already collected by public and private agencies,”^ 

In 1884 J. H. Poynting, in 1901 R. H. Hooker, used moving 
averages to determine secular trend. In 1899 G. Udney Yule, in 
1901 R. H. Hooker, applied Pearson’s method of correlation to eco- 
nomic data. In 1902 Dr. J. P. Norton in his Statistical Studies in 
the NeU) York Money Market fitted exponential curves to his data 
to measure secular trend, considered the dispersions as well as the 


^The student should by all means read the interesting article, “Playfair 
and His Charts," by H. G. Punkhouser and Helen M. Walker, in Economic His- 
tory (A Supplement of The Eco^^iie Journal) Vol. Ill, February 1935, pp. 
103-109. 

^Mitchell, Business Cyol^, p. 199. 
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averages of seasonal variations taken as percentages of his trends, 
and employed lines of regression and coefficients of correlation. In 
1914 H. L. Moore applied harmonic analysis to time series; in 1915 
Warren M. Persons made the first of his business barometers, and 
in 1917 began his work at Harvard on business cycles which has 
been so widely influential both at home and abroad. 


2. Secular Trend. The first step in the analysis of time series 
is to obtain a homogeneous series of items, so that an item at one 
date is strictly comparable with an item of another date. 

The second step is to determine the sectdar trend of the semes, 
namely, that characteristic of the series which tends to extend con- 
sistently throughout the entire period. This is done by fitting a 
curve to the data under consideration. It is usually sufficient for 
this purpose to fit a straight line, but occasionally instances 
arise, particularly if the series is taken over a long period of time, 
when it may seem desirable to fit a parabola or a polynomial of 
higher degree to the given data, or even to fit different curves to 
different parts of the series. This last situation applies particu- 
larly to the analysis of business conditions before and after tlie 
World War. 


Table (a) 

MONTHLY AND ANNUAL AVERAGES OF MEAN WEEKLY 
FREIGHT CAR LOADINGS 

( unit, 1,000 cars) 


Year j| 

Jan. 

Feb,’ 

Mar. ^ 

i 1 

! i 

April . May 

June 

July 

Atig. j 

t 

Sept. 1 

i 

Oct. ! 

Nov, 

Dec. 

An- 

nual 

Av 

■ 1 

1919 i 

1 

728 

687 

697 

715 ^ 759 

809 

858 ; 

892 ! 

960 ! 

967 

807 

758 

803 

1920 

820 

776 1 

848 

731 ! 862 

860 

901 I 

968 1 

969 11005 

884 

723 

862 

1921 1 

705 

683 1 

692 

706 , 757 

765 

751 

810 1 

841 j 

929 

761 

683 

757 

1922 

702 

765 1 

826 

723 ' 787! 

842 

825 1 

877 i 

935 j 

992 

944 

838 1 

838 

1923 

845 

842 j 

917 

941 975 

1011 

986 ' 

1041 , 

1037 !l078 

978 

826 ' 

956 

1924 

858 

908 5 

916 

875 ‘ 895 

906 

894 : 

974 

1037 

1091 

975 

847 I 

931 

1925 

921 

906 1 

924 

941 ! 968 

989 

986 I 

1080 . 

1074 ill07 

1024 

888 

984 

1926 

923 

1 919 1 

969 

958 1037 ! 

1028 1 

1049 1104 : 

1148 

1205 

1068 

; 904 ; 

1026 

1927 

! 946 

1 956 i 

1002 

976 1024; 

999 

979 

1062 i 

! 

1097 

1115 

956 ’ 

1 834 'i 

995 

1928 

i 862 

! 897 i 

1 951 

936 11002 

985 

98fi 

1058 i 

1117 

1175 

1061 

883 ! 

993 

1929 

1 893 

942 ! 

1 962 

996 1061 

1 1052 

loss 

1117 1 

1135 

1169 

978 

835 ' 

1014 

1930 

j 837 

876 

! 883 

912 : 914 

; 930 

895 

938 1 

931 

950 

798 

68D 

879 

1931 

719 

709 

735 

762 i 740 

1 748 

738 

747 ' 

737 

769 

655 

555 

'i 716 

1932 

i 567 

561 

565 

557 1 622 

! 491 

! , . .. 

i 483 

525 

577 

634 

549 

485 

ij SiS, 

Av. 

1 809 

816 

849 

1 " ! 

837 j 878 

j 887 

884 

942 

971 

1013 

888 

767 

1 878 
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In order to illustrate the phenomena exhibited by a time series 
and to show the method of analysis, a simple example will be em- 
ployed. To begin with, consider the data of the table on page 121, 
which shows the monthly and annual averages of mean weekly 
freight car loadings in the United States from January, 1919, to 
December, 1932. It would be difficult to say confidently a priori 
whether freight business had gained or lost over this period. The 
factors which would tend to increase freight business would be 
the increase in population and the increase in production and dis- 
tribution. The major factors tending towards a decrease would 
be the development of pipe lines and motor truck transportation 
and the fact the series ends in the depths of a depression. As be- 
tween this balance of forces, we should be undecided. Which judg- 
ment will the table confirm? The question is to be answered finally, 
of course, by determining the secular trend of the series. 

In order to answer the question proposed, it will be sufficient 
in the present case to fit a straight line to the time series obtained 
by using the mean annual freight car loadings as ordinates and 
the years as abscissas. In general, in calculating the trend line, 
it is desirable to use all the data instead of annual averages but 
in this case, for purposes of simplicity, we shall use annual aver- 
ages. 



Employing the method of section 6, Chapter II, one finds that 
OTo = 12,297, and Wi = 91,109. Since there are 14 items in the 
series of annual averages, one refers to Table IX for p = 14, and 
finds A = .31868, B = —.03297, and C = .004396. The following 
computati(gis are then made : 

A 

= (12,297) (.31868) 4- (91,109) (—.03297) 

= 914.94 , 
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(h = Bm^ + Cm-, = (12,297) (—.03297) -f (91,109) (.004396) 
= — 4.92 . 

Hence, the equation of the straight line trend is 
?/ = 914.94 — 4.92a; , 

which is graphed in Figure 23. Since the coefficient of % is small 
and negative, the conclusion is reached that there is indication of 
a slight tendency to decline in freight car loadings since 1919. 


PROBLEMS 

1. The following table gives the annual yield of wheat per acre for the 
65 years, 1866-1930. Calculate the trend line for these data. 


Year 

Yield of Wheat 
(per acre) 
Bushels 

Year 

Yield of Wheat 1 
(per acre) 
Bushels '! 

Y'ear 

Yield of Wheat 
(per acre) 
Bushels 

1866 

9.9 


1888 

11.1 

f; 

1910 

13.9 

1867 

11.6 


1889 

13.9 

li 

1911 

12.5 

1868 

12.1 


1890 

11.1 

H 

1912 

15.9 

1869 

13.6 


1891 

11.5 

f{ 

1913 

15.2 

1870 

12.4 


1892 

13.3 

1 

j! 

1914 

16.6 

1871 

11.6 


1893 

11.3 

!i 

1915 

17.0 

1872 

12.0 


1894 

13.1 


1916 

12.2 

1873 

12.7 


1895 

13.9 


1917 

14.1 

1874 

12.3 


1896 

12.4 

ii 

1918 

15.6 

1875 

11.1 


1897 

13.3 

l| 

1919 

12.8 

1876 

10.5 


1898 

15.1 

j 

1920 

13.6 

1877 

13.9 


1899 

; 12.1 

J 

1921 

12.8 

1878 i 

13.1 


1900 

11.7 

j; 

1922 

13.9 

1879 1 

13.0 


1901 

! 15.0 

|i 

1923 

13.4 

1880 1 

13.1 


1902 

I 14.6 

li 

1924 

16.5 

1881 i 

10.2 


1903 

i 12.9 


1925 

12.9 

1882 ' 

13.6 


1904 

: 12.5 

|i 

1926 

14.8 

1883 ' 

11.6 


!l 1905 

14.7 


1927 

14.9 

1884 

13.0 


1 1906 

! 15.8 

i' 

1928 

15.7 

1885 

10.4 


1907 

i 14.1 


1929 

13.2 

1886 

12.4 


1908 

14.0 

i! 

1930 

14.4 

1887 

12.1 


1909 

i 15.4 

i 

j' 




2. Fit a trend line to the following data on electric power production 
(unit, mean daily output in 1,000,600 kilowatt hours) : 


Year 


Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Mov. Bee. 


1928 

1929 

1930 

1931 

1932 


234.4 236.8 233.6 

265.8 265.3 257.7 

279.5 ,272.4 264.1 

256.2 255.0 253.6 

243.3 241.4 235.5 


228.2 229.6 233.3 
262,7 260.8 258.9 

267.3 260.1 259.5 

255.2 245.9 250.5 
226.0 214,0 218.3 


230.4 242.3 242.5 

258.5 269.5 268.7 

254.8 255.0 259.7 

249.4 246.0 251.1 

210.5 217.4 224.6 


255,5 258.4 255.2 

280.9 274,8 274.5 

264.4 256.4 261,5 
250.f‘ 246.9 250.7 

227.2 231.2 229.9 
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3. Determine from the following data whether or not the per capita in- 
come in the United States, expressed in 1913 dollars, is increasing or de^ 
creasing:^ 


Year 

Per Capita Income 
(1913 Dollars) 

Year 

Per Capita Income 
(1913 Dollars) 

1909 

$322 

1921 

$310 

1910 

327 

1922 

842 

1911 

332 

1923 

377 

1912 

341 

1924 

384 

1913 

346 

1925 

392 

1914 

335 1 

1926 

403 

1915 

335 

1927 

419 

1916 

367 1 

1928 

423 

1917 

368 ! 

^ 1929 

421 

1918 

360 

1930 

365 

1919 

334 

1931 

314 

1920 

322 

1982 

1 228 (est.) 


3. Seasonal Variation. The last section dealt only with the 
mean annual freight car loadings and no account was taken of the 
fact that in the complete data there is a typical movement having 
a period of one year, that is to say, the amount of freight hauled 
tends to conform to a certain pattern at intervals of twelve months. 
This phenomenon is known as seasonal vernation and is an impor- 
tant characteristic of many economic series. Of course, it is sel- 
dom so well defined and regular as the seasonal variation of cer- 
tain meteorological phenomena, such as temperature, but similar 
seasonal movements are distinctly marked in many time series en- 
countered in the study of business and economic problems. For 
example, the average monthly price of a commodity such as eggs 
would tend to follow the seasons, being higher in winter than in 
summer, although relatively few price series show such a move- 
ment. 

Usually the fii’st step in the study of seasonal variation in a 
series is to calculate the link relatives,’^ that is, the ratio of each 
item in the series to the one just preceding. These link relatives 
are then arranged in order of magnitude in a table with the twelve 
monthly ratios as class marks, and the median value for each ratio 
determined. In general, the average value will serve as well as the 
median value, unless there are a number of exceptional ratios in 
the series. 

For the year 1920, the link relatives for freight car loadings 
would be determined as follows : 


^Irving Fi^er, Bomis and Depressions^ New York, 1932, Appendix V. 
metkod is ^ven in detail because of its historic importance. The 
reader is warned that it is subject to considerable criticism. See, for example, 
H, Hotelling, American Mathematical Monthly, Vol. XLII, No. 3, March 1935, 
p. 170. 
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Jan. 

— — ratio 
Dec. 

820 , 

= —=1.08 , 
758 

Feb 

•r: ratio = .95 . 

Jan 

Mar. 

-—ratio 

Feb. 

= 1.09 

Apr. 

Mar. 

= .86 , 

ratio =1.18 , 

Apr. 

June .. 

— — ratio 
May 

= 1.00 

July ,. 

ratio 

June 

= 1.05 , 

f^-ratio =1.07 . 

July 

Sept .. 

ratio 

Aug. 

= 1.00 

Oct. 

5 — r J^atio 
Sept. 

= 1.04 , 

Nov. 

— — - ratio = .88 
Oct. 

Dec. 

— — ratio 

Nov. 

= .82 


For the freight car data tliat are being considered, the table 
of link relatives, expressed as percents and arranged in order of 
magnitude, follows;^ 


Ratios 

Jan. 

Feb. 

Mar. 

Apr. 

May 

June 

July 

Aug. 

Sept. 

Oct. 

Kov. 

Bee. 

Dec. 

J an. 

Feb. 

Mar. 

Apr. 

May 

June 

Jnly 

Aug. 

Sept. 

Oct. 

Nov. 


109 

109 

109 

104 

118 

107 

106 

110 

110 

no 

95 

94 


108 

106 

109 

108 

109 

107 

105 

109 

108 

no 

93 

90 


106 

105 

108 

103 

108 

104 

102 

109 

107 

106 

91 

89 


105 

105 

106 

103 

107 

102 

100 

108 

106 

105 

90 

88 


104 

104 

105 

102 

107 

102 

100 

108 

106 

105 

89 

87 


104 

100 

105 

102 

106 

101 

: 99 

107 

104 

104 

89 

87 

Link 

108 

101 

104 

10l2 

106 

101 

, 99 

108 

104 

, 105 

88 

87 

103 

101 

102 

99 

105 

161 

99 

108 

103 

105 

87 

85 

Relatives 

102 

99 

102 

1 99 

1 104 

100 

! 98 

106 

102 

1 103 

86 

85 


101 

; ^ 

101 

98 

i 103 

100 

i 98 

106 

|100 

, 103 

86 

; 85 


101 

98 

101 

I 97 

102 

99 

98 

105 

1 lOO 

: 103 

84 

85 


100: 

97 i 

! 101 

i 96 

: 100 

98 

: 98 

105 

i 99 

‘ 102 

84 

84 


^ 98 

95! 

101 ! 88 

98 

98 

i 98 

104 

! 99 

102 

83 

S3 

i 

— 

: 94 1 

1 : 

101 1 86 

94 

94 

96 

101 

1 99 

1 

jlOl 

82 

82 

Median 

104 

1 101 

108 

100 

106 

101 

i 99 

108 

104 

1105 ' 

88 

86 

Average 

108 

1 101 

104 

! 99 

i 

105 

101 

: 100 

1 

107 

1103 

1 105 

88 

86 


From the above table, it is seen that the medians and arithme- 
tic averages compare very closely. In the present case the medians 
are used as the mean values of the link relatives in each column. In 
order to refer these to some month as a base, set the link relative 
for January equal to 100 and “chain” each median to this standard. 
To do this, multiply the median of each link relative column by the 


^It will be noticed that, if the available data begin with January, the num- 
ber of link relatives for the Jan./Dec. ratio will be one less than the namber 
of link relatives for the other ratios. 
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value of the median preceding it. Thus, if the medians of each of 
the columns, expressed as decimals, are represented by the symbols 
m-i, W2, m3, • • • , mi2, then the chain relatives will be 0i — 100, Ca = 
lOOmz, Ca = CsPis, • • • , Cj2 = Cum, 2. For freight car loadings, these 
values are easily calculated to be the following : 


Median 

Mo. i 

1 

Chain Relatives 


104 i 

Jan. I 

^i» 

100 


101 

Feb. 


101 

m 3 , 

103 

Mar. 

i 

104 


100 

April 

C. 

104 


106 

May 


110 


101 

June 


111 

m^, 

99 

July 


110 

mg, 

108 

Aug. 

^89 

119 


104 

Sept. 


124 


105 

Oct. 

^109 

130 


88 

Nov. 

^119 

114 


86 

Dec. 

1 

^129 

98 


It will be noticed that these values are not entirely consistent 
for, if the December chain relative is multiplied by the median of 
the January link relative, one will not have the value with which 
the series started, since C12 = 98 and c,2mi = (98) (1.04) = 102 
instead of 100. To remove this discrepancy, an adjustment is made 
according to the following scheme : A quantity d is calculated from 
the equation 

100(1 + <^)^^ = Ci2mi , 

and the chain relative Ci is replaced by the adjusted values 
Ci/ (1-j-d)®"^ . One thus derives for the new chain relatives the fol- 
lowing values: 

C‘> C3 Ci2 

(1 +d) ’ a^dy’ ’ (l + d)“ ■ 

From the example, 

100(l-f d)i= = Ci2m, = 102 . 

Taking logarithms of both sides, it is found that 

log(l-f .0007167 

12 . » 
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from which 1 -f d = 1.0017 , 

and, therefore, d= .0017 . 

The adjusted values are easily calculated by means of log- 
arithms. For example, to find the adjusted chain relative for Cs, the 
procedure is as follows : 

adjusted relative Cs = • - — - > 

(1-f d) = 

log (adjusted relative Ce) = log Cr. — 5 log (1 -f- d) 

= log 111 — 5 log 1.0017 
= 2.0453230 — .0035835 
= 2.0417395 ; 
adjusted relative Ce = 110 . 

The adjusted values in the example are given in the first 
column of the following table : 


Adjusted Chain | 

Relatives j 

t 

Index 

Seasonal Variation^ 


100 ! 

92 

C., 

101 : 

93 


104 1 

95 


103 

94 


109 

100 


no 

101 


109 

lOO 


118 

108 


122 

112 


128 ; 

117 

^11 » 

112 ; 

103 


96 

88 

Total 1312 : 

Average 109 j 

1203 

100 


^S. Kuznets lias prepared a very valuable book on tMs subject: S&cisonal 
Variations in Jndustrt/ and Trade^ New York, 193S, in wMcb be gives an e3c- 
tensive table of seasonal indexes, pp, 372-415. He gives the following figures 
for freight car loadings: 

1018-24: 89 92 97 92 98 101 104 108 IIB 114 102 90 

1925-29: 90 92 96 96 102 100 100 108 111 115 101 87 
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As a check, it will be noticed that the final adjusted value, Cia, 
multiplied by Wi/ (1 -j- d), is equal to 100, within a small approxi- 
mate error, that is, 

== 96 X 104 ^ gg 

(i + d) 1.0017 ■ 

As a final calculation, the adjusted chain relatives are now 
further adjusted by using their arithmetic average as a base and 
letting it be 100. The items in the new series are called the index 
numbers of seasonal variation. For the given data, the arithmetic 
average of the adjusted chain relatives is 109, and adjusting to this 
base as 100, by dividing each of the adjusted chain relatives by 109, 
one gets the indexes of seasonal variation. These are given in the 
second column of the above table. They give a clear indication of 
the seasonal variation of the freight car loadings data that are 
being studied. 


PROBLEMS 

1. Calculate the index numbers of seasonal variation for the electric 
power production data as given in problem 2, section 2, of this chapter. Also 
determine whether seasonal disturbance is shown. 


i2. The following table gives the total new orders (expressed in 1,000 
short tons) of fabricated steel over a five-year period, 1927-1931. Calculate 
the index of seasonal variation and show the seasonal fluctuations. 



Jan. 

Feb. 

Mar. 

Apr. 

May 

June 

July 

Aug. 

Sept. 

Oct, 

ISTov. 

Dec- 

1927 

36 

59 

55 

47 

38 

28 

35 

48 

38 

47 

27 

35 

1928 

51 

64 

55 

56 

49 

40 

41 

51 

43 

59 

62 

52 

1929 

40 

70 

69 

54 

58 

57 

58 

51 

52 

45 

52 

27 

1930 

57 

34 

46 

45 

38 

41 

38 

36 1 

41 

30 

33 

26 

1931 

27 

24 

31 

29 

26 

22 

27 

24 ’ 

33 

20 

18 

16 


3. The following figures show the net earnings of public utilities over 
an eight-year period, 1923-1930 (Unit = $1,000,000). Is there seasonal varia- 
tion in the net earnings? Calculate the index of seasonal variation. 



1 J sin* 

Feb. 

1 Mar. j 

Apr. 

May 

1 Jiane 

July 

Augr. 

Sopt. 

Oct. 

No, 

Dec. 

1923 

47.4 

1 44.5 

1 44.9 

44.9 

i 42.0 

40.9 

36.1 

34.2 

38.2 

42.0 

46.3 

48.0 

1924 

51.0 

48.2 

47.3 

45.8 

43.7 

41.6 

36.6 

36.8 

42.0 

46,1 

50,4 

56.6 

1925 

58.7 

54.1 

52.5 

51.0 

48.9 

47.8 

44.3 

44.8 

49,1 

55.1 

60.5 

65.4 

1926 

66.9 

61.6 

60.7 

59.5 

54.9 

55.7 

49.2 

49.9 

56.9 

60.9 

65.8 

73.0 

1927 

74.4 

66.9 

65.4 ! 

64.9 

61.2 

59.2 

53.9 

53.6 

61.9 

65.3 

70.2 

78,9 

1928 

79.0 

74.3 

72.8 ! 

68.9 

67.7 

67,5 

62.3 

61,8 

68.2 

73.7 i 

81.4 

91.0 

1929 

92.0 

86.0 

85.0 

83.0 

82.5 

79.0 

71.0 

73,0 

80.0 

83.0 

92.0 

100.0 

1930 

92.0 

90.0 

88.0 

89.5 

86.0 

83.0 

70.6 

71.5 

80.8 

! 

84.1 

88.3 

89.0 
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k. Correction for Seasonal Variation and Sectilar Trend. In 
the analysis of time series, it is often desirable to eliminate seasonal 
variation and secular trend from the data. This is conveniently 
done by first calculating the deviation of each item of the series 
from the normal, and then representing graphically the new values 
thus obtained. 

Any method by which this is done must, of course, be an en- 
tirely arbitrary one, but must satisfy a certain criterion dictated 
by common sense. If yr represents an item in the original series, Si 
the corresponding index of seasonal variation, and y the corres- 
ponding ordinate of the secular trend curve, then the relative devia- 
tion of the item from the established normal may reasonably be 
represented by the formula 

— 1 . 

s,y s,y 

If the values of D, are calculated and plotted, the graph thus 
obtained will furnish a representation of the original data referred 
to a normal situation from which seasonal variation and secular 
trend have been eliminated. The values above and below the time 
axis will represent the positive and negative deviations from the 
normal situation of the various items of the series. 

As an example, corrections for seasonal variation and secular 
trend may be made on freight car loadings for the 14-year period, 
1919-1932. The values of y are computed from the equation of 
secular trend, y = 914.94 — 4.92a;, as given in section 2. The values 
of the indexes of seasonal variation are given at the end of the last 
section and should be used as ratios in the above equation, i.e., .92, 
.98, .95, etc. 

Combining these values with the values obtained from the 
table of freight car loadings, the following values for Di are calcu- 
lated : 


Belative Deviations of Freight Car Loadings from Normal 


|| J" an. 

Feb. 1 

Mar. 

Apr. 

May '' 

June 

July 

Aug. 

Sept. 

bet 

Nov. 

Dec, 

1919 

-.14 

-.19 ; 

-.20 

-.17 

-.17 1 

-.12 

-.06 

-.09 ! 

-.06 

-.09 

-.14 

-.05 

1920 

-.02 

-.08 

-.02 

-.14 

-.05 i 

-.06 

-.01 

-.01 

-.05 

-.05 

-.05 

-.09 ‘ 

1921 

-.15 

-.19 ! 

-.19 

-.17 

-.16 

-.16 

-.17 

-.17 

-.17 

-.12 

-.18 

-.14^ 

1922 

-.15 

-.09 

-.03 

-.14 

-.12 

-.07 

-.08 

-.09 

-.07 

-.05 

.02 

.06: 

1923 

.03 

.01 

,08 

.12 

.09 j 

.12 

.10 

.08 

.04 

.03 

.07 

.051 

1924 

.05 

.10 

.08 

.05 

.01 

.01 

.01 

.02 

,04 

.05 

.07 

.09 

1925 } 

,13 

.10 

.10 

.13 

.10 

.11 

.12 

.18 

.09 

.07 

.18 

.16 

1926 

.14 

.12 

,16 

.16 

.18 

,16 

.19 

.16 

.17 

.17 ' 

.18 

.17 

1927 

.17 

.17 

.21 

.19 

.17 

^ .13 

.12 

.13 

.12 1 

.09 

.07 

.09 

1928 

.08 

,11 

.15 

.14 

.15 

,12 

.14 

.13 

.15 

,16 

.19 

.16' 

1929 

,12 ^ 

,17 

.17 i 

.23 

.22 

,21 

.20 

.20 

.18 

.16 

.10 

.10 

1930 

,06 

.09 

.08 

.13 i 

.06 

.07 

.05 

.01 

-.03 

-.05 

-.10 

-.10 

1931 

-.09 

-.11 

-.10 ' 

-.06 

-.13 

-.13 

-.14 

-.19 

-.23 

-,24 

-.25 

. -.26 

1932 

-.28 

-.29 

-.30 

-.30 

-.89 

-.43 

-.43 

-.43 

-.39 

-.86 

-.87 

-.35 
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These values are graphically represented in the following 
Figure 24. It is obvious that the graph tells a great deal more about 
a particular year than does the yearly average, which may have been 
greatly influenced by one or two unusual months although the year 
as a whole may have been practically normal. 



PROBLEMS 

1. Correct for seasonal variation and secular trend the data of fabri- 
cated steel, as given in pro-ble^n 2, section 3. 

2. Among the cliches of the market place is the expression “the spring 
rise.’' From the following table of New York Times Daily Stock Price Aver- 
ages determine whether there is a seasonal variation in stock prices. Logically, 
why would there not be such seasonal variation? 



Jan. 

Feb. 

Mar. 

Apr. 

May 

June 

July 

Aug. 

Sept. 

Oct. 

Nov. 

Dec. 

1928 

183 

180 

194 

196 

201 

198 

192 

203 

207 

213 

229 

231 

1929 

248 

251 

252 

249 

254 

265 

285 

304 

311 

301 

227 

221 

1930 

220 

228 

240 

245 

233 

229 

207 

204 

207 

186 

165 

161 

1931 

156 

173 

169 

155 

143 

144 

142 

129 

123 

100 

105 

83 

1932 

80 

81 

79 

1 

65 

52 1 

44 

47 

68 

1 72 

65 

62 

58 


3, Correct for seasonal variation and secular trend the following data, 
which give the average price per dozen of eggs in New York City during a 
nine-year period, 1923-1931: 



J an. 

Feb. 

Mar.! 

Apr. 

May 

June* 

July 

Aug. 

SeptJ 

Oct. 

Nov. 

Dec. 

1923 

42 

37 

31 

27 ^ 

27 

24 

25 

29 

35 

39 

53 

47 

1924 

42 

39 

25 

24 

25 

27 1 

29 

33 

39 

44 

52 

57 

1925 

59 

44 

30 

29 

82 

33 

83 

33 

37 

43 

56 

51 

1926 

38 

31 

29 

32 

31 

30 

29 

31 

38 

40 

50 

48 

1927 

42 

32 

25 

26 

23 

23 

25 

28 

1 34 i 

40 

44 

45 

1928 

45 

32 

29 

28 

SO 

29 

30 

31 

1 33 1 

32 

37 

37 

1929 

36 

41 

33 

28 

31 

31 

32 

34 

36 1 

40 

48 

1 51 

1980 

42 i 

35 

26 

27 i 

'23 

24 

22 

25 

' 25 1 

26 

81 

: 29 

1931 

24 ^ 

20 ' 

22 

20 

19 

19 

20 

1 22 

1 24 

24 

28 

i 27 
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As a check on your work, compare your results with Figure 25, which 
gives the original data and the line of secular ti^end, and Figure 26, which 
shows the deviations from ‘‘normal” of egg prices. 
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5. The Correlation of Time Series. An important problem 
connected with the study of time series is that of the correlation of 
two series which seem to exhibit similar movements. It may be 
observed, for example, that industrial production tends to vary 
with the Dow-Jones Industrial Stock Price Averages. This variation 
is not usually synchronized, since one series will, in general, lag a 
few months behind the other. Thus, industrial production may 
decline in July as the conditions discounted by an April decline in 
stock prices finally materialize. 

This subject is, of course, an unusually complicated one and 
only a brief outline can be profitably considered here. A very 
simple example will serve to illustrate the method of analysis em- 
ployed. 

It is a matter of common observation that fluctuations in stock 
prices usually precede by a distinct interval the fluctuations in 
industrial production. Can one, by analysis of the two series, cal- 
culate the precise magnitude of this lag? The problem that pre- 
sents itself is a problem in the correlation of time series, and the 
analysis that will be employed is identical with that used in the 
correlation of any two time series found in problems in business 
or economics. 

Since this is essentially a problem in cyclical fluctuations, it 
is often desirable to eliminate from the series the effects of season- 



Figueb 27. 
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al change and secular trend.^ To facilitate the computations, the 
items of these two series may be expressed in comparable units as 
percentage deviations from trend; to these series the correlation 
process is then applied. The two series to be correlated are graphi- 
cally represented in Figure 27. 

At this point it is necessary to anticipate a formula \vhich will 
be studied in detail in Chapter X. This formula defines a statistical 
constant called the correlation coefficient, which gives a measure of 
the linear relationship betw'een two sets of class marks , namely, 

Xly X2y Xs y 


Vu 2 / 2 , Vz, Vn , 

provided such a relationship exists. By this statement, it is meant 

that, if the pairs of points (.Ti 2 ?,) , (x^ y ^) , 2 / 3 ) , , («v Vn) , 

when graphically represented, lie approximately along a straight 
line, the correlation coefficient is a measure of this approximation 
to linearity. If the correlation coefficient is numerically equal to 
one, the points all lie upon a straight line; if the correlation 
coefficient is zero, then no linearity exists. 

The correlation coefficient is calculated from the formula 


or from the formula 


SiXi — X) iVi — Y) 


N 


Ux 


XxiVi 

N 


X-Y 


fTarOf*?/ 


( 1 ) 


where N is the total number of items, X and <tx the arithmetic 
average and standard deviation, respectively, of the x series, and 
Y and % the same constants for the y series. 

Example : As an illustration, r may be calculated for two series, 
industrial production (corrected for seasonal variation and secular 
trend) and stock prices (expressed by the Dow-Jones Industrial 
Averages and corrected for trend), for the pre-w'ar period 1897- 
1913, where industrial production values will form the x series, 
and stock prices the y series. 

For the industrial production series, it is found that 
X = 99.4688 and ox = 16.9527 ; for the stock price series, these 


^On this point, and the problems incident to it, consult Dynamic Eco- 
nomics, by C. F. Boos, Bloomington, 1934, Appendix 1. 
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values are Y — 100.3229 and o-^ = 15.5350. From the data, one has 
N = 192, and = 1,940,428. Substituting these values in equa- 
tion (1), one arrives at the value for r. 


1,940,428 

192 


(99.4688) (100.3229) 


^ (15.9527) (15.5350) 


127.3973 

247.8252 


= .5141 . 


Since the object of this discussion is the determination of the 
magnitude of the lag of industrial production behind stock prices, 
the next step is to shift the items of the industrial production series 
both to the right and to the left and calculate the correlation coeffi- 
cients for each combination thus obtained. By means of the maxi- 
mum value of the correlation coefficient, one can then define the lag 
between the two series. 

By making 12 shifts at intervals of one month in the industrial 
production series to each side of the stock price series, with the 
inclusion of the original data the 25 correlation coefficients tabulat- 
ed are obtained. The constants used in the calculations are also 
shown. These coefficients may be designated by the sj^mbols 


r-12, r.ii, . • • , r-a, n, n, • • • , r^. 

The arithmetic average and standard deviation for each series, 
as well as the cross product of the two series, is, of course, slightly 



FiGUBE 28. 



THE ANALYSIS OF TIME SERIES 


135 


altered by the shifting of the items, as shown in these values given 
in the table from which the correlation coefficient for* the various 
lags is computed. The minus sign before the lag indicates that 
industrial production precedes stock prices, i.e., is ahead t months 
of stock prices; the plus sign indicates that industrial production 
follows stock prices, i.e., lags t months behind stock prices. 


(t) 

Mo. Lag 

X, 

Average 
X series 

r, 

Average 
y series 


% 


Correlation ; 
Coefficient i 

(n) ! 

1 

(i) 

Mo. Lag 

For -12 lag 

99.4688 

100.7188 

15.9527 

15.0151 

1,915,080 

-.1837 i 

-12 

-11 

99.4688 

100,7240 

15.9527 

15.0105 

1,916,006 

-.1658 

-11 

-10 

99.4688 

100.7240 

15.9527 

15.0105 

1,917,536 

-.1325 

-10 

- 9 

99.4688 

100.7292 

15.9527 

15.0060 

1,918,969 

-.1035 

- 9 

- 8 

99.4688 

100.7396 

15.9527 

14.9987 

1,920,243 

-.0797 

- 8 

- 7 

99.4688 

100.7760 

15.9527 

14.9838 

1,922,315 

-.0602 

- 7 

- 6 

99.4688 

100.7708 

15.9527 

14.9888 

1,924,512 

-.0002 

- 6 

- 5 

99.4688 

100.7500 

15.9527 

15.0146 

1,926,662 

.0552 

- 5 

- 4 

99.4688 

100.6667 

15.9527 

15.1289 

1,928,691 

.1329 

- 4 

- 3 

99.4688 

100.5781 

15.9527 

15.2524 

1,981,526 

.2287 

- 3 

- 2 

99.4688 

100.4792 

15.9527 

15.8749 

1,934,324 

.3264 

- 2 

- 1 

99.4688 

100.4063 

1 15.9527 

15.4573 

1,937,304 

.4170 

1 - 1 

0 

99.4688 

100.3229 

! 15.9527 

15.5350 

1,940,428 

.5141 

1 ^ 

1 

99.6354 

100.3229 

15.9160 

15.5350 

! 1,947,597 

.5987 

1 

2 

99.7969 

100.3229 

! 15.8831 

15.5350 

1,953,828 1 

MBS 

2 

3 

99.9271 

100.3229 

1 15.8306 

15.6350 

1,957,234 I 

.6870 

3 

4 

100.0781 

100.3229 

1 15.7881 

15,5350 

1,959,255 i 

.6700 

4 

5 

100.2240 

100.3229 

1 15.7586 

15.5350 

1,959,885 

.6249 

5 

6 

100.3642 

100.3229 

; 15.7190 

15.5350 1 

1,959,656 

.5681 

6 

7 

100.4740 

100.3229 

15.6814 

15.5350 ! 

1,958,793 

.5016 

7 

8 

100.5573 

100.3229 

15.6576 

15.5350 

1.957,188 

.4337 

8 

9 

100.6146 

100,3229 

15.6536 

15.5350 

1,955,270 

.3691 

9 

10 

100.6510 

100.3229 

15.6537 

15.5350 

1,952,669 

.2983 

10 

11 

100.6042 

100.3229 

; 15.6626 

15.5350 

1,948,270 

! .2233 

11 

12 

100.5104 

100.3229 

; 15.6961 

15.5350 

1,942,515 

j .1385 

12 


The computation of the above table can be illustrated by an 
example. Thus, for r_io, the various values in the row for t == — 10 
months lag are used, and the follovnng value obtained 




1,917,536 

192 


(99.4688) (100.7240) 


(15.9527) (15.0105) 


-31.7289 

239.4580' 


—.1325 . 


The remaining ?’’s are computed in a similar way. 


From the above correlation coefficients it is seen that the maxi- 
mum value of r is .6870 and this occurs with industrial production 
lagging three months behind stock prices. Figure 28 gives a pic- 
ture of these correlation coefficients with a smooth curve drawn 
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through them. Such a curve is often useful in determining the point 
of maximum correlation where the results are not very clearly 
defined,^ 


PROBLEMS 

1. Graph the following indexes and test for correlation and lag: 


(a) WHOLESALE PRICES 
(unit, 1926 = 100) 


Year 

Jan. 

Feb. Mar. 

Apr. 

May June July Aug. Sept. Oct. 

Nov. Dec. 

1927 

97 

96 

95 

94 

94 

94 

94 

95 

97 

97 

97 

97 

1928 

96 

96 

96 

97 

99 

98 

98 

99 

100 

98 

97 

97 

1929 

97 

97 

98 

97 

96 

96 

98 

98 

98 

96 

94 

94 

1930 

93 

92 

91 

91 

89 

87 

84 

84 

84 

83 

80 

78 

1931 

78 

77 

76 

76 

73 

72 

72 

72 

71 

70 

70 

69 

1932 

67 

66 

66 

66 

64 

64 

65 

65 

65 

64 

64 

63 


(b) WAGE LEVEL— MANUFACTURING INDUSTRIES 
(unit, monthly average, 1926 = 100) 


Year 

Jan. 

Feb. Mar. Apr. May June July Aug. 

Sept. 

Oct, 

Nov. Dec. 

1927 

95 

101 

102 

101 

100 

97 

93 

95 

94 

95 

92 

93 

1928 

90 

94 

95 

94 

94 

94 

91 

94 

95 

99 

96 

98 

1929 

95 

102 

104 

105 

105 

103 

98 

102 

103 

102 

95 

92 

1930 

88 

91 

91 

90 

88 

84 

76 

74 

74 

73 

68 

67 

1931 

64 

68 

70 

69 

68 

64 

60 

60 

57 

55 

53 

52 

1932 

49 

50 

48 

45 

43 

39 

36 

36 

38 

40 

39 

38 


^The subject of time series presents one of the most perplexing and con- 
troversial problems in the held of applied statistics. This is made evident by 
the fact that little predictive skill has been developed by students of economic 
time series, as has been demonstrated by Alfred Cowles III in ^‘Can Stock 
Market Forecasters Forecast?^', Econometrica, VoL 1 (1933), pp. 309-324, 
where the records of professional forecasters were subjected to analysis and 
found to average slightly worse than forecasts based on random predictions. 
G. U. Yule in a paper, **Why Do we Sometimes get Nonsense-Coirelations be- 
tween Time Series?”, Journal of the Royal Statistical Society, VoL 89 (1926), 
pp. 1-84, has cast doubt upon the validity of correlating the residuals of time 
series from which trends and seasonal variations have been removed. 

One of the major difficulties in dealing with time series is found in the 
fact that ordinary probability considerations are often submerged by the ef- 
fects of current events. For example, the frequency distribution of the resi- 
duals from a straight line trend of rail stock prices in the period around the 
Civil War is U-shaped instead of bell-shaped as in ox*dmary statistical dis- 
tributions. 

Unfortunately, this subject is too technical to discuss in an elementary 
text, but the reader will hnd an appraisal of the problems thus presented in 
Appendixes I and II of C. F. Roosts Dynamic Economics, op» cit 
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2. Correlate the following index with Table (a) of problem 1. 


(c) COST OP LIVING 
(unit, 1923 = 100) 


Year 

Jan. 

Feb. 

Mar. Apr. 

May June July Aug. 

Sept 

Oct. 

Nov. 

Dec. 

1927 

103 

102 

102 

102 

102 

102 

101 

101 

101 

101 

102 

101 

1928 

1 101 

100 

100 

100 

100 

100 

100 

lOO 

101 

101 

101 

100 

1929 

100 

100 

99 

99 

99 

99 

100 

101 

101 

101 

101 

100 

1930 

99 

99 

98 

98 

97 

97 

95 

95 

95 

95 

94 

98 

1931 

91 

90 

89 

88 

87 

87 

86 

86 

86 

85 

84 

8S 

1982 1 

81 

80 

80 

79 

77 

77 

77 

77 

77 

76 

76 

75 


3. Study the correlation between Table (c) of problem 2 and Table (b) 
of problem 1. Is there a lag? 

4. Correlate the following index with Table (b) of problem 1. Compare 
your answer with the answer to problem 1. Why the similarity and why the 
difference? 


(d) PUECHASING POWEE OF THE DOLLAE 
(unit, 1926 = 100) 


Year 

Jan. Feb. Mar. Apr. May June July Aug. 

Sept. Oct. 

Nov. 

Dec. 

1927 

104 

104 

106 

107 

107 

107 

106 

105 

104 

103 

103 

103 

1928 

104 

104 

104 

103 

101 

103 

102 

101 

100 

102 

103 

103 

1929 

103 

103 

103 

103 

104 

104 

102 

102 

103 

104 

106 

106 

1930 

107 

109 

110 

no 

112 

115 

119 

119 

119 

121 

124 

128 

1931 

128 

130 

132 

184 

137 

189 

139 

139 

140 

142 

148 

146 

1932 

i 149 

151 

152 

153 

155 

157 

155 

153 

153 

155 

157 

160 


6. Harmonic Analysis. In preceding sections, the problem of 
determining the seasonal fluctuations in time series has been dis- 
cussed. This problem, as one may readily apprehend, is only one 
aspect, although an important one, of the study of the cyclical varia- 
tion of such series, a study which is referred to in mathematical 
literature as the problem of harmonic analysis. By harmonic analy- 
sis is meant the technique of discovering the constituent periodici- 
ties which enter into the construction of a given series of data ar- 
ranged in a time sequence. 

This problem dates back a century and a half, one of the 
earliest memoirs being published in 1772 by J. L. Lagrange (1736- 
1813). Although it was known to L. Euler (1707-1783) that an 
analytic function could be represented by means of a series of sines 
and cosines, the full significance of this development and its appli- 
cation to problems in physics was not realized until the epoch-mak- 
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iiig work of J. B. J. Fourier (1768-1830). The work in which these 
results are incorporated is the celebrated Theorie Amlytique de 
la Clialeivr (1822), one of tlie great classics of mathematical physics. 
The application of the methods of harmonic analysis to statistical 
data may be said to begin with a series of papers published by Sir 
Arthur Schuster (1851-1934), who applied his method to the study 
of sun spots, the periodicity of earthquakes, terrestrial magnetism, 
etc.^ E. T. Whittaker and G. Robinson have somewhat modified 
Schuster’s method.^* 

Schuster’s method depends upon the construction of what is 
known as a periodograni, and may be described as follows : 

The equation, 

y ~ A sin {2at/T) B cos i2nt/T) , (1) 



This is the graph of the equation 
I 


10 sin -h 10 cos 

45 45 


The period is thus 45 and the amplitude 14.14 . 


Interference Phenomena/^ Philosophical Magazine^ Vol 37(5) 1894, 
pp. 500-545* Lunar and Solar Periodicities of Earthquakes,” Proc. Boyal 
Soe. of London, Vol, 61 (A) 1897, pp. 455-465 the Periodicities of Sun 
Spots ” London Philosophical Transactions, Vol. 206 (A) 1906, pp, 69-100. 

2 The Ualmdus of Observatiom, London, 1924, Chapter 13. See also 
Fmmf^s Theorem md Harmonic Analysis, by A. Eagle, London, 1925, 
Chapter 8. 
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when graphed as a function of t, will be found to repeat itself at 
intervals equal to t = T, and will fluctuate between the limits y = 
-\-R and 2 / = — R, where R — , as shown in Figure 29. 

Hence T is called the period of the function and R the miplitiide. 

Now the object of periodogram analysis is to determine how 
many components of the kind just described are present in a sta- 
tistical series. This problem Schuster undertook to solve by con- 
structing amplitudes for all values of T which might be expected 
to correspond to periods in the series. The value of this amplitude 
function would show a significant increase in the neighborhood of 
a genuine period. 

In order to represent the matter analytically, let the data be 
arranged in a set of equally spaced items : 



where f„,i — is a constant. 

Then the function, 

2 

E(u)=—^/AHn)-rBHn) , ( 2 ) 

N 

where one writes, 

n 

.4(h) =L -Yssin(2.-ttm) , 

fr.l 

(3) 

B(v)^y Xt cos (Znt/n) , 

will reveal the presence of a period T by an increased value in the 
neighborhood of u—T, provided the data actually contain an ap- 
preciable component of the form (1). 

The graph of the function, 

y = R{n) , 

obtained by erecting ordinates for the values m — 5, 6, 7, , is 

called the periodogram associated with the series. The method as 
applied to statistical data is of doubtful value for periods smaller 
than 5. 
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The practical pi'ocedure is to arrange the data as follows : 


X, 

X, 

Xi 

X, 

X, 

•• x„ 


Xu+2 



Xu-^5 

X 2 U 


^2U+‘2 

^2u+2 

X,u.4 

•X^2U+5 

•• Za. 

^nu+1 


^nu-i-3 

X wM+4 

Xnu^o 

• * X(n+i)u 

Sums : Ml 

Ml 

Ml 

M 4 

Ml 



where in-\-l)u is the largest multiple of u in the total frequency N. 


The functions Aiu) and B(u) are then computed as the sums, 

u 

A(u) == £ 3It sin (2}it/u) 

U 

B{u)= 2^ MtCos{2nt/u) . 

Whittaker and Robinson have somew'hat modified Schuster’s 
method in the following manner : 

The means of the values Mi in the above table are first com- 
puted and the standard deviation, un , of these averages found. 
Similarly, the standard deviation, a* , of the elements of the data 
is computed. The square of the correlation ratio (see Chapter X, 
section 8), 

R{u) <=r]^{u) =—^ > 

cr/ 

is then taken as the ordinate of the periodogram.^ Since the signifi- 
cance of the periodogram is found in the variations between neigh- 
boring values of u, it is clear that the standard deviations of the 
sums. Mi, themselves can be used as the ordinates of the periodo- 
gram, instead of ri^. In the case of most of the series of economic 
data, where unnecessary refinements of technique are not profit- 
able, it is possible to get a satisfactory idea about the variations 
between neighboring values of « by constructing a periodogram in 
which R {u ) , as given above, is replaced by the difference between 
the greatest and the least values of the Mi . Much of the labor of 
computation, which in harmonic analysis is always large, is thus 
saved. 


^For a justification of this technique, the reader is referred to WMttaker 
and Rohinscm, op. eit,, pp. 346-349. 
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Example: In illustration the periodogram difference method 
will be applied to the monthly averages of freight car loadings, 
1919-1932, using the data as given in section 2 of this chapter. 

The items in the series are first arranged in horizontal rows 
for each value of ti, taking m = 5, 6, 7, • • ■ , 25, and sums found for 
each column. Thus, for u = 15, one gets the following arrange- 
ment: 


Columns 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 


728 

687 

697 

715 

759 

809 

858 

892 

960 

967 

807 

768 

820 

776 

84; 


731 

862 

860 

901 

968 

969 

1005 

884 

723 

705 

68S 

692 

706 

757 

761 


751 

810 

841 

929 

761 

683 

702 

765 

826 

723 

787 

842 

825 

877 

931 


992 

944 

838 

845 

842 

917 

941 

975 

1011 

986 1041 1037 

1078 

978 

82i 


858 

908 

916 

875 

895 

906 

894 

974 

1037 

1091 

975 

847 

921 

905 

92 


941 

968 

989 

986 

1080 

1074 

1107 1024 

888 

923 

919 

969 

958 1037 102 


1049 1104 1148 

1205 

1068 

904 

946 

956 

1002 

975 1024 

999 

979 1062 109' 


1115 

956 

834 

862 

897 

951 

935 1002 

985 

986 1058 1117 

1175 1061 

88 


893 

942 

962 

996 

1051 

1052 

1088 1117 1135 

1169 

978 

835 

837 

876 

88 


912 

914 

930 

895 

938 

931 

950 

798 

680 

719 

709 

735 

752 

740 

74 


738 

747 

737 

759 

655 

555 

567 

561 

565 

557 

522 

491 

483 

525 

57 

Bums: {MJ 

9708 9842 9752 9968 

9914 

9751 

9943 9948 9812 

9801 9603 9322 

9534 9594 951 


To fill the 15 columns and 11 rows in the above table requires 
only 165 values of the series; the last 3 values are dropped, since 
there are not enough values to complete another row. In a periodo- 
gram analysis, each column must have the same number of items. 

After 21 arrangements have been obtained, fashioned after 
the above table, for % = 5, 6, 7, ■ • • , 25, the sums, M;, for each «. are 
tabulated in the manner shown in the table on pages 142 and 143. 
The largest value and the smallest value in each column is then 
noted and the difference between them is recorded at the bottom of 
the table. As has already been stated, however, a better though 
much more laborious procedure is either to compute A{u) and 
B (?t) by the Schuster formula or to evaluate the standard devia- 
tions of the Mi as required by the method of Whittaker and Rob- 
inson. 

Taking the differences as the ordinates and the ?(.’s as the ab- 
abscissas, the periodogram showm in Figure 30 is obtained for 
freight car loadings . 

Prom Figure 30, it may be seen that there is a pronounced 
period at 12 months and a secondary period at 6 months, which 
indicates that the amount of freight hauled tends to conform 
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PEEIODOGEAM ANALYSIS, FREIGHT CAR LOADINGS, 1919-1932 


Mi 

Column 

Totals 



It — ; 

Monthly Periods 





5 

6 

7 

S 

9 

10 

11 

12 

13 

1 

2S962 

23695 

21228 

18657 

16312 

14480 

13235 

11326 

10820 

2 

29107 

24619 

2123 4 

18890 

16031 

14417 

13079 

11426 

10891 

S 

29234 

254S2 

20933 

18121 

16393 

14866 

13205 

11887 

10651 

4 

29374 

25893 

21171 

17849 

16087 

14262 

13256 

11717 

10758 

5 

29229 

24731 

20986 

18557 

16069 

14195 

13179 

12293 

10742 

6 


23154 

20936 

19127 

16128 

UOlO 

13399 

12415 

10853 

7 



21087 

18573 

15719 

14199 

13414 

12369 

10972 

8 




17800 

15555 

14885 

13367 

13193 

11058 

9 





16027 

115S7 

13385 

13595 

10967 

10 






14457 

13278 

14176 

10891 

11 







13109 

12438 

10760 

12 








10739 

10793 

13 









10904 

14 










15 










16 










17 










18 










19 










20 










21 










22 










23 










24 










25 










Difference 









(A)* 

412 

2789 

301 

1327 

838 

577 

335 

3437 

405 


*Th6 difference is obtained by subtracting in each column the smallest 
value from the largest value. The figures in italics designated these values. 
(See continuation of this table on page 143) 

to a certain pattern every 6 and 12 months. These conclusions 
agree very closely "with the following indexes of seasonal variation 
for freight car loadings ; 


Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Deo. 

Index of 

Seasonal 90 92 96 96 102 100 100 108 111 115 101 87 

Variation 


as brought out by Simon Kuznetz in Seasonal Variation in Industry 
and Trade, to which reference has already been made. 

The reader will observe from this brief introduction that the 
problem of harmonic analysis is one of great significance but of 
equal difficulty from both the computational and the mathemati- 
cal points of view. One question which immediately challenges at- 
tention is that of determining whether a significant variation 
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PEEIOBOGRAM ANALYSIS, FEEIGHT CAE LOADINGS, 1919-1932 


I 

1 




a — Monthly Periods 





Column 

Totals 

! 14 

15 

16 

17 

18 19 20 21 

22 

23 

24 

25 


1 

i 10721 

9708 

9047 

8022 

8041 

2 

; 10486 

9842 

9150 

8191 

8300 

n 

o 

10623 

9752 

8895 

8245 

8781 

4 

10533 

9968 

8789 

8334 

8417 

5 

1062.2 

9914 

9083 

sm 

8041 

6 

10759 

9751 

9898 

8242 

7680 

7 ; 

' 10618 

9943 

9159 

8186 

7892 

8 1 

1 10507 

9948 

8788 

8121 

8069 

9 

i 10447 

9812 

9088 

8254 

8418 

10 

! 10548 

9801 

9249 

8230 

8271 

11 

10402 

9503 

8743 

8152 

7731 

12 

1086 A 

9322 

8535 

8164 

7662 

13 

10475 

9534 

8897 

7995 

7670 

14 

10469 

9594 

9095 

8012 

8028 

15 


9514 

8865 

8139 

8448 

16 



8527 

8025 

7827 

17 1 




8314 

71^86 

18 1 





7609 


19 

20 
21 
22 

23 

24 

25 


7334 

7264 

7261 

6266 

6587 

5757 

5345 

7216 

7440 

7075 

6215 

6465 

5724 

5325 

7206 

7085 

6947 

6317 

6246 

5929 

5463 

7388 

GS16 

7083 

6328 

6085 

6020 

5666 

7283 

7084 

7019 

6319 

5914 

6274 

5856 

7205 

7185 

6927 

6397 

5960 

DO 

5768 

7073 

7086 

7080 

6533 

6202 

6336 

5603 

7245 

7071 

7103 

6520 

6268 

6749 

5506 

7286 

7373 

7060 

65JfS 

6500 

6881 

5493 

7211 

7507 

7250 

6518 

6637 

7m 

5257 

7256 

7166 

7098 

6295 

6624 

6159 

5130 

7307 

6977 

7050 

6314 

6519 

5379 

5186 

7m 

7281 

7249 

6309 

6540 

5569 

5391 

7413 

7446 

7023 

6321 

6325 

5702 

5394 

7275 

7111 

6864 

6367 

6221 

5958 

5418 

7281 

6825 

6798 

6295 

5959 

5691 

5462 

7255 

7113 

6974 

6445 

5772 

6019 

5769 

7266 

7314 

6804 

6359 

5780 

6042 

5780 

7482 

7214 

6917 

6356 

5990 

6033 

5761 


6950 

7058 

6354 

6115 

6444 

5664 



6984 

6235 

6247 

6714 

5442 




6237 

6419 

7052 

5419 





6455 

6i279 

5313 






5860 

5211 


5245 


Difference 895 646 871 468 1245 397 691 463 833 865 1764 726 

(^)* : 


The difference is obtained by subtracting* in each column the smallest 
value from the largest value. The figures in italics designate these values. 


exists in R(u ) . Answers have been given to this question both by 

Schuster and by R. A. Fisher.^ Excellent summaries and examples 
of the problems involved in a determination of significant periods 
will be found in papers by E, B. Wilson® and B. Greenstein.® Un- 
fortunately, the discussion of these tests is beyond the scope of an 
elementary book and must be omitted here. 

" It will be obvious to the reader that periods, once they have 
been detected, can be removed from the data by the method of link 
relatives previously employed in the case of seasonal variation. 

iSee Schuster’s original papers and R. A. Fisher “Test for Significance 
in Harmonic Analysis,” Proc, Royal Soe. of London, Vol. 125 (A) (1929), pp. 

54-59 

B. Wilson: The Periodogram of Business Activity. QimrteTlp Jtmmal 
of EconomicSf VoL 48 (1984), pp. 375-417. 

s^Teriodogram Analysis with Special Application to Busine^ Failures/' 
Economet/rica, ¥oL III (1935), pp. 170-198. 
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PROBLEMS 

1. Carry out the computations for 2 ^ = 10 using the data on freight car 
loadings given above. 

2. The following values are the ordinates of the Schuster periodogram 
for the Dow Jones industrial stock price averages, corrected for trend, from 
1807 to 1913.1 


DOW JONES AVERAGES CORRECTED FOR TREND 1897-1913 
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u 

R 

5 

.71 
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.44 1 

21 

3.81 

36 

4.93 

51 
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66 
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7 
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22 
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Construct the periodogram and determine the periods. Is there evidence 
of a seasonal movement in stock prices? 


iSee note at end of problems. 
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3. The following values are the ordinates of the Whittaker-Robinson 
periodogram of the stock prices mentioned in problem 2. Construct the period- 
ogram and compare with the periodogram of problem 2. Do you find the same 
periods? 

DOW JONES AVERAGES CORRECTED FOR TREND 1897-1913 
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4. The following values are the ordinates of the periodogram of the 
Cowles Commission Index of Investment Experience (public utility and indus- 
trial common stocks combined) from 1880 to 1897. Construct the periodogram 
and compare with the periodogram of problem 2. Does there appear to be a 
persistence of periods in these two time intervals? What conclusions would 
you draw? 

COWLES COMMISSION INDEX OF INVESTMENT EXPERIENCE" 
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"Note: In the above tables, it will be noted that some of the values for R 
have not been computed. This is due to the manner in which the were 
segregated in carrying out the compulations on the Hollerith tabulating ma- 
chine in the laboratory of the Cowles Commission for Research in Economics. 
In making the periodogram, points between which a gap occurs should be con- 
nected by a dotted line. This procedure is often followed in actual practice 
to reduce the computing. The approximate location of a period usually can 
be detected, and then all the values in this neighborhood subsequently com- 
puted to determine the location more exactly. 



CHAPTER VI 


ANALYSIS OP ARTIFICIAL DATA — ^PROBABILITY 

1. Defirdtion of Probability. In the preceding chapters, data 
obtained from sources beyond our control have been studied, such as 
the fluctuations in prices, the distribution of income, the growth of 
productive activity. In this chapter, on the contrary, various types 
of artificial data, obtained by methods that are more or less under 
our control, will be discussed. These data will then be analyzed in 
order to study the nature of the statistical laws that produced them. 
These laws constitute a chapter in mathematics which is called the 
theory of probability. 

The following definition has been generally adopted as a mathe- 
matical, or a priori, measure of probability : 

, Definition. If an event can happen in m ways and fail in n 
ways, and each of these ways is eq-wally likely^ the probability, or 
chance, of its happening is p — m/ (m n) , and that of its failing 
to happen is g = w/ (m + n) . This is frequently expressed by say- 
ing that the odds are mton that the event will happen. 

For example, if a coin is tossed, the probability that it will 
fall a head is 1/2. If two coins are tossed, the probability that both 
will fall heads is 1/4. It has been argued that the answer should 
be 1/3, since the coins could fall in only three ways, namely, heads, 
tails; heads, heads; tails, tails. But the fallacy in this is seen to 
lie in the fact that all these events are not equally likely, since 
“heads, tails” can happen twice as often as either of the other two. 
If the student doubts this, he should verify the fact empirically by 
tossing two coins a number of times and making a record of the 
cases. This remark applies to other statements made in this chap- 
ter, because tKe most convincing proof that can be offered of the 
reality of the theorems of probability is that of actual empirical 
trial. 

It is often difficult to be sure that all the events of a series are 
equally likdy. Take, for example, the following case : suppose that 
one um A ccmtains 2 black balls and 3 white balls, while a second 
um B <mntains 2 black and 7 white balls. It is required to find the 
probability that a blind-folded person in one draw shall obtain a" 
white ball. 
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Since there are 4 b4ck and 10 white balls in the two urns, it 
might seem that the probability is 10/14 = 5/7, But the incorrect- 
ness of this reasoning becomes apparent if one considers the case 
where A contains 1,000 black balls and B only one white ball. On 
the first argument, the chance of obtaining a white ball would be 
1/1001, but the real answer is seen to be 1/2, since the probability 
is merely that of w^hether A or B is chosen. The correct answer to 
the first case is 

p = I /2 • 3/5 -p 1/2 • 7 0 = 31/45 , 

or approximately 2/3, since the chance of getting A, with a prob- 
ability of 3/5, is 1/2, and the chance of getting B, with a probabil- 
ity of 7/9, is 1/2. 

One can derive immediately, from the definition, the following 
facts : 

(a) g = l — p , 

(b) If success is certain, p == 1 , 

(c) If failure is certain, p = 0 . 

(PEOBLEMS-1 

1. What is the probability that a letter selected at random in an English 
book is a vowel? Hint: Take a random page in a random English book and 
count the number of letters and the number of vowels. 

2. What is the probability that a vowel selected at random in an English 
book is an e? an 0 ? an i? an a? a Show that the sum of these probabilities 
equals 1. 

Toss 5 coins 128 times and estimate the probabilities that in a single 
throw one should get: 0 Head, 1 Head, 2 Heads, 4 Heads, and 5 Heads. From 
these probabilities estimate the chance of getting S Heads in a single throw. 

4. A group of scientific men reported 1705 sons and 1527 daughters. If 
this is a fair sample from the general population, what is Ihe probability that 
a child to be bom will be a boy? Do you think that this probability differs 
sufficiently from .5 to be significant? In order to answer this question toss 10 
coins 323 times (10 X S23 is approximately equal to the total frequency 
1705 + 1527) and keep a record of the total number of heads. From these data 
calculate the probability that a head will appear in a single throw and com- 
pare the difference between this number and -5 with the difference previously 
obtained, 

5. Write down at random 100 pairs of numbers, Find in how many of 
these the numbers are prime to one another. From these data calculate the 
probability, P, that two numbers *written down at random will be prime to one 
another. If you have done your work accurately, you should be able to calcu- 
late the value of w ?= 3.1416 to one or two decimal places, by means of the 
formula w = Vb/F, 
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2. Formulas from Permutations and Combhiations. Since for- 
mulas in the theory of permutations and combinations are often 
useful in calculating probabilities, some of the most important of 
these are recorded below. They are all derived by an application 
of the following fundamental principle : 

If one operation can be performed in m ways and, having been 
performed in one of these ways, a second operation can then be 
performed in n ways, the number of ways of performing the two 
operations will be m ■ n. 

(a) The number of permutations or arrangements of n dis- 
similar things taken r at a time is 

nPr = n{,n — 1) (n — 2) {n — !=n\/{n — r) ! . 

(b) The number of combinations or groups of n dissimilar 
things taken r at a time is 

„Cr — nPr/T\~n\/'r\{n — r) ! . 

(c) The number of ways in which x^-\- Xz-\ j- things 

can be divided into n groups of Xt, x^, ' • • , things, all of the 
XiS being different, is 

^ (Xi -|- JCa -f- ■ • • -{■ ®») 1 

Xi lX2l----X„l 

If the x’s are all equal, =X 2 = ■•■ <= x„ = x, this formula 
must be replaced by 

(xl)”nl 

The reason for introducing factorial n into the denominator is 
that there is now no way of differentiating between groups, as in 
the first case. 

(d) The number of ways of permuting n things when Xi are 

alike, x^ are alike, are alike, is given by the formula 

Q== 

XxlXsl-'-Xnl . 

Example 1. How many two-digit nurhbejs can be formed from 
the digits 2, 3, 5, 7 without repetition? 
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This is a problem in permutations, since the number 23 is dif- 
ferent from the number 32. The answer is thus 

,P„ = 4!/(4— 2)! = 12 . 


Example t. How many products of two numbers can be 
formed from the digits 2, 3, 5, 7 without repetition? 

This is a problem in combinations, since 2 X S is the same as 
3X2. Hence, the answer is 

,C2 = 4!/[(4— 2)!2!] =6 

Example 3. How many triangles can be foimed by connecting 
7 points, no three points being on the same straight line? 

If one numbers the points 1, 2, 3, 4, 5, 6, 7, then it is’clear that 
(1,2,3), (3,4,5), etc., will form triangles ; but (1,3,2) and (3,2,1) 
will be the same as triangles (1,2,3). Hence the problem is one in 
combinations and the answer will be 

^ ,03 = 71/(314!) =35 : 

Example k. In how many ways can the letters in the word 
combination be arranged? 

If all of the eleven letters were different, it is clear that the 
answer would be 11 ! But the two o’s can be permuted with one 
another without altering the number of arrangements, and so also 
can the two f s and the two n’s. Hence, the answer will be, accord- 
ing to principle (d), 

11 !/(2 ! 2 ! 2 !) = 4,989,600 arrangements. 

Example 5. There; are four booh shelves which can hold 15, 
20, 35, and 50 books, respectively. In how many ways can 120 
books be allotted to the shelves? 

There are four different groups to which 120 things are to be 
assigned. Hence, from the first formula in (c) above, there follows 

N = 120!/(15!20!35!50!) . 

Example 6. If all of the book shelves of example 5 were iden- 
tical, how many arrangements could be made? 

Since there is now no way of differentiating between the 
groups, the answer will be, using the second formula in (e) above, 

(4XS0) !/C(30!)‘4!] =120!/i;(30!)" 41] 
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PROBLEMS 

1. How many numbers of 4 digits can be formed from 1, 2, 3, 4, 5, and 
6, allowing no repetition of digits in any one number? 

2. What is the total number of numbers of three digits that can be 
formed from 1, 2, 3, 4, 5, if repetitions are allowed? 

In how many ways can six people be seated in a circle in numbered 
cliair^ Unnimibered chairs? / 

&In liow many ways can tlie letters in the word statistics be arranged? 

How many committees of 5 representatives and 4 senators can be 
formed from 12 representatives and 10 senators? 

6, In how many ways can 11 bonds be chosen from a group of 16 bonds? 

f 7. In how many ways can four coins of different denomination be placed 
in one stach? 

8. In how many ways can four coins of different denomination he placed 
on a table, attention being devoted only to the question of which side of the 
coin is up? 

% 

9. In how many ways can four coins of different denomination he stacked 
'so that at least one of them has the head up? 

10. In how many ways can five coins indistinguishable from each other 
he stacked? 

In how many ways can 12 different objects be divided equally among 
tour persons?^ In how many ways can they be put into four equal groups' 

12. In how many ways may 10 different things he distfijbnted among three 
persons A, B, C, so that A shall receive 5, B shall receive S, and C shall re- 
ceive 2? 

13. In how many distinct ways can 4 dimes’ and 6 quarters be distributed 
among 10 persons if each person is to receive a coin?” 

14. How many different sums of at least three coins, each can be formed 
from a*penny^ a nickel, a dime, and a quarter? 

16. In how many ways may 14 stocks be distributed among 4 sharehold- 
ers, so that the oldest shall receive 5, the next 4, the next 3, and the youngest , 
2 ? 

S. Examples Illustrating the Galoulation of Simple a Priori 

Probability. The following examples will illustrate the application 
of tjie definitid-p of the first section to dmple problems in proba- 
bility. 

Example 1. What is thp probability of throwing less than 6 
jrithtwo^ce? 

aro «^fc«^ther 36 ways ip. ■whi(^ the 'two dice can fall. 
Of'i&^':i|%-'tfe3;i«pmbinhtions ( 2 , 1 )^ ( 1 , 8 ), ,( 3 , 1 ) , 
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(1,4), (4,1), (2,2), (2,3), (3,2), are less than 6. Hence, tlie de- 
sired probability is 10/36 == 5/18 . 

Example 2. In a bag there are four white and three black 
balls. What is the probability that if they are drawn out one at a 
time, the first will be white, the second black, the third white, the 
fourth black, etc.? 

There are altogether 7! possible arrangements of the seven 
balls. Of these, there wnll be 4! arrangements of the white balls in 
the odd numbered places and 3! arrangements of the black balls 
in the even numbered places. By the fundamental principle of per- 
mutations and combinations, there will thus be 4 !X3 1 different ar- 
rangements of the balls. Hence the desired probability is 

4!X3!/7! = 1/35 . 

Example 3. A has five shares in a lottery in which there are 
two prizes and ten blank's. B has two shares in a lottery in which 
there are five prizes and ten blanks. Which has the better chance 

to win a prize? 

• 

A toU draw a priz^ unless all of his five shares are blanks. 
Five tickets can be chosen from the Waive in istCJs ~ 12!/5! 7! 
= 792 ways* But, five Wanks can be drawn in toCs = 10!/5! 6! 
= 252 ways. Hence, the probability that A will draw a blank is 
252/792 — 7/22, and the probability that he will draw at least one 
prize is 1 — 7/22 ==^15/22 . Similarly, the probability that B will 
win a prize is 1 — %^C 2 /i^C 2 = 1 — 45/105 = 4/7, Since the first 
value is larger thah the second, it is seen that A has a better 
chance than B to win a prize. 


PBOBLEMS 

1. Three coins are tossed simultaneously. ' W%at is the probability that 
they will fall two heads and one tail? 

2. What is, the probability of throwing 8 with two dice? 

3. Eight balls iiu»mbered from 1 toB ^re placed in a bag and two drawn 
at random. What is the probability that they are numbered 1 and 2? 

’ 4* Seven balls numbered from 1 to 7 arej in a bag, Three are 'drawn at 
random*' What is the probability that they are 5, 6, and 7? 

(o Of .tm balls in a bag^ three are r©<i What is the probability thatihere 
win be at least one red ball in a draw of two balls? What is the probability 
that both wU! be ted? 
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6. A Las three shares in a lottery in which there are three prizes and 
live blanks. B has two shares in which there are twpjsrizes and fonrjianks. 
Which has the better chance to win a prize? 

-'7. In problem 0, which has the better chance of winning exactly one prize? 
Which of winning two prizes? 

8. A bag contains iooiLhLafik: marbles, twoJ wMie marbles, and ,sev;^_^r^ 
marbles. What is the probability that if three marbles are drawn at random, 
all are red? 

9. Compare the chances of throwing 4 with one die and 8 with two dice. 

10. There are two works consisting of two and three volumes, respec- 
tively. If they are placed on a shelf at random, what is the probability that 
volumes of the same work are all together? 

11. Show that the chances of throwing six with 4, ^ or 2 dice, respec- 
tively, are as 1:6:18. 

12. If n people are seated at a ronnd table, what is the probability that 
two named individuals will be neighbors? 

18* What is the probability of receiving a hand of 13 cards all of the same 
suit from a deck of playing cards? What is the ratio of this probability to the 
probability that 12 are of one suit? 11 of one suit? 

14, What is the probability that each of four people hold 13 cards of the 
same suit? 

15. If three dice are thrown, what is the probability that the sum is 11? 


4. Tke Multiplication of Probabilities. When two or more 
events can occur in connection with one another, the joint occur- 
rence is called a compound event. If these events are independent 
of one another, then the following theorem is to be used in calcu- 
lating this joint probability: 

Theorem 1. If the respective probabilities of n independent 
events are P 1 P 2 , , Pn, then the probability that all of them will 

happen is tiie product 


P=Pi^P2--Pn . 

Considerable reflection should be given to this theorem, since 
errors are easily made in application. It is important always to 
ask oneself the question: '^Are all the events independent?'^ 

As an example, consider the problem of throwing 3, 4, with 
two dice. The probability that either die will come down 3 or 4 
is clearly 2/6 or 1/3, but the probability sought for is not 1/3 • 1/3 
1/9 , since the second probability is affected by the first even if 
the events in question, the falls of the two dice, are independent 
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of one another. Thus, if the first die shows a 3, the number on the 
second must be 4. The answer to the problem, is then, 


1 / 3 - 1/6 = 1/18 . 

This answer can be verified directly by considering that two 
dice can fall in 36 different ways, and, of these, only two will ful- 
fill the required conditions. 

The proof of the theorem is evident from a consideration of 
two such events "whose respective probabilities are a/ A and b/B. 
Since, by assumption, the two events are independent, and in the 
first case there are .4 possibilities and in the second B, then by the 
fundamental theorem in permutations there is a total of A X 
possible events. In a similar way, one sees that there are o > ' b 
favorable cases, so that the total probability is ab/AB. 

5. The Addition of Probabilities. If a set of events is of such 
a character that, when one of them happens, the other cannot hap- 
pen, the set is said to be muttially exclusive. Thus, if three runners 
enter a race, any events contingent upon the winning of the race 
are mutually exclusive, because if the first runner wdns, the other 
two cannot. The theorem of probability connected with mutually 
exclusive events is the following : 

Theorem 2. If the probabilities of n mutually exclusive events 

are Pi, P 2 , , Pn, then the probability that some one of these 

events will occur is the sum 

p = p,-fp,-j \-p„ . 


Proof: Suppose that all the probabilities have been reduced 
to a common denominator N, so that 

Pi =. a-i/N , p; = a^/N ps = a^/N , ,Pn — • 

Then the event can happen o-i times out of N in the first way, Cz 
times out of N in the second way, etc. Thus, the total number of 
cases favorable to the event happening in any of the n ways, since 
they are mutually exclusive, must be 

tti — f- -j— • * • — j- flu . 

Hence, the probability that the event will happen in one of these 
ways is 

(flj -f- fla — j- • * • — Oin) /N = Ori/M -|- a^/N • ’ ■ -j- (la/N 

= Pi Pa ~1“ * * * ~{“ P« • 
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As in the case of the theorem of the preceding section, the ap- 
plication of this theorem is fraught with danger. The questions to 
be kept constantly in mind are these : “Will the occurrence of one 
event of the series prevent the occurrence of all of the others ? Are 
the events mutuaUy exchcsiveV’ 

An example will help to clarify the meaning of the theorem. 
Suppose a problem is given, and it is estimated that A's chance of 
solving it is 1/2, B’s chance is 1/3, and C’s chance is 1/4. What is 
the probability that the problem will be solved? 

An error frequently made is that of assuming that the solving 
of the problem by A, B, and C, forms a set of mutually exclusive 
events, so that the answer would be 1/2 -|- 1/3 -j- 1/4 = 13/12, 
which is greater than unity and thus absurd. The case is not like 
that of a race, because all three might solve tiie problem, while, in 
a race, only one could be the winner. Hence, the following mutually 
exclusive cases must be considered: 


A, B, and C all succeed, Pt = 1/2 • 1/3 ■ 1/4 =1/24 

A, B succeed ; C fails, Pa = 1/2 • 1/3 • (1 — 1/4) = 3/24 

A, C succeed ; B fails, pa = 1/2 • 1/4 • (1 — 1/3) = 2/24 

B, C succeed ; A fails, p, = 1/3 • 1/4 • ( 1 — 1/2) = 1/24 

A suceeds ; B, C fail, ps = 1/2 • (1 — 1/3) • (1 — 1/4) = 6/24 

B succeeds ; A, B fail, p, = 1/3 • (1—1/2) • (1—1/4) = 3/24 
C succeeds ; A, B fail, pr = 1/4 • (1—1/2) ■ (1—1/3) = 2/24 


p= 3/4 

An easier way of getting the answer is first to calculate the 
probability that all three would fail to solve the problem. Then, 
since success in solving the problem and failure to solve the prob- 
lem form a mutually exclusive system, the total probability of which 
is one, it follows that 

p = l— q = l_ (l-_l/2) . (1—1/3) . (1—1/4) 

= 1 — 1/4 = 3/4 . 

6. Examples Illustrating the Midtiplication and Addition of 
Probabilities. The following examples will serve as illustrations of 
the application of the theorems of the last two sections. 

Example 1. A bag contains four red balls, five black balls, and 
three vAite balls. Three balls are drawn at random. What is the 
probability that they are all red? 
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The probability that the first is red is 4/12 = 1/3, that the 
second is also red is 3/11, and that the third is red is 2/10 = 1/5. 
The desired probability is then 1/3 • 3/11 • 1/5 — 1/55 . 

This method may be compared with the following : There are 
altogether ,o(7d = 220 possible drawings of three balls. Of these, 
there are ^Cz = 4 possible drawings of three red balls. The answer 
is thus 4/220 = 1/55 . 

Example 2. A, B, and C, in order, toss a coin. The first one 
who throws a head wins. What are their respective chances? 

If A is to win, a head must be thrown on either the first, or 
fourth, or seventh, • • • toss and on no other. The sum of these prob- 
abilities is A’s chance of winning. Similarly, if E is to win, a head 
must appear only on the second, fifth, eighth, ■ • • toss ; and if C is 
to win, the head must appear on the third, sixth, ninth, • ■ - toss. 

These respective probabilities then appear as the following 
geometrical progressions : 

A: 


B: 


C; 


Example S. Fourteen quarters and one five-dollar gold piece 
are in one purse, and fifteen quarters are in another. Ten coins are 
taken from the first and put into the second, and then ten coins are 
taken from the second and put into the first. Which purse is prob- 
ably the more valuable? 

The purse containing the five-dollar gold piece is the more valu- 
able, so the problem is to compare the probability that it is in the 
first purse with the probability that it is in the second. The prob- 
ability that the gold piece was taken from the first purse and put 
into the second is 10/15. Similarly, the probability that, being in 


1/2 rf l/16_-f 1/128 -f 

= _i^=4/7 , 

1 — 1/8 

1/4-1-1/32-1-1/256 4- 

..= ^i/l_ = 2/7 , 

1 — 1/8 

1/8 4 1/64 4 1/512 4 
1/8 


■ 1/8 


.1/7 
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the second, it was again I’eturned to the first is 10/25. Hence the 
probability that the gold piece remained in the second purse is 
(10/15) (1 — 10/25) = 2/5. The conclusion is thus reached that 
the first purse has a larger value than the second. 

PROBLEMS 

A and B alternately throw a die. The first one to throw a six wins. 
Show that A’s chance of winning on the thu*d throw is 25/216. 

2. Find the probability of throwing an ace at least once in two throws, 
with a single die. 

Two whole. numbers taken at random are multiplied together. What 
is the probability that the last digit in the product is 1, 3, 7, or 9? 

4 / A bag contains 5 white, 3 red, and 6 green balls. Three balls are 
drawn at random. What is the probability that a white, , a red, and a green 
ball are drawn? 

5. In problem 4 enumerate the different kinds of draws of two balls that 
could be made and calculate the probabilities for each. Should the sum of the 
probabilities equal 1? 

6. A and B toss a die; the first one to throw a six becomes the winner. 
If A throws first, what are their respective probabilities of winning? 

7. A bag contains five balls. A person takes one out and replaces it. 
After he has done this six times, what is the probability that he has had in 
his hand every ball in the bag? 

8. If five coins are tossed, what is the probability that at least three are 
heads? That exactly three ara heads? 

19 , What is the chance of throwing 6 with a single die at least once 
in four trials? 

^10. What is the most likely throw with two dice? 

11. What is the probability of throwing 7 at least twice in 3 throws with 
two dice? 

12. How many tosses may one be allowed, in order that the probability 
may be ,90 that he gets at least one head? Hint: Consider the equation 
1 — (^/ 2 )^ = .90 . Use logarithms to solve for sc. 

.3. A man throws ten coins, removes all that fall heads up, tosses the re- 
mainder, and again removes all that fall heads up, continuing the process until 
all of the coins are removed. How many times should he be allowed to throw 
in order to have an even chance of removing all of the coins? Hint: 1 — - (%)® 
is the chance that a coin falls heads at- least once in x trials, and 
the chance that all ten %ins will have fallen heads at least once. 

14. A, B, and C, in order, draw from a pack of cards, replacing their card 
^fter each draw. If the first man to draw a hear^ wins, what are their respec- 
tiye chances? 

15. A man draws from an urn containing two balls, one white and one 
black. If he draws a White ball, he wins. If he fails to draw a white hall, the 
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draw is replaced, another black ball is added and he draws again. If he fails 
to draw a white ball in the next draw*, the process is repeated. What are his 
respective chances of winning in 2, 3, 4, 5, 7, and 10 trials? 

7. The Law of Large Numbers. Before proceeding to an ap- 
plication of the theorems of sections 4 and 5, a further word should 
be said in regard to the law of large numbers. The mathematical, 
or a priori, probability, p, has been defined as the ratio of the pos- 
sible number of favorable to the total possible number of cases. 
This means that if a large number of trials is made, the ratio of 
the number of favorable to the total number of cases will be ap- 
proximately p ; and the larger the number of trials, the closer the 
approximation will be. The probability thus determined is called 
the empirical, or a posteriori, probability, and will be designated 
by p,. 

But the question remains as to the definition of large number. 
Is it 10, 100, or 1,000 ? In other words, would a thousand throws 
of a coin be sufficient to determine empirically the probability of 
throwing heads in one throw? The answer to this question is ob- 
viously a very important one, because it will furnish a measure of 
faith in statistical averages which depends upon the number of 
cases used. For example, would data regarding the length of life 
of 100,000 individuals of initial age 10 be sufficiently accurate for 
the establishment of a life insurance company? 

A little later the idea of probable error will be introduced, 
which is closely associated with this question. It is possible, how- 
ever, to anticipate enough at this point to obtain a good working 
rule for the law of large numbers. This rule may be stated as fol- 
lows: 

Let £ (the Greek letter epsilon) be the error in pj, that is s 
is the numerical value of the diflierence p — p,. Tlien, if n trials 
are made in determining the empirical probability p,, the prob- 
ability is 1/2 that the error, ±: e, will lie within the limits 
-}-.6745 VPi { 1 — )7« and — .674.5 Pi )7n. Hence to deter- 
mine the number of trials necessai*y in order that the probability 
may be that the error in does not exceed e, one equates e to 
the first of the limits just given and solves for n. The following 
formula is obtained: 

M £= .4550 2 ?) ( 1 — 2^1 ) /«■ 

Since for a given n, e rarely exceeds three times the limit 
.6745 VPi (1 — Pi) one may multiply n in the last formula by 
3^ 1 = 9 in order to obtain the number of trials which will be neces- 
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sary in order to determine pi to within the limits specified by the 
given allowable error s.^ 

Emmple 1. How many times must one toss a penny in order 
to have a 50:50 chance of calculating the a priori probability of 
throwing heads within an error of .05? 

The answer is at once obtained from the formula by substitu- 
ting p — .5, and s — .05 in the above equation. One thus finds 

(.4550) (.25) /.0025 = 45.50 . 

Since the error s is very rarely greater than S\p — Pi\, the 
value of n may be multiplied by 3", or 9, thus determining the num- 
ber of trials which may be safely used to calculate with the de- 
sired accuracy. In the example chosen, (9) (45.50) = 410, the 
number of throws sufficient to calculate- the desired probability 
within the limits of the prescribed error. 

Example 2. From a mortality table it is found that out of 
89,032 persons alive at age 25, 88,314 have survived to age 26. The 
probability of living from 25 to 26 is thus empirically equal to 
88314/89032 = .99193548. To how many decimal places is this an- 
swer correct? 

In this problem, one is given n = 89,032 and Px = .991935, to 
calculate s. One thus obtains, 

£ = .6745\r ^.991935) (.008065) /89032 = .0002 . 

It is clear from this calculation and an application of the rule 
stated above, that one is as likely to be right as wrong in assum- 
ing that the probability of living from 25 to 26 lies within the lim- 
its .9917 and .9921, but it is very likely that the probability lies 
within .9919 ±: 3 X .0002. 

PROBLEMS 

1. How many throws of two dice would be reasonably sure to show that 
the probability of throwing double sixes lies between 1/36 + .01 and 
1/36 — .01? 

2. Suppose that the observed mortality rate for one year for a popula- 
tion of 10,000 was .0200. Calculate the error. 

3. Compare the error in problem 2 with the error for a population of 
100,000; of 1,000,000. 

IT. H- Brown has recently prepared a table giving the value of n “neces- 
sary to be practically sure of accuracy within given limits”. He assumes that 
s raxdy exceeds 4% instead of 3 times the limit .6745VPi(l — See 
The XJm of StaUsticdl Techniques in Certain Problems of Market Research, 
PubUcation of the Graduate School of Business Administration, Harvard Uni- 
veratj^ Business Research Studies, No. 12, pp. 12-13. 
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4. The American Escperienee Table states that of a population of 100,000 
alive at age 10, 49,341 are alive at age 65. Calculate the probability of 
surviving for this period and determine the accuracy of your answer. 

6. How many times would you have to throw 10 coins in order to calcu- 
late vdthin an error of .01 the probability of getting 5 heads? to calculate 
within the same error the probability of getting 3 heads? (p = 252/1024 in 
the first case and 120/1024 in the second.) 

8. Probability in Repeated Trials. The following two theo- 
rems will be of important use in the discussion of the form of the 
normal frequency curve: 

Theorem 3. The probability that an event will happen exactly 
retimes in n trials is, 

n(n — 1) (n — 2) (n — r-4-1) n! 

—I — i 1 J—l 

l-2.3---r r!(??— r)! 


where p is the probability that it will happen, and q the probability 
that it will fail to happen, in a single trial. 


Proof: The probability that in r trials a series of events will 
happen in any given order is p'q”-’’. But there are „Ct different or- 
ders, all mutually exclusive, in which the series of events could take 
place, so that the total probability will be nCrP’^q”"’'. 

Example. What is the probability that in 5 throws with a 
single coin, heads will appear exactly 3 times? Using the ab- 
breviations, H for heads, and T for tails, the favorable cases can 
be listed as follows : 


H H H T T 
H H T T H 
H H T H T 
H T H H T 
H T T H H 


TT nn 'O’ “Wf 
Jnl X Jti i Jo. 

m YT TT TT rrt 
i XX Xl XX X 

T H T H H 
T H H T H 

m m TT TT TT 

X i Xl XX Jtl 


The number of cases is seen to be identical with — 10, so 
that the desired probability is 10(1/2) = • (1/2) = = 5/16 

Theorem k- The probability that an event will happen at least 
times in n trials is 

P” + nCiP”-*® -f nCiP^-^q^ -i h nCrP^”-'' 

where p is the probability that the event will happen, and q the 
probability that it will fail, in a single trial. 
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Proof: The probability that the event will happen exactly n 
times in r trials is exactly n — 1 times, is exactly 

r times, is nC,v’'q'^-\ Since all of these events are mutually exclu- 
sive, and since in any one of them the event happens at least r 
times, the desired probability must be the sum of all of these par- 
tial probabilities. 

Example: What is the probability that in 5 throws with a 
single coin, heads will come up at least 3 times ? 

The cases to be considered are: (1) all heads; (2) all heads 
but one; (3) all heads but two. The first probability is 1/32, the 
second 5/32, the third 10/32; their sum, 1/2, is the desired prob- 
ability. 

This is an interesting answer to obtain empirically. If 5 coins 
are thrown 100 times and the empirical probability calculated, to 
how many decimal places will the answer be correct? 

9. Mathematical Expectation. In the practical application of 
the theory of probability, the question of attaching a monetary 
value to statistical data quickly arises. For example, it may be 
seen from the American Experience Table of Mortality that the 
probability of a man of age 25 failing to live to age 26 is 718/89032, 
and one is required to find the amount, neglecting interest, that 
would insure him for $1,000 during the year period. The amount 
■of this premium is taken as the mathematical expectation, which 
may be defined as the product of the probability of the occurrence 
of the event by the amount to be gained if the event occurs. Thus, 
the premium would be $1,000 X 718/89032 = $8.06. 

A curious fallacy known as the St. Petersburg problem is very 
illuminating in this connection. 

Suppose that A and B are playing the following game. B is to 
toss a coin until it falls heads. If it falls heads on the first toss, he 
receives a dollar; if it falls heads for the first time on the second 
toss, he receives two dollars ; if it falls heads for the first time on 
the third toss four dollars and, in general, 2’*"^ dollars if it falls 
heads for the first time on the nth. toss. "What is B’s expectation? 

Since all of the events are mutually exclusive, the total expec- 
tation, E, is the sum 

= (1/2) -f2- (l/2) = + 2^. (X/2)® -f 

But this answer, from experience, is absurd. However, He 
.Morgan, in his treatise On Probabilities, did not consider this an- 
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swer to be a fallacy, quoting the experiment of Buffon as proof. The 
result of 2048 games, together with their calculated expectations, 
is tabulated below: 


Toss on which 
Head Appeared 

Frequency i 

Expectation 

1 ! 

1061 

$ 1061 

2 : 

494 

988 

s 

232 

> 928 

4 

137 

: 1096 

s 1 

56 1 

1 896 

6 ^ 

29 1 

1 928 

7 i 

25 

1600 

8 

8 i 

1024 

9 

6 , 

1536 

Total 

2048 

?10,057 


The average per game is calculated to be ?4.91. De Morgan 
argued that if Buffon had tried a thousand times as many games, 
he not only would have made more in particular games, but the 
average per game would have been greater. It is not difficult to 
show that it is very probable that the average per game, if 2” games 
are played, will be approximately m/2 dollars. 

The conclusion to be drawn from this is not that B should pay 
A a very large sum of money for a particular game, which is ab- 
surd, but that A would be foolish to go into this form of gambling 
as a business for $5.00, or any other fixed sum of money per game, 
because, if enough customers appeared, the average cost to him can 
be made to exceed any pre-assigned value. 

One ingenious answer to the fallacy is as follows: It may be 
argued that the amount of winnings A can pay is finite, so B, by a 
phenomenal run of luck, might -win more than A’s total wealth. 
Suppose that A’s wealth is 2'’ dollars, then the series E becomes 

S = l(l/2) -f 2- {l/2)"-f 2*- (l/2)"-f- 

+ 2*’ • (1/2) -t- 2*’ . ( 1/2) -f 

= % (p~l“l) ”4- 1/ d 1/8 — ]- 1/16 -{“ % 

Thus* if A were a millionaire, p would be equal to 20 and B’s 
expectation would amount to $11.00. 

A very different solution of the paradox was given by Daniel 
Bernoulli in terms of a concept which he called moral expectation, 
in contrast to mathematical expectatwn. Bernoulli argued that the 
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pleasure a man received in adding a sum of money to his wealth 
depended upon his original fortune. This idea he formulated mathe- 
matically by saying that the moral expectation of a man who added 
b dollars to an original estate of a dollars is measured by the 
quantity kloge{ar\-h) /h, where & is a constant. 

The solution to which this view leads is too intricate mathe- 
matically to be presented in an elementary text, but the values to 
be attached to the game on various assumptions as to B’s capital 
do not diifer materially from those obtained in the preceding solu- 
tion, where the difficulty is placed upon the limitations of A’s 
wealth. E. Czuber found, for example, that if B had $100.00, he 
could afford to pay $4.36 for a game; if he had $200.00, he could 
afford $6.00. W. A. Whitworth, in his book on Choice and Chance,'^ 
somewhat modifying the idea of moral expectation, obtained an 
answer of $3.80 for an initial capital of $8.00, $4.00 for a capital 
of $32.00, $6.00 for a capital of $1024.00. 


PROBLEMS 

I. A bag contains 25 quarters and one flve-dollar gold piece. What is 
one's mathematical expectation if he has five draws from the bag? 

A hand of five cards is dealt. If all are hearts, A is to receive $10; 
if four are hearts, $6; three hearts, $2; and one heart, $1. What is A’s ex- 
pectation? 

J. A and B play the St. Petersburg game. If A has $100, what is B’s 
expectation? 

4. A is to receive $1000 if no coin in a toss of ten coins is heads. What 
would be an equivalent expectation for 5 heads in a toss of 10 coins? 

A pays B $1.00 to guess the number of heads in a single toss of 4 
coins. What expectation should B place on each of the possibilities: no head, 
one head, two heads, etc.? 

6. A bag contains 5 half dollars, 7 quarters, and 8 dimes. If a person 
draws a single coin, what is his expectation? 

7. A bag contains IS dollars and 10 other coins of equal denomination. 
If one’s expectation for a single draw is 80 cents, what are the other 10 coins? 

8. One bag contains 5 dollars and 7 quarters, and another 6 half dol- 
lars and 4 quarters. If one coin is taken from the first bag and placed into 
the second, and one coin then taken from the second bag and placed into the 
first, what value should be assigned to the first bag? 


See edition 1886, reprinted by G. E. Stechert, 1926. 
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10. Miscellaneotis Examples. When an event is known to have 
happened, and it must have followed from one of several different 
probable causes, the determination of the probability that it pro- 
ceeded from a particular one of these causes is known as a prob- 
lem in inverse probal)ility. Because of the impossibility, in general, 
of assigning the pi'oper probability to the primary causes, this part 
of the theory has recently fallen into disfavor. Its application to 
certain types of problems is so interesting, however, that a certain 
lack of rigor in obtaining answers, and a distrust of these answers 
when they are found, will not seriously interfere with the pleasure 
of the argument.^ 

Example 1. Suppose a black ball has been drawm from one 
of three bags, the first containing three black balls and seven white, 
the second five black balls and thi'ee white, the third eight black 
balls and four white. What is the probability that it was drawn 
from the first bag? 

If N drawings, with replacements each time, are made from 
each bag, where iNT is a large number, there will be approximately 
ZN/IQ black balls drawn from the first bag, 5iV/8 from the second, 
and 8iV/12 from the third. Therefore, of a total of 3iV drawings, 
N from each bag, there will be approximately SAVIO -j- 57sr/8 
-|- 82^/12 black balls drawn, of "which 32^/10 came from the first 
bag. Hence, it is reasonable to argue that the probability that the 
black ball came from the first bag is 

SIV/IO _36 

~ 31V/10 + 52V/8 -f 8^/12 "“191 ' 

The fundamental theorem in invexse probability may be stated 
as follows : 

An event is known to have proceeded from one of n mutmlly 
exclusive causes ivhose prohahilitics are Fj, F,, , P„. Further- 

more, letpi, P 2 , ••• , 2>n be the resioective prolufhilities that when one 
of the n causes exists, the event will then luive followed. The proh- 
ahility that the event qoroceeded from the m-th cause is then 

jp F mPiit 

F iPi -j- F zPj -j- (- F nPn 

^An illuminating discussion of inverse probability^ from a modem point 
of view has been given by E. A. Fisher: Inverse Probability.' Proc. of the 
Cambridge PhU. Soc., Vol. 26, 1930, pp. 528-535; Inverse Probability and the 
Use of Likelihood. Ibid., Vol. 28, 1982, pp. 257-261. 
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In the example just solved, one has P^ = P^ — Pz — 1/3, since 
it is just as probable that the ball was drawn from one bag as an- 
other. (It is this assumption, based on our ignorance of the prob- 
abilities underlying the fundamental causes, that has led to the dis- 
crediting of the theory.) Also, it is known that pi = 3/10, P 2 = 5/8, 
Pa = 8/ 12, and this leads, as before, to the answer 

^ 1/3-3/10 ^ ^ 

“ 1/3 • 3/10 -f 1/3 • 5/8 -f !l/3 • 8/12 191 ' 

The problem of testimony is an interesting application of the 
theorem just stated. 

Example 2. Suppose that A is known to tell the truth in five 
cases out of six, and he states that a white ball was drawn from a 
bag containing 9 black and one white ball. What is the probability 
that the white ball was really drawn? 


The probability that a white ball is drawn in any case is 1/10. 
Also, the probability that the white ball was drawn and that A told 
the tanith is 1/10 • 5/6 . Furthermore, the probability that a black 
ball was drawn and A told a lie about it is 9/10 • 1/6 . Hence the 
probability that a white ball was drawn is 


P = 


1/10-5/6 

1/10-5/6 + 9/10-1/6 


= 5/14 - 


One of the interesting historical problems in elementary prob- 
ability is that known as the problem of “duration of play.” 


Example S. Two players A and B having m and n counters, re- 
spectively, play a game in which their respective chances of win- 
ning are p and q, where p q = l. Each time a game is won, the 
winner takes a counter from the loser. What is the chance of each 
player of winning all of his opponent's counters? 


Let Ux be the probability that A will win when he has x coun- 
ters. On the next play his probability is p that he will win; and, if 
he wins, his chance of winning in the end is Hence, the prob- 
ability that he will both win the next game and finally win all of 
B's counters is p U;^i. Similarly, his chance of losing the game, but 
still ultimately winning, -will be qiix-t. Since these represent the 
only iwssibilities, their sum is equal to and we have the equa- 
tion. 
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One can easily verify that a solution of this equation is 
u^ — a+b- {q/py , 

where a and b are constants that can be chosen at pleasure. In or- 
der to determine a and b, notice that when A has no counters left 
his probability is zero ; when he has m -j- n counters, his probabil- 
ity is one. Thus, it is found that 

tCfi = Of — b 0 , 

From these equations it results that 

6 = qtn+n^ 

Hence, the probability that A will win is, 


ttm • 


P» 




/p7n+n qm^n ^itun jpni+n 

ZZZZ ' - j 

p'l^n qm+n 

_ 1— (g/p)”» _ 

1— {q/py*^ ' 

If p = q, then Um — m/(m -f- n) . The proof of this follows : 
From elementary algebra, 

1 (a/'o)”' 

t = 1 + (q/p) + . . . + -f iq/p)”-^ . 

1 — (q/p) 

The limits may then be calculated to be 


1 (a/'o)”' 

limit — = 14 - 1-1 i-1 (m terms) = m ■ 

q/p = l 1 — q/p 


Similarly, one has 


limit 
q/p = l 


1_ (g/p)»Hn 

1 — q/p 


m-{-n 


The student can derive the desired result from these limits. 
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PEOBLEMS 

1. A Las 10 pennies and B Las 5 pennies. WLat are tLe odds in favor 
of A if A and B match pennies?* 

2. A and B toss a die, the first to throw a six gaining a penny from the 
other. A always starts the games. If A has a dollar and B fifty cents, what 
is the probability that B will win all of A’s money? 

A black ball is drawn from one of two bags containing S white and 
2 bl^k balls and 5 white and 7 black balls respectively. What is the proba- 
bility that the ball was dra%vn from the first bag? 

4. A bag contains 5 balls which are just as likely to be white as colored. 
Two white balls are drawn from the bag. What is the probability that all are 
white? Hint: The bails may be (1) all white, (2) 4 white, (3) 3 white, (4) 
2 white. The probability in the first case is 1/32, and the probability that two 
white balls -wonld be drawn from snch a bag is, of course, one. Hence, we Lave 

= 1/32, pj = 1. Find tLe probabilities in the otLer cases and apply the 
fundamental formnla. 

5. TLe probability that a certain event happened was 1/10, and A, who 
is accurate in 49 cases out of 50, said that it happened. WLat is the prob% 
bility that it actually did occur? 

A and B agree in stating that the event of problem 5 happened. B 
is accurate in 9 cases out of 10. What, now, is the probability that it hap- 
pened? Hint: The probability that the event happened and both A and B 
told the truth is 1/10 . 49/50 . 9/10 . 

7. If C, who is accurate in 7 cases out of 10, denies that the event of 
problem 6 happened, what is the probability that it happened? Hint: There 
are two possibilities, (1) that the event happened and that A and B told the 
truth while C lied, (2) that the event did not happen and that A and B lied 
while C told the truth. 
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Binomial Frequency Distributions 

1. Binomial Frequencies. As an introduction to the general 
subject of frequency curves, a frequency distribution which is typ- 
ical of a large and important class of such distributions met with 
in ordinary statistical data may now be considered. This is the so- 
called binomial frequency distrlbiition . which is also often I’ef erred 
to as the Bernoulli distribiition because of the fundamental work 
done in this connection by Jakob Bernoulli in his Ars Conjectanii. 

As an example, suppose that 10 coins are thrown 2’'’ = 1024 
times, and a record kept of the number of frequencies attached to 
the cases: 10 heads; 9 heads, 1 tail; 8 heads, 2 tails; etc .These 
frequencies, as may be known from the theorems of section 8 of 
the preceding chapter, should be approximately equal to the terms 
in the expansion 

2 « ( 1/2 4 - 1 / 2 )“ . 


To these various frequencies may be attached the class marks 

ffo = 0, aji = 1, = 2, , .Tio = 10 , so that the following 

ideal statistical series is obtained: 


Class Marks 

Frequencies 

0 

1 

1 

10 

2 

45 


120 

4 

210 

5 

252 

6 

210 

7 

120 

8 

45 

9 

10 

10 

1 


The mode, median, and arithmetic average, are all seen to be 
identical and equal to 5. The standard deviation is easily computed 
to be 

«r==V2:5 = 1.58 . 

— 167 — 
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If the histogram for the series is formed, it is seen that the 
central ordinates coincide very closely with the ordinates of the 
normal frequency curve the equation of which is 

= , ( 1 ) 

oV2n 

where one sets N — 1024, ^ = 5, and a = 1.58 . 

The calculations involved in this graduation of the data, by 
means of the normal frequency curve, are exhibited in the following 
table where the abbreviation 


zz= — —er-W^ 

\/2n 

is used. Values of this function will be found in Table VI.^ 


Class 

Marks 

Frequencies 

N/a 

t= (x^-A)/a 


Graduated 

Frequencies 

(y^N/a) 

0 

1 

648.1 

- 8.16 

.00271 

2 

1 

10 

648.1 

- 2.53 

.01625 

11 

2 

45 

648.1 

- 1.90 

.06562 

48 

3 I 

120 

648.1 

1.27 

.17810 ! 

115 

4 ! 

210 

648.1 

- .68 

.32713 

212 

5 ! 

252 

■ 648.1 

0 

,39894 

259 

6 1 

210 

648.1 

.63 

.32713 

212 

7 ; 

120 

648.1 

1.27 

.17810 

115 

8 i 

45 

648.1 

1.90 

.06562 

43 

9 i 

10 

648.1 

2.53 

.01625 

11 

10 

1 

648,1 ; 

1 

; 3.16 

.00271 

2 


The values of are found by entering Table VI with the argu- 
ments in the column for t. The graduated frequencies are then ob- 
tained by multiplying by the value of N fa . Both the histogram 
and the corresponding normal frequency curve have been graphed 
in Figure 31 with the averages as the origin of the class marks. 

The importance of studying binomial frequency distributions 
is found in the fact that many statistical distributions are essen- 
tially of this type. The student may convince himself of this fact 
by taming to the list of problems in section 3, Chapter III. A 
casual survey of the problems shows the characteristic concentra- 


^The studeDt should consult in this connection section II, Chapter II. 
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tion of frequencies about the average and the gradual dimindshinig 
of frequencies at either end of the series. What this means is 
that in most statistical data there is a modal class and that large 
deviations from this mode are rare. 



The accompanjdng diagram (Figure S2) shows an instructive 
device for forming a true normal frequency curve statistically. The 
apparatus is made from a shallow box, covered on one side by a 
piece of glass. Into the back board a large number of pegs are set 
in such a way that the openings between the pegs of one row are 
filled by the pegs of the next. Below the pegs a number of equally 
spaced partitions are placed so as to form a set of compartments. 
Now if a quantity of small shot is introduced by means of a funnel 
to a point midway between the compartments and above the pegs, 
the shot will fall between the pegs and distribute themselves in the 
compartments so as to form an almost perfect normal frequency 
histogram. This phenomenon supplies an apt illustration of the 
way nature and chance w'ork to create frequency distributions. 
Most of the shot in falling through the pegs will be deflected as 
much to one side as to the other so there will be a tendency for 
them to accumulate in the central compartment. A few of the shot, 
however, by a succession of unusual collisions, will tend to move in 
one direction or the other and hence will fall into the outer com- 
partments. These are the exceptions rather than the rule, how- 
ever, and hence the numbers in the outer compartments are com- 
paratively few. This device is known as the Galton quincwm, the 
word quincunx referring to the arrangement of the pegs. A de- 
scription of it was first given in Sir Francis Galton’s Natural 
heritance (1889). 
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Figure 32 

One approach to the mathematical theory of the normal and 
the skew normal frequency curves is through an investigation of 
binomial frequencies; this is the approach that is taken in this 
chapter. It will be seen from the numerical example that a study 
of the frequency table obtained from the individual terms of the 
binomial expansion of the expression. 

+ , 

where p + q ~ 1, with which are associated the class marks 0, 1, 

2, , 71, may prove typical of the study of a large class of 

empirical data. 

In this investigation a start may be made from the following 
table of frequencies, formed from the successive terms of the ex- 
pansion of the binomial Niq (Section 12, Chapter I) : 
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TABLE OP THE BINOMIAL FREQUENCY DISTRIBUTIONS 


Class Marks 

0 

1 

2 



X 

... 

n 

Frequencies 

fo 

h 

1 

i 

h 


fx 

. . . 

i 

in 

jqqn 

Nnq'^'^p 

n(n — 1) 1 

N — 

2! 1 

1 

i jV qn-^ps 1 

— a;)! I 

1 

i 

i 



From this table are first calculated : 

(a) the arithmetic mean, 

(b) the standard deviation, 

(c) the mode. 

When these values have been computed, one is then in a posi- 
tion to derive the normal frequency cur\^e which, as has been seen, 
fits approximately the histogram of the frequencies, 

2. Arithmetic Average and Standard Deviation of a Bino- 
mial Series. The following theorem will first be proved : 

Theorem 1. The arithmetic average of the binomial series, as 
defined in the preceding section, is equal to np. 

Before proving the theorem, an example will clarify its mean- 
ing. 

Example 1. Corresponding to p — 1/S, q — 2/3, «. = 5, ^ = 3* 
= 243, one. obtains the following binomial distribution: 


Class Marks 

»„= 0 

= 1 1^2= 2 

i 

il 



CO 

li 

s’ 


Frequencies 

|/o = S2 

i 

/, = 80 7a = 80 

1 

/3 = 40 i/, = 10 

j 

li 


Putting these values into the formula for the arithmetic mean 
(see section 3, Chapter III) , one has 

(SOXO + SOXl-f 80X2 + 40XS-f 10X4-f 1X5) ^ 

= 5/ij 

243 


which is seen to be equal to «p = 5 X 1/3 • 
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The proof of the theorem is derived from the simplification of 
the following sum : 

^ ~i i~ 

“ N 

Replacing each / by its value in the frequency table of the last 
section one gets 

n(7i — 1 ) 


4 = [ {Nq"-0 + Nnq’^^p-1 N- 


2! 


.qn-2p2,2 , 


+ ^- 


nl 


xlin — x) i 


.qn-xpx.^ _[ j_ ] /Ty/" 


If np is factored out from each term and the N’s of the num- 
erator and denominator are cancelled, this series is seen to reduce 
as follows : 

(i/i — 1) (n — 2) 

A = 'tip [q”-^-\- {n — — —q”~^p^ 

+ + 

■ —nplq-\-p1”-^ . 


Consequently, since g -f == i't follows that A — np, which 
is the statement of the theorem. 

Consider next the standard deviation. 

Theorem 2. The standard deviation of the binomial series is 
equal to yjnpq . 

Example 2. Calculate the standard deviation for the frequency 
table of example 1. 

Referring to formula 2, section 5, Chapter III, and recalling 
that A = S/3, the value for is 

<r^ = [32 (0 — 5/3) ^ -f 80 (1 — 5/3) ^ -f- 80 (2 — 5/3) == 

-f 40 (3 -- 5/3) = + 10 (4 — 6/3) ^ -f 1 (5 — 5/3) ==] /243 
= 2430/(9X243) 

= 5- 1/3 -2/3 . 

If the frequencies of the table in the last section are designated 
■by foffufi, , /», and one recalls that c® = {2 ft (a?i — A ) /N, 
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and that A — n'p according to theorem 1, the proof of theorem 2 
consists in showing that the following series reduces to nfq : 

= [/o (0 — np) ® 4- /i (1 — np) * 4" /2 (2 — npY 

4- fnin — np)^^/N 


Squaring each term, 

<T^ 4~ /i — 2«p + I'') 4- /a — 4rap 4" 2“) 

4- 4- f„ in?p^ — 2n^p 4- /N . 

If the coefficients of rv^p^ and np are collected, one obtains 

= n^p^ (/o 4- A + A 4 h A ) — Snp {/i 4- 2/2 4- 3/3 

^ [.nf„) + 2% + h n%) /N (2) 

But it is at once seen from the explicit values of the frequen- 
cies that 

/o4-A4-A- + A = xV(p+q)« = Ar , 
and it has already been shown, in the proof of theorem 1, that 
A 4- 2A 4- 3/3 -I h nfn — MA — Np% , 

It remains then to consider the series 

l^A4-2^A + 3^A4--" + ’i“^A 

(n — 1) (n — 2) 

= Nnp [ q”-^ 4" 1 4 

4 j- np”-'^'} , (8) 

which is obtained by replacing each frequency by its explicit value 
as given in the table of the first section of this chapter, and factor- 
ing out Nnp. 

Next, in equation (S) replace 2 by its equivalent value 1 -f- 1» 
3 by 1 -f- 2, 4 by 1 4 - 3, • • • , w by 1 4- (n — 1). The above series 
will then break up into two parts; and the following expression is 
obtained : 

(k— - 1) (w— 2) 

Nnp{ Iq”-^ 4- — 1) pq”"* 4 

_j j-P"^^] 4~ — l)p[7""“4“ — 2)pg”“® 

4 i-P”"^} 

= Nnp [ (<?4-p) 4- p (n—1) (q4-p) ”-=] 
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= Nnp [1 + P (■^* — 1)1 — + (1 — P) 1 

— Nlnrp- + npql , since q = 1 — p . 

When these values are substituted in formula (2), the fol- 
lowing simple result is obtained : 

0-2 = n-p" — 4- npq ~ npq . 

Corollary: For a binomial distribution, the standard devia- 
tion can be expressed in terms of the arithmetic mean as follows : 

or = \fA^{T—A/n) , 

where A is the Benioulli mean and n one less than the number of 
classes. 

The proof of this corollary is immediate if p and q are ex- 
pressed in terms of A by the relations = A and g = 1 — p, and 
these values then substituted in the formula for o-. 

PEOBLEMS 

1. It is very unusual for a standard deviation to be in error more than 
2cr/V2Nf where N is the total frequency used in the calculation of Given 
this fact, decide whether or not the following frequency table represents a bi- 
nomial distribution: 


Class Marks 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Frequencies 

i 

1 2 

1 

5 

7 

15 

46 

89 

125 

60 

20 

10 

2 


Hint: First calculate the mean and the standard deviation. Then, using 
the corollary, calculate the standard deviation on the assumption that the 
distribution is normal. Compute the difference between the two values of 
thus obtained and see by the criterion stated above whether this difference is 
significant. 

2. Show that the following frequencies obtained from tossing 10 coins 
500 times fit a normal frequency distribution: 


Heads 

0 12 3 

4 

5 

6 

7 

8 9 10 

Frequencies 

0 5 33 51 

94 

127 

110 

56 

20 4 0 


S. Throw 10 coins a hundred times and compare the observed frequencies 
of heads and tails with those calculated. 
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4. A tetrahedron has its faces numbered 1, 2, S, and 4. Five such tetra- 
hedrons are tossed 1024 times and a count is kept of the number of times the 
tetrahedrons rest on the face numbered one. Compute the ideal frequency 
table. 

5. Graduate the data of problem 2 by means of the normal frequency 
curve. 

6. Calculate the arithmetic mean and the standard deviation for the fre- 
quency table formed by calling successive terms of the expansion (1+3)^® the 
frequencies corresponding to the class marks 0, 1, 2, . - . , 10. 

7. Graduate the following data, showing the distribution of the indexes 
of seasonal variation for factory payrolls in 24 leading industries for the 
years 1923-1931, on the assumption that they form a normal distribution: 


! 

Index of Seasonal ! 

Variation | 

Class 

1 Marks 

Frequency 

Under 85 j 

0 

1 7 

88-90 1 

1 

i 9 

91-93 

2 

1 21 

94-96 

3 

27 

97-99 

4 

I 57 

100-102 

5 

70 

103-105 i 

6 

: 64 

106-108 ! 

7 

1 18 

109-111 

8 

! 8 

112 and over 

9 

1 7 


8. Decide whether or not the above data form a binomial distribution. 
See hint to problem 1. 

9. Show that for a binomial distribution the third moment is equal to 


1% 4* + 33/3 + < • • + 

^Nnp [1 4* Z(n — l)p 4 (n — 1) (n — . 

10. Prom the results of problem 9 show that for a binomial distribution 
the third moment above the mean, is given by 

M^z=zls n pq{q — p) . 

S* The Calculation of the Mode for the Binomial Frequency 
Distribution. The following theorem was first proved by 3, Ber- 
noulli and contains the inequalities which define the value of the 
mode of the binomial series: 

Theorem S. If the probability that an event will happen is % 
and the probability that it will fail to happen is q, then the most 
probable event in % trials is x successes and % — x failures, where 
X is an integer defined by the inequality 

pfi — . 
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Suppose, for example, that two coins are being tossed and the 
probability is being considered that both will fall heads. In a sin- 
gle toss the probability of this event is 1/4, and the probability 
that it will not happen is 3/4. Suppose, then, that the two coins 
are tossed 10 times and one inquires what is the most probable 
number of times the two coins will fall heads. 

The answer, x, is seen from the theorem to lie between 

23% — q £= 1% and -j- p = 2% , 


which means that x — 2. 

The actual probability corresponding to this event is, of course, 
the third term in the expansion of (3/4 1/4)^®, which equals 

.2815. The most probable event, therefore, is not always a very 
probable event, on account of the fact that there are various other 
cases to be considered whose probabilities are relatively large. 

The proof of the theorem consists in finding a value of x which 
will make the function 


yx==N 


nl 

xl(n — ^a:) ! 




(4) 


as large as possible, since p* is the general term in the binomial 
frequency table of section 1. 

If such a value of x exists, it is at once seen that the values of 
(4) calculated lat a: + 1 and x — 1 must be smaller than the value 
of (4) calculated at the point x. This statement is expressed by 
means of the following inequalities: 


n\ 

V < pXqnr^x ^ 

~xl(n—x)l 


nl 


!(n — x — 1) ! 
nl 

(x — 1) l(n — ! 


pX^lqn-x-1 

p3f~1 


Dividing through by each of the left-hand members and re- 
membering that (32^a:+l) 1 = {n—x-{-l) (%— -a:) ! and that (a:-f 1) ! 
— (s-fl)®!, the two inequalities are simplified as follows: 

Ig g . 

~ in — x) p 
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From these, multiplying by (w — x)p and xq respectively, these 
results are derived: 


p(fir—x)£q(x~{-l) , 
qxsp (n — a;+l) 

Solving the first of these inequalities for a;, one has 

pn — px ^ qx-\-q , 
pn — qs{p-\-q)x£X , 

and in a similar way from the second inequality, 

xspn-^p . 

Thus it is seen that the required value, x, is the integer which, 
satisfies both of these inequalities. It should be noticed that when 
pn — q is an integer, x may assume both the upper and lower limits 
of the inequality and the mode is not unique. Usually, however, 
this will not be the case and the mode, with a very slight error, is 
equal to np. It is thus seen to coincide, in general, with the value 
of the arithmetic mean. 

4: Stirling’s Formula. Before the equation of the normal curve 
can be derived from the general term of the binomial frequency 
table, it will be necessary to digress a little and discuss an impor- 
tant mathematical result known as Stirling’s formula. This for- 
mula gives a very useful approximation to nl which, as may readily 
be appreciated, is a very large number for large values of n. 
Stirling’s formula states that 

nl CO n" \fn e~'' -\/27i , 

where the symbol, co, means "approximates” or “ is assunptotic to.” 
For example, by the exact formula one has 

5! = 120 , 

and by Stirling’s approximation 

5!co5® V'5e-“ V2^=118+ . 

The calculations are made, of course, by means of logarithms. 

It has already been seen in problems 2 and 3, section 13, Chap- 
ter III, that nl is bounded by the following inequalities: 

»iV(loge»-f .5772)" < %!< («+l)V2’‘ = 5i"(14-l/?t)"2-” . 
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If, then, «! is written as the product n! = f(n)n’‘, it is seen 
that the function /(n) is limited by the following inequalities: 

(loge%+-5772)-"</(») < (l+l/«)”2-" , 

and consequently decreases rapidly toward zero as n becomes lai'ge. 

It is clear, furthermore, that 

f(n) =nJ/n”^-(l~l/n) (1—2/n) . (g) 

It was A. de Moivre (1667-1754) who first succeeded in giv- 
ing, in 1718, an approximate value to this function, which he de- 
termined in final form except for the unknown constant multiplier. 
This constant J. Stirling (1692-1770) succeeded in finding, twelve 
years later, and the approximation has since been called by his 
name. 

Although many derivations of Stirling’s formula have been 
made, none of them may be said to be entirely elementary. One of 
these, depending only upon algebraic processes, is given in Chrys- 
tal’s Algebra, Edinburgh (1889), part 2, pp. 344-348. Another is 
found in A. Fisher’s Mathematical Theory of Probabilities, 2nd. 
ed.. New York, 1922, pp. 92-95. The student of calculus will find 
a proof in Whittaker and Watson, Modern Analysis, 3rd ed., Cam- 
bridge, 1920, pp. 251-255. 

In this book no more will be done than to exhibit the close- 
ness with which values of the function y/2nn e-** coincide with the 
values of /(«) calculated by means of (5). These values are re- 
corded in the following table for a few values of n : 


n 

fin) 


2 

.5000 

.4797 

3 

.2222 

.1800 

4 

.0937 

.0918 

5 

.0384 1 

.0378 

10 

.0006 

.0004 


5. Derivation of the Skeiv-Normal Frequency Curve. In this 
section it will be shown that a skew-normal frequency distribution 
with its mean at the origin is approximately represented by the 
curve 

N 

y etcp-«)/2ii»]® g-a/2onx‘ 

<rV27t 
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The derivation of this curve from the general term of the bi- 
nomial frequency distribution is one of the elegant problems in the 
mathematical theory of statistics. While a knowlege of this con- 
nection between the discrete and continuous series may not add 
materially to one’s ability to apply the theorj’-, the thoughtful stu- 
dent will find the following development profitable in arriving at 
a knowledge of the underlying principles of the subject. An indi- 
cation of another method of derivation will be found in section 8, 
Chapter IX. 

The development begins with the general term of the binomial 
frequency table of section 1, which may be written 


Vx 


N nl 

X ! (n — x ) ! 


qn-xpx ^ 


( 6 ) 


Since the maximum or modal value of this function occurs at 
or close to a; = np, the origin may first be shifted to the mean by 
a transformation of coordinates. Referring to section 10 of Chap- 
ter II, it is seen that this is accomplished by replacing x by tip *. 
The point of departure will then be from the new function 


Vx- 


Nnl 


(np-{-x) I (nq — .v) 


2jnp^xqqn-x 


(7) 


which has its highest point at » = 0. 

The connection between the discrete and continuous series is 
made by means of Stirling’s formula. Replacing each of the fac- 
torials by its approximation — ^for example, replacing 


(np a:) ! by {np -4- \fnp -4- x \/2n , 
after cancelling common factors, one has 


Vx' 


N 


(np-j-x)”^* \/np-^x {nq — \hiq — x 


^ pnp^qn<i-T 


( 8 ) 


Taking np and nq out of the parentheses and the radicals of 
the denominator as factors [for example, by (4) section 2, Appen- 
dix II, {np-{-xY = (np)’=(l-i-«/np)''] equation (8) then becomes: 


Vs 


CO . 


N n^-yn 


^ ^ 

(mo) ( H ) x/Tm ( w) (1 

^ np y if \ ^ 


•) X/fnq x/271 


yf pnp+Xqfiq^ 
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N 

■ OO ■ - — - — — 

^ ^ - - 

^ f ^ "sj ^niQ~X/y^nQ~‘X ^ ^fnq V2?s 

^ np nq 

\/ pnp^x^nq-x 

Since np -\- nq = n{p q) —n, one can factor out n”\/n and 
thus obtain 


CO .(1 4- xfnp)-^^^-^ (1 — x/nq)-’^*’’-^^ . 

\/2n npq 


If logarithms of both sides to the base e are ta,ken, one gets 
logeVx CO logeZ'i^ — % logs 2n upq — («25 -f a: 4- %) loge (1 -{-x/np) 
— {nq — a; + Alleged — x/nq) . 

Knowing from equation 9, section 6, Appendix II, that 

logs ( 1 4 - 2 ) —z — 2 V 2 + zV3 — z*/4 4 , 

one can expand the logarithms of the last two terms and expand 
the resulting series in powers of a;. This leads to the further 
approximation, 

loge2/* CO logeN — % loge2a:«pq 

-f [ —{np+Vk ) fnp 4- (nq4-l/2 ) /%g] x 

4" [(»*-?>4-14)/2(«p)^4' (« 94 '^ 4 )/ 2 (wq)® — l/np — \/nq\x^ 

4.... . 

Since n was assumed to be large, terms which involve l/w to 
the second or higher powers can be neglected. Finally, recalling 
that p 4" = Ij one arrives at the approximate value 

log<.p, CO logeiV — Iog<.2ji«pq 4- - — ? X i— x^ • 

2npq 2npq 

From this, taking the anti-logarithms of both sides and calling 
y the approximate value of p®, the equation is obtained, 

N 

y : — Q C(p-a)/2»pg]4? 

\'2npqn 


( 9 ) 
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6. The Skew-Normal Curve. The student wiil observe from 
the results of the last section a curious circumstance. If in equa- 
tion (9) one replaces npq by a and makes use of the fact that 
p c= A/n, then (9) can be written 

N 1 

y = e-V'lJ'/ff) ^ 

a V271 

where S' = {q — p) /2(7 £= (1 — 2A/n)/2A! . 

But equation (10) may also be written in the form 


cr \/2jI 

where N' = N . By reference to section 11, Chapter II, one 
notes that this is the equation of the normal probability curve with 
its modal point at x t= — S' a . 

Hence the conclusion is reached that the skew-normal binomial 
distribution obtained when p is different from q is approximately 
represented by a normal curve the modal point of which is found 
at X c= — S' cr . Since the origin of coordinates of the binomial dis- 
tribution has been chosen at tire arithmetic mean of the distribu- 
tion, that is, A = 0, the skewness may be measured by Karl Pear- 
son’s definition [see section 10, Chapter III, formula (9)] 


that is, 


S: 


A — Mo 


Sr=- . 


Moreover, from the results of problem 10, section 2, Chapter 
VII, one obtains 


q — p_ Ms 

2<r 


which is seen to be identical with formula (11), section 10, Chap- 
ter III. 

In practical application of these formulas for the skewness, 
because of the difficulty of making an accurate determination of 
n in some cases, S' should be checked by comparison with S" . 
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It is illuminating to compare values of and y for special 
cases. 

Example 1. Let p = « = 1/2, » = 10, N = 1024. One thus 
has, from formula (7), 


1024-10! 


(5-fa;) !(5— a) ! 
and from (10), 

y 




10 ! 


(5-fa:) ! (5—2:) ! 


1024 1 


1.58 V2^^ 


, g-%(®/1.5S)2 . 


Letting x take values from — 5 to 5, the following table is ob- 
tained, which has already been graphically represented in Figure 
31: 


X 


y 

0 

252 

259 

± 1 

210 

212 

± 2 

120 

115 

± 8 

45 

43 

± 4 

10 

11 

± 5 

1 

2 


Example 2. Let 

p = l/3 , 9 = 2/3, 7 ^ = 3» = 19,683, 

Then 


A = 3, a=V2 = 1.4142, 

S' =( 1 — 6/9) /2.8284 = .1179 . 


«. = 9 . 


Making the proper substitutions in the formulas for y^ and y 
[formulas (7) and (10), respectively], one has 


Vx-- 


19683-9! 


(3-fa;)!(6— «)! 

19683 


(1/3)®-** (2/3) 


9! 


(3+a:)!(6— »)! 


. 2®-® 


y- 


1.4142 


, g-.lir9 (s/1.414) g-%(s/l,414)> 


If, in the last equation, ig designated by yt and 

g-%(ir/i.4i4)> jjy the calculations may be tabulated as follows : 
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X 


N/<r 

Vi : 

y2 

i 

y = (iV/<T) . : 

i 

Vx 

- 3 

- 2.12 i 

13918 

1.28403 

.04217 i 

754 ! 

512 

- 2 

- 1.41 ; 

13918 i 

1.18531 

: .14764 . 

2436 

2304 

- 1 

.71 1 

13918 I 

1.08329 i 

.31006 

4675 1 

4608 

0 

0 ; 

13918 1 

1.00000 ; 

.39894 i 

5552 : 

5376 

1 1 

.71 i 

13918 

,92312 j 

1 .31006 

3984 

4032 

2 j 

1.41 i 

13918 ! 

.84360 I 

.14764 ' 

1734 : 

2016 

3 1 

2.12 I 

13918 ; 

.77880 * 

.04217 ' 

457 ; 

672 

4 i 

. 2.83 

13918 

.71892 ' 

,00725 

73 

144 

5 

. 3.54 i 

13918 : 

.65705 i 

.00076 ’ 

7 

18 

6 1 

. 4.24 

13918 ’ 

i .60653 

.00005 

0 j 

1 


The histogram for yx and the graph of y are given in Figure 
33. 


Y 



7. Application to the Graduation of Statistical Data. The prob- 
lem that has just been solved is essentially one in curve fitting. 
Given a table of data, one is required to find a curve which vnll ap- 
proximately fit the histogram. A great deal of work has been done 
in recent times in constructing a mathematical theory of cuive- 
fitting which will apply especially to frequency histograms. Fre- 
quency distributions are usually, but not always, unimodal in char- 
acter, although inherent peculiarities in ihe data often make it im- 
possible to use the skew-normal curve for graduation. Two the- 


184 


ELEMENTS OF STATISTICS 


cries of curve fitting have arisen in attempts to generalize the 
skew-normal curve. One of these is due to Karl Pearson, the emi- 
nent English biometrician, who founded his theory upon a differ- 
ential equation and developed seven types of curves, later increased 
to twelve types, which seemed admirably suited to the graduation 
of frequency distributions found in biological data.^ The second 
theory is due to the Scandinavian statisticians and actuaries. Gram, 
Thiele, Westergaard, Charlier, Wicksell, and Jorgensen, and is well 
set forth in Mathematical Theory of Probabilities by Arne Fisher. 
The theory is not elementary in character, however, and depends 
upon a knowledge of the manipulation of series of so-called orth- 
ogonal functions. In this introductory treatment it is necessary to 
limit the discussion to the skew-normal curve, and if this will not 
graduate the distribution, the problem must be abandoned to high- 
er methods. Some further account of this subject will be found in 
Chapter XII. 



In further illustration of the principles of graduation of data, 
consider the following example. 

Example: Fit a skew-normal curve to the. data of table (b), 
(4-6 months prime commercial paper rates, January, 1922-Decem- 
ber, 1931), as given in section 2, of Chapter III. 

The Bernoulli mean and deviation are calculated to be 3.40 and 
1.6 respectively, (see sections 4 and 6, Chapter III). The skewness, 

^Por a comprehensive treatment of the Pearson theory, see W. P. Elder- 
C'tiiroes and Correlation, London, C. & E. Layton, 1906, 2nd. 
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S% is then equal to (1 — 6,80/7) /3.2 = .0089. Keeping to the class 
marks 0, 1, 2, etc., one approximates the skew-normal curve Icr 
these data by means of (using equation 10), 


r _ ^-.O089(T-C 40),'3 CO ^ 


1.6 


\^2 ji 


Designating ^-oos9(ar-3.40)/i.6o __ ^-viEi^-.4o)/i.co3= 

V2or 

by and ^2 respectively, the following table is calculated : 


{x^A)/(r 

N/a 

i i ' 

-S'(»-A)/(rj 2/1 

1 

- 2.18 

67.5 

j 

.02 

i 1.02020 

.04128 

- 1.50 

67.5 

.01 

1 1.01005 

j .12952 

- ,88 

67.5 i 

.01 

1 1.01005 

; .27086 

» .25 

67.5 i 

.00 

; 1.00000 

,88667 

.38 i 

67.5 1 

.00 

: 1.00000 

.37115 

1.00 ! 

67.5 i 

-.01 

1 .99005 

i .24197 

1.63 

67.5 1 

-.01 

, .99005 1 

.10567 

2.25 

67.5 i 

i 

-.02 

1 .98020 : 

.03174 


Graduates | 
Frequencies j 
y = (N/(t) 

^ Ungraduated 
Frequencies 

3 1 

2 

9 ■ 

8 

18 : 

1 23 

26 ! 

! so 

25 ' 

20 

16 

IS 

7 

6 

2 

6 


The histogram of the ungraduated frequencies and the graph 
for the graduated frequencies are given in Figure 34. 

PBOBLEMS 

1. Calculate the mode for problem 1, section 9, Chapter I, on the assump- 
tion that it is a skew-normal distribution. How does this value compare with 
the value calculated by the formula for the mode given in section 10, chap- 
ter 8? 

2. Compute the value of 10! and of 1000! by Stirling’s formula. 

3. Pit a skew-normal curve to the table obtained by using each term in 
the expansion of (1+4)® as a frequency. 

4. Graduate the data of the following table, showing the percentage 
deviation from trend of Brad street’s Index of General Prices for the pre-war 
period, 1897-1918: 


Percentage Deviation | 
from Trend 

Class 

Marks 

Frequency 

- 15 to- IS 

0 

i 3 

- 12 to- 10 i 

1 

6 

- 9 to- 7 i 

2 

10 

- 6to- 4 : 

8 

81 

- 3 to- 1 ; 

4 

S7 

0 to 2 i 

5 

58 

3 to 5 1 

6 

89 

6 to 8 i 

! 7 

13 

9 to 11 1 

i S 

4 

12 to 14 i 

9 

3 

, , 
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5. Graduate the following table, which shows the distribution of 1110 
observations made on 149 commodity price series during* ten business cycles:^ 


Duration of Cycle 
(from low to ensuing low) : 
(in months) 

Class 

Marks 

Frequency 

7.50-12.49 

0 

7 

12.50-17.49 

1 

27 

17.50-22.49 

2 

61 

22.50-27.49 

3 

115 

27.50-32.49 

4 

139 

32.50-37.49 ! 

5 

186 

37.50-42.49 

6 

167 

42.50-47.49 : 

7 

124 

47.50-52.49 i 

8 

122 

52.50-57.49 i 

i 9 

67 

57.50-02.49 i 


52 

62.50-67.49 ’ 

! 11 

15 

67.50-72.49 

i 12 

15 

72.50-77.49 i 

1 13 

8 

77.50-Over 

14 

5 


Total 1110 


0. The data in table (a) , section 2, Chapter V, give the monthly and an- 
nual averages of mean weekly freight loadings, from January, 1919, to De- 
cember, 1932, Choose proper class intervals and arrange the 168 items into 
a frequency distribution. Hint: Let the difference between the largest and 
smallest item form the range. Divide this range up into a convenient number 
of intervals and arrange the data into these classes. Test the distribution to 
see if it is either normal or skew-normal and make a table showing the gradu- 
ation of the data. 

7. Graduate the following data, which show the deviations from trend of 
bank clearings outside of New York City, from 1897 to 1918: 


Deviations Class 

from Trend Marks 

Frequency 

Over -17% 0 

1 

-16 to -14 i 1 

I 1 

-13 to -11 , 2 

10 

-10 to- 8 , 3 

13 

-7to-5 , 4 

15 

- 4 to - 2 ! 5 ! 

28 

- 1 to 1 : 6 

60 

2 to 4 ; 7 

33 

5 to 7 ! 8 

24 

StolO i 9 

17 

11 %d Over ! 10 

2 

Total 

204 


Bekapiar of Prices, Frederick G. Mills, New York, 1927, Ch. IV. 



CHAPTER VIII 


The Noemal Feequency Cueve — Peoblems in Sampling 

1. The Meaning and Use of the Area under the Normal Curve. 
In the beginning of the last chaptei*, the formula was given 

, ( 1 ) 

a'\/2ji 

where N was the total frequency, a the standard deviation, and A 
the arithmetic mean of the distribution, which the formula was de- 
signed to represent. 

From graphs previously given in the text (see, for example, 
Figure 17, section 11, Chapter II) , it is seen that the curve repre- 
sents a normal symmetric distribution; it is variously referred to 
as (a) the normal frequency curve, (b) the probability curve, (c) 
the Gaussian curve of error. The first two names are apparent 
from its derivation, the last is due to the work on it by Karl Fried- 
rich Gauss (1777-1855), who was one of the first to point out that 
errors in observations could be ti'eated by means of this curve. 

It will be seen by referring to the work of the preceding chap- 
ter that the area of each rectangle of the histogram is equal nu- 
merically to the frequency which corresponds to the class mark at- 
tached to it. Thus in Figure 31 of Chapter VII, the frequency of 
the class mark 3 is 120. The total frequency is equal numerically 
to the total area of the histogram. 

In a similar way, the total area under the normal curve is 
equal to the total frequency of the data represented by it. Hence, 
it is important to know the area included under the probability 
curve between the ordinates corresponding to a; = 0 and x — X, 
where X is any value, because this area will be equal numerically 
to the sum of the frequencies corresponding to the class marks be- 
tween 0 and X. 

For convenience, the area under the curve, 

= ^ ( 2 ) 

\/2ai 

is tabulated for values of t from 0 to 4 in Table VII at the end of 

— 187 — 
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this book. To find from these tabulated values the area under the 
normal curve corresponding to a value of x, the following rule is 
used: 

Find in Table VII the area under (2) which corresponds to 
t = x/v . This area will be designated by the symbol I(t). The 
product of the value thus obtained by the total frequency N gives 
the desired area under the normal curve. It should be noticed 
from the symmetry of the function defined by (2) that the area 
for negative values of t is equal to the area for positive values of t, 
that is to say, I ( — t) = /(t) . 

Example 1. As an example, one may turn to the histogram giv- 
en in Figure 31 of the preceding chapter and calculate the sum of 
the fi’equeneies between the class marks a: = 0 and x — 2 which 
correspond to the class marks x — 5 and x = 7 of the table. Since 
the class marks fall in the middle of the intervals, only half the 
initial and final frequency rectangles are to be used. The desired 
sum is then found to be equal to 126 210 60 = 396. The area 

under the normal curve which approximates this value is calcu- 
lated by finding in Table VII the area corresponding to f = 2/o- 
= 2/1.58 = 1.266, and multiplying the area thus found by the fre- 
quency 1024. Since t is given to three decimal places, it is neces- 
sary to interpolate in finding the value of 7(f). Thus, from the 
table, one has 

7(1.26) = .39617 

.00179 (First difference) . 

7(1.27) = .39796 

Consequently 7(1.266) = .39617 + .6 (.00179) = .39724, and 
the desired frequency is this number multiplied by TV = 1024, 
which gives 407 approximately. 

Since the area under the normal frequency curve is exactly 
equal to TV, and since a frequency histogram is essentially an area 
chart in which each frequency is represented by the area of a rec- 
tangle, the area function 7(f) may be used instead of the ordinate 
of the normal frequency curve for the gi'aduation of data. If ref- 
erence is made to Figure 31 of the preceding chapter, it is seen 
that the bounds of the frequency rectangle of the histogram are 
— 5.5, — 4.6 ; — 4.5, — 3.5 ; — 8.5, — 2.6 ; etc. In order to ap- 
proximate the area of the rectangle between 2.5 and 3.5, for ex- 
ample, all that is needed is to subtract the product of TV with the 
area function evaluated at the first station from the product of 
TV with the area function evaluated at the second, or, in other 
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■words, to compute the difference N I (3.5/<r) — N I (2.5/<r). This 
difference is easily found to be 1024 [1(2.21) — 7(1.58)] == 
1024(0.48645 — 0.44295) = 44.54, which is very close to the his- 
togram area of 45. 

The following table shows the graduation of the data of sec- 
tion 1, Chapter VII, where N = 1024 and <j — 1.58 : 


X 


1 (a;/cr) 

NI (jc/<r) 

[ Graduated 

1 Frequency 

Histogram 

Data 

- CO 



00 

.50000 

— 

512.0 

i 

i 


- 4.5 

- 2.85 

.49781 

509.8 

» 2.2 

1 

- 3.5 

- 2.21 

.48645 

498.1 

1 11.7 

10 

- 2.5 

- 1.68 

.44295 

453.6 

1 44.5 

45 

- 1.5 

.95 

.32894 

336.8 

i 116.8 

120 

- 0.5 

- .32 

.12552 

128.5 

208.3 

210 

0.5 

.32 1 

.12552 ! 

128.5 

1 257.0 

252 

1.5 

.95 1 

.32894 

336.8 

i 208.3 

210 

2.5 

1.58 1 

.44295 

453.6 

‘ 116.8 

120 

3.5 

2.21 ^ 

1 .48645 

498.1 

! 44.5 

45 

4.5 i 

2.85 1 

.49781 

509.8 

: 11.7 

10 

00 1 

! 

00 ! 

1 ' 

1 .50000 

! ! 

512.0 

2,2 

1 

Totals 1 j 

1024.0 

1024.0 


Example 2. The ske'wness of the data given in the following 
■table is not sufficient to invalidate approximate calculations based 
upon the assumption tMat a normal distribution is being dealt -with; 


DISTEIBUTION OF BRADSTREET’S COMMODITY PRICES (1897-1913) 
(expressed as percentages of trend) 


Percentage 
of Trend i 

Frequency 


Percentage 
of Trend 

Frequency 

85% ! 

1 


100% 

14 

86 

0 


101 

30 

87 ; 

2 


102 

15 

88 i 

0 

ii 

103 

15 

89 1 

4 

,i 

104 

12 

90 : 

2 


105 

12 

91 

1 

'1 

106 1 

4 

92 I 

3 

u 

107 1 

7 

93 

6 

ii 

108 ' 

! 2 

94 j 

10 

|i 

109 : 

1 0 

95 1 

8 

ii 

110 

3 

96 ; 

13 

!i 

111 

1 1 

97 1 

5 

11 

112 

i 1 

98 

16 

i 

118 

, 1 

99 I 

15 

ji 

114 

: 1 


N = 204, A == 99.94, a = 4.934 . 
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It will be instructive to evaluate the sum of the frequencies 
from .r = 0 to cc = 5, where x is the percentage trend measured 
from the arithmetic mean. Since 5 is approximately equal to o-, 
this sum is given by 

2V/(5/<r) 7(1) =204 (.34134) =69.63 . 

Since A = 99.94 and o- = 4.934, this frequency is equal approxi- 
mately to the sum of the frequencies of the histogram from the per- 
centage 100 to the percentage 105 on one side of the mean, and 
also from the percentage 100 to the percentage 95 on the other side. 
Since only half the frequencies of the two end values are to be in- 
cluded, these two sums. Si and S-, are calculated to be 

51 = 56.5 , 5. = 80 , 

% (Si S 2 ) = 68.25 . 


2. The Probable Error. The frohable error of a normal fre- 
quency distribution is a value Xo, so chosen that one half the total 
frequencies correspond to class marks lying between Xo and -Xo . 

The probable error can be readily obtained by interpolation 
from the table of areas, since, where Xo is the probable error, Xo will 
be equal to that value of t for which the area, I (t) — 1/4 = .2500. 
From Table VII the follo-wung values are given : 

7(.67) = .24857 

.00318 (first difference) . 

7(.68) = .25175 


By interpolation, 
t=.67 


.25000— .24857 
.00318 


:.6745 : 


Thus, the following formula for the probable error is derived : 

p.e. = .6745<7 . (3) 


Since .6745 is approximately 2/3, the probable error is often 
conveniently written (2/3) o-. 

The significance of this formula will be clear from examples. 
Thus, in the data of example 2, section 1, of this chapter, the 
probable error is .6745 X 4.934 = 3.3280. This means that any 
item chosen at random among the 204 has a “50-50” chance of rang- 
ing between 100 — 3 = 97 and 100 -{- 8 = 103 percent. 
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As another example, consider the frequency distribution ob- 
tained when 9 coins are tossed 512 times and count kept of the 
number of times heads appeared on each toss. The probable error 
is calculated to be 


p.e. = . 6745X3/2 = 1.01 . 

This means that the chance is practicaly Vs that if 9 coins ai'e 
tossed at random they will fall either 5 H, 4 T ; or 4 H, 5 T. This 
probability is actually 63/128. 

The probable error is one of the most important expressions 
in statistical studj^ and considerable emphasis will be laid upon it 
in subsequent developments. Not a gi’eat deal of information is 
given about a distribution, for example, by stating merely the 
arithmetic average but considerable knowledge is derived from a 
statement of the arithmetic average and the probable error in com- 
bination, thus: 


A ± .6745(7 . 

One important fact that is easily proved is that a deviation 
from the mean of three times the probable error is very unlikely. 
Thus, if a: = 3(.6745 cr ) = 2.0235 a , then t = 2.0235 and 2 1(t) = 
2 (.47849) = .95698. From this we derive the information that the 
probability is 1 — .95698 = .04302 that a deviation will occur which 
is three times the probable error. 

It should be partkv.larhj emphasized that formula (3) fo?' the 
probable error has meaning only when it is applied to a normcd 
distribution. If the distribution is skewed, then this formula is 
only a convenient approximation to the true probable error. 

PROBLEMS 

1. Calculate the values of the following: J(1.82), 7(2.44), 7( — 1.22), 
7(0.237), 7 (—1.268). 

2. What is the probability that a statistical unit will lie outside of the 
interval A ± 1/2 of its probable error? Within the interval A ± 3/2 of its 
probable error? Outside of the interval A ± twice its probable error? 

3. Using the method of areas, graduate the data of table (b) , 4-6 months 
prime commercial paper rates, 1922-1931, as given in section 2, Chapter III. 
The average and standard deviation for this table are A = 4.45, o = .80. Cal- 
culate the probable error. 

4. From the data of problem 7, section 2, Chapter VII, compare the ac- 
tual and theoretical probability of an index of seasonal variation of factory 
payrolls lying between the values of 97 and 105. Calculate directly from the 
data the probability that an index lies outside three times the probable error, 
and compare with the theoretical value derived above. 
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3, Probable Error Applied to Sampling. Any empirically de- 
rived table of frequencies may be conveniently thought of as being 
a random sample chosen from an ideal distinbution, or population, 
whose total number of cases greatly exceeds that of the sample. 

If one were to throw 10 coins 1024 times, for example, and 
record the frequencies corresponding to the number of heads 
thrown, the resulting table would be essentially a random sample 
of 1024 cases chosen from the ideal distribution which would result 
if the number of cases could be increased without limit. 

In business, sampling is a common process used in arriving at 
the value of commodities. A car load of coal must be estimated with 
respect to size and quality by random sampling. A merchant can- 
not examine every bolt of cloth that is purchased, but by a proper 
selection of samples from the entire order he can assure himself of 
the average quality of the merchandise. It is not possible to go into 
details here about methods of sampling, because each problem has a 
technique of its own. The only general rule to follow is that of 
being sure that the sample is sufficiently large and chosen in such 
a way that it is perfectly random. If one bought apples by judging 
only from the size of those displayed, he might sometimes make a 
mistake, since some dealers display only the best of the lot. 

The problem which can be dealt with statistically is that pre- 
sented by the analysis of the sample once it has been properly 
chosen. Thus, suppose, for some ideal population of M individuals, 
M a large number, that the frequency table is as follows : 


FREQUENCY TABLE FOE AN IDEAL POPULATION 


’Class Marks 


1 


\ 


Frequencies 

F^ 

F. 

Fz 


F 

^ p 


where F^-}- + Fs Fp~ M. 


Next, suppose that a sample of N individuals is chosen from 
this population, and that the frequencies are recorded as follows: 


FREQUENCY TABLE FOR THE SAMPLE 


■Class Marks 


*2 


1 


Frequencies 

h 

h 

fz 


fp 


•where -f -f 4 ./^ — fyj. 
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This very important problem is then considered : What is the 
probable error for the icth frequency, i.e ., })., of the sample? 

It is at once clear that, if a second sample of N individuals is 
taken from the ideal population, the /.dh frequency may have any 
one of the values from 0 to N. However, the probability is very 
much in favor of the value fn, since that has already appeared in 
the first sample. F'or example, it is known that, if ten coins are 
tossed 1024 times, five heads will appear 252 times on the av'erage. 
If some individual actually makes a toss of ten coins 1024 times, he 
may find that five heads appear 0 times or 1024 times. The prob- 
ability is practically zero for these extreme cases, however, and 
the empirical figure should be close to 252. The probability in favor 
of 252 is high, the probabilities for 242 and 262 are lower, and the 
further one gets from 252, the smaller the chances become of get- 
ting that number for the fi’equency for 5 heads. If, then, the respec- 
tive probabilities for each number behveen 0 and 1024 ax’e calculated 
and graphed, it is evidently reasonable to assume that these prob- 
abilities will form a normal distribution about 252 as the average. 
The actual values of these probabilities wnll be, of course, the terms 
in the expansion of (1/2 -f- 1/2)^“=“'*. Obviously, it would be foolish 
to attempt to calculate them. The purpose of this discussion is 
merely to show that one is dealing with a binomial frequency dis- 
tribution to which the Bernoulli mean and the Bernoulli deviation 
apply. 

Returning now to the general sample, it is seen that the most 
probable value for the fi'equency is M ■ Fis/M and that the stan- 
dard deviation of the frequencies attached to the numbers from 0 
to M is 


Ft, 
V M 


a- 


F„ 


M 


\ 


F„(l 


Ftc 


M 


Thus, the highly important conclusion is reached that the prob- 
able error for an observed frequency is 

.6745 . 

In practice, of course, neither Ft, nor M is known, but, if the 
sample is sufficiently large, Ft:/M can be replaced by its approximate 
value fjc/N, giving 

a=oo/,(l_/,AV) . (4) 

The frequency of the fcth group could then be written 


/fc±:.6745V/fc(l — A/N) . 
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Example 1. If a student tosses 100 pennies and counts the 
heads, within what limits will his answer lie? In the ideal case a 
frequenc 3 ’^ of 50 heads would be expected. Hence, the probable 
error is 

.6745V’^(1 — 50/100) = 3.36 

It is then very probable that the number of heads tossed will 
lie within the range 50±:3(3.36). That is to say, it is unlikely that 
the student will throw more than 60 heads or fewer than 40. 

Example 2. A dealer takes 100 samples from a shipment of 
10,000 items of a certain goods and finds that there are 50 items 
of grade A worth $5 per thousand, 30 items of grade B worth $4 
per thousand, and 20 items of grade C worth $3 per thousand. 
Within what limits should the value of the shipment be fixed? 

Obviously, the true value of the shipment must be somewhere 
between $30.00 and $50.00, since certainly all of it is neither grade 
A nor grade C. In order further to limit the values, one first cal- 
culates the probable errors of the samples and thus finds ; 

p. e. for grade A = .6745 VlOO"^ [ SO/iOOMT^T 50/100) = 3.37 , 

p. e. for grade B = .6745V100 • (30/100) (1 — 30/1^ = 3.09 , 

p. e. for grade C = .6745 vT00^1WiOO)T 1 — 20/lOW = 2.70 . 


Adding to and subtracting from the sample three times the 
probable error for each grade, the following upper and lower values 
for the three kinds of goods are found. These figures are expressed 
in percentages : 


Upper Value 
Lower Value 


Grade A 
[50±3(3.37)] 

60.11% 

39.89% 


Grade B 
[30±3(3.09)] 

39.27% 

20.73% 


Grade C 
[20+3(2.70)] 

28.10% 

11.90% 


Thus the highest value that can be placed upon the shipment 
is that value for which grade A is the highest and C the lowest, 
that is, 

Grade A = approximately 60% 

Grade C = approximately 12% 


72% 

Grade B = 100% — 72% = 28% 
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From the above figures, it is found that the maximum value of the 
shipment is 

$5(60^c of grade A) -j- S4(28‘;r of grade B) — S3(12fr, of 
grade C) = $30 + $11.20 + $3.60 = $44.80. 

Similarly, the lo-\vest value that can be set on the shipment is 
that value for which grade A is the lowest and grade C the highest, 
that is, 

Grade A = approximately 40% 

Grade C = approximately 28% 

68 % 

. Grade B = 100%— 68% = 32% . 

From these figures, it is found that the minimum value of the ship- 
ment is 

$5(40% of grade A) -4- $4 (32% of grade 8) 4- $3(28% of 
grade C) ■= $20 -f $12.80 + $8.40 = $41.20. 

The value of the goods can then be fixed within the limits 
$41.20 and $44.80. 

. 4 . Probable Errors of Varioris Statistical Constants. By ar- 
guments which are too long and difficult to be developed profitably 
in an introductory course, the probable eirrors of all the statistical 
constants can be calculated. As an example, the method of deriva- 
tion of the probable error of the arithmetic mean will be given in 
the next section, although the theory is difficult at best and not 
essential for a proper understanding of the use and application of 
the result. 

Since probable eiTors are of the verj"- greatest importance in 
the application of the theory of statistics to practical problems, a 
few of them have been recorded below, together with some illustra- 
tions. 

(1) p. e. of the arithmetic mean. A, = .6745 . 

(2) p. e. of the standard deviation (normal distribution) , <r, 

= .6745 a/\fm = .4769 a/\7N . 

(3) p. e, of the observed probability, Pi, 

= .6745VPx( 1 — Pi)/N . 
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(4) p. e. of the second moment about the mean (normal dis- 
tribution), Mi/N = .6745 cr^\'2/N = .9539 <r/\fN . 

(5) p. e. of the third moment about the mean (normal dis- 
tribution), Ms/N — .6745 <j-®V6/N = 1.6522 crVV^ • 

(6) p. e. of skewness = .6745\'3/25i = .8261/V-^ • 

(7) p. e. of the sum or difference of two independent vari- 
ables .r and y — . 6745 \'cr; -|- where o-,. and an are the stand- 
ard errors, that is to saj’-, the probahle errors divided by .6745. 

(8) If two variables x and y are correlated (see Chapter 
X) , then the probable error of their sum or difference is 

.6745^/0^; ± 2 r ax ay a"^^^ ) 
where r is the correlation coefficient. 

For the probable errors associated with correlation coefficients, 
see (a), section 6, Chapter X; section 8, Chapter X; sections 6, 7, 
8, and 9, Chapter XI. 

Example 1. An industry desires to make a survey of the mean 
weekly wage of 10,000 of its workers. Since a study of all the 
workers is impossible, a representative sample of 400 workers is 
selected. The mean •weekly wage of the 400 workers is $30.00 and 
the standard deviation $2.50. If additional samples were selected, 
by how much would the results differ from the above sample? 

This can be determined by getting the probable error of the 
mean, which is 

.6745 ($2.50) /V400) =.084 . 

The mean weekly wage for any sample would then be given as 

$30.00 ± .084 . 

Thus, one may conclude that if an additional sample of the 
same size were made, the chances would be even that its average 
wage would lie between $29.92 and $30.08. 

Example 2. Calculate the probable error for the standard 
deviation of the above example. 

Since a = 2.50 and the number of items used in obtaining it 
was 400, the required probable error is 


.4769 (2.60/V400) = .060 
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This means that if the standard deviation for a similar group 
of workers is calculated it will quite probably lie within the limits : 
2.50 S(.060) = 2.68 and 2.50 — 3f.060) = 2.32. 

Example 3. A student tossed ten coins 1024 times and found 
that 5 heads appeared 260 times. WTiat is the probability of toss- 
ing 5 heads in a single throw of ten coins? 

The empirical probabilitj" is p^ — 260/1024 — .2539. Con- 
sequently, 

p. e. of p, ^ .6745\/i:253r(T^.2539r]7l024 = .00917 . 

This result can be used to calculate the probable error of the 
frequency, since this probable error is equal to the product of the 
total frequency with the probable error of the observed probabil- 
ity. One thus gets 

p. e. of 260 == 1024 X -00917 = 9.39 , 

Since the a priori or expected frequency was 252, it is seen 
that the observed value is within the probable error, and hence is 
a very satisfactory number. 

Example 4. The following table taken from the U. S. census 
for 1930 gives the number of women engaged in gainful occupa- 
tion in various sections of the country. Is there a significant dif- 
ference between labor conditions in New England and in the Moun- 
tain section? 



Total Female 

Female 


Population 

Workers 

New England 

8,41S,058 

943,384 

Middle Atlantic 

10,744,622 

2,643,177 

E, m Central 

10,100,961 

2,070,697 

W. N. Central 

5,267,183 

948,084 

S. Atlantic 

6,127,071 

1,476,624 

E. S. Central 

3,787,352 

829,430 

W. S, Central 

4,646,581 

864,264 

Mountain 

1,363,595 

235,902 

Pacific 

3,307,034 

767,232 

ToM 

48,762,407 

10,778,794 


From the total figures it is seen that tiie average ratio of fe- 
male workers to total female population for the United States is 

p = 10,778,794/48,762, 407 = .2210 . 
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Letting* x refer to the New England and y to the Mountain section, 
the squares of the standard errors are calculated to be 

cr2 = pq/Nr .2210 (1 — .2210) A41 8,058 .0000000504 , 

= pq/Ny = .2210(1 — .2210) /1, 363, 595 = .0000001263 , 

Furthermore, the respective ratios in the two divisions are 

= 943, 384/3,418, 058 = .2760 , 

= 235,902/1,363, 595 = .1730 . 

Consequently the probable error of the difference of the two ra- 
tios, i.e., .1030, is 

.6745 V.0000000504 + .0000001263 = .0004 . 

Since the difference |)etween the ratios of the two groups is 
far greater than three times the probable error, one can safely con- 
clude that there is a marked difference in the employment status 
of women in these two sections of the country. 

PKOBLEMS 

1. In tossing a hundred pennies a student gets 62 heads. Do you think 
that he has used sufficient care to obtain a random toss each time? 

2. A life insurance company founded upon the American Experience 
Table has a thousand policies averaging $2,000 on lives at age 25. Prom the 
experience table it is found that of 89,032 alive at age 25, 88,314 are alive at 
age 26. Find the upper and lower values of the amount that the company will 
have to pay out in insurance during the year. 

3. A man buys 1,000 sacks of potatoes. He finds that from 1,000 potatoes 
chosen from the sacks at random, 442 are of class A, worth $1.75 a sack; 25,2 
are of class B, worth $1.50 per sack; 175 are of class C, worth $1.25 a sack; 
and 131 are of class D, worth $1.00 per sack. What are the upper and lower 
bounds for the value of the potatoes? 

4. A group of scientific men reported 1,705 sons and 1,527 daughters. Do 
these figures conform to the hypothesis that the sex ratio is 1/2? (H. L. 
Rietz discusses this problem in his MatheTnatical Statistics, Chicago, 1927, 
p. 38. The figures are taken from the third edition of American Men of 
Science,) 

5. The number of men .and women in the censuses for 1920 and 1930 
were found to be as follows : 

Men Women Total 

1920 53,900,431 51,810,189 105,710,620 

1930 62,137,080 60,637,966 122,775,046 

Are these two samples consistent with each other? Hint: Calculate the 
probable error for each group. Within what limits would you place the sex 
ratio? 
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6. Are the data of problem 4 consistent with those of problem 6? 

7. Within what limits is your average for problem 8, section S, Chapter 
III correct? 

8. What are the limits of error in the calculation of the standard devia- 
tion for example 2, section 1, of this chapter. 

9. Calculate the probable error for the coefficient of variation for table 
(b) , section 2, Chapter III. 

10. What is the probable error for the second moment about the mean 
for the data of the distribution given in example 2, section 1, of this chapter? 


5. Derivation of the Probable Error of the Mean. In a first 
approach to the theorj^ of statistics, one might find it profitable to 
omit the derivation of the formula for the probable error of the 
mean, since the ideas and the mathematics that underlie it are by 
no means simple. However, the thoughtful student, after he has 
acquired a working knowledge of prob^le error and its applica- 
tion to practical problems, will wish to look deeper into the sub- 
ject to see how one arrives at these formulas. It is to satisfy this 
very desirable curiosity that the following development is given, 
which is essentially a modification of a proof due to Karl Pearson.^ 

In order to derive the formula 

p. e. of the mean = .6745 cr/VlV , 

let a second sample of N individuals be chosen from our ideal pop- 
ulation (see the frequency tables of section 3) and its frequency 
table be written as follows : 

FREQUENCY TABLE FOR THE SECOND SAMPLE 

■■ ■■■..■, — 

i *2 , . 

f ! i ' 

ji A + A + dj ! ; fp + dj, 


where di, ds, , dp are deviations from the frequencies of 

the first sample. 

The relations existing between the frequencies of the two 
tables must now be sought. 

It will be clear that 

di -j- ds ■ • • -4" dp = 0 , 


Class Marks 


Frequencies 


Wiometrika, Voi. II (1902), pp. 273-281, in particular p. 274. 
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because the sum of the frequencies of both samples is equal to N. 
This means that the sign of some of the deviations must be nega- 
tive, since the gain in the frequency for one class mark must be ac- 
counted for by a deficiency in the frequency for another class mark. 

If one frequency, has a positive deviation, dj, it is reasonable 
to make the assumption that this error will be distributed among 
the other frequencies in proportion to their relative frequencies. 
Thus, the total frequency, exclusive of the frequency of the jth. 
group, is N — fj, so that the portion of d, shared by the fth group 
will be 


From this relation the following derivation is made : 

^ ^ /i f if i 

' N l—(f,/N)~~ N ~m—WNU , 

or, since /,•[! — (fj/N)'] = erf , 

did, = . (5) 

N ,rf 


Returning now to the frequency distributions, the value of 
the mean for the first sample is found to be 



“f" ^2/2 • “I- Xjifji 


N 


and for the second sample, 

-f- x^iftif-d^) -j- — ^p(,fp~\-dp) 




N 

Xi(di x^d^ “j— * * * “]-• Xpd/p 
_ 


Calling the difference between the two means Di, one has 

x^d^ — 1 “ • . • — sCpdp 


Di — A 2 — - Ai ’■ 


N 


Now, taking m — 2 new samples, so that there are m in all, the 
standard deviation of the different values of A, the mean, for this 
random set is sought. If it is assumed that the true mean does not 
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differ greatly from the mean of the first sample, it is seen that the 
standard deviation for the m samples will be 

„ -j- H"" -{- -}- jDk." 

~ ’ 

m 

where Djc means the deviation of the mean of the Mh sample from 
that of the first, i.e., 

— . 

Denoting the deviations of the frequencies of the /rth sample 
from the frequencies of the first by 

, 4 <*=> , •••. ( 1 :“' , 

one has 

2.r,.r/,d, -i- 2r,.r,tJ,d, 

_j ^ 

+ 2rx.r,A<=>do<"> + , 


4 - 4 - • 


But one has the following values : 

= H r 

m 

r [4*’"^]= 

m 


ar=-A(l — /lAV) , 




etc. 


etc. 


It follows from formula (B) that 

C?,,4= — {(l^/N cr,^)f,f, , 

— {d^/Na,^)Uh , 

Substituting these values above and adding, one obtains 


t-D,/) 

m 




= XiW + + 4 - ( — fifs/N) 

4 " 2 * 1*3 ( fxfs/N) 4 * • ’ • 
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= (1 — fi/N) + (1 — f,/N) -f 

-j- 2X1X2 ( — fifz/N) -j- 2X1X3 ( — fifa/N) -{-••• 

= Xi^fi "f" X2~fz + Xp^fp 

-j- X 2 ^fz^ “I- • • • • -j- X^fp^ -}- 2 XiX 2 f if 2 ” 1 “ ^XiXafifs • • • •] 
_ 


— Xi~fi — |- “f" 


Xp-fp 


[®j/i Xzfz “1“ • • ■ “H ®p/p] ^ 
_ 


Eef erring to formula (3) , section 5, Chapter III, and setting 
X = 0, it is seen that the last value obtained above is identically 
equal to N where o- is the standard deviation of the first sample. 
Therefore, one obtains the result 

^2 

—Na^ , or — — • 

N 

From this it follows that the probable error of the mean is 
equal to 

.6746 crA = . 6745-^, 

VN 

which is the desired result. 


6. A Measure of Goodness of Fit. Suppose that to some fre- 
quency histogram derived from empirical data a normal frequency 
curve had been fitted by the method of this chapter and various 
statistical constants belonging to it had been calculated. 

It would be very desirable to have a measure of faith in the 
results derived and, in particular, in the theoretical curve which 
had been fitted to the histogram. It would, of course, be perfectly 
possible in a mechanical way to fit a normal curve to any frequency 
table whatsoever. However, it would obviously be very foolish to 
try to fit a normal frequency curve to data that did not appear rea- 
sonably normal. 

One important contribution to modem statistical theory is the 
ingenious method that was devised by Karl Pearson to measure 
the goodness of fit between empirical and theoretical data.’- 


^This method was devised in 1900. See Karl Pearson: On the Criterion 
that a given System of Deviations from the Probable in the Case of a Corre- 
lated System of Variables is such that it can be reasonably supposed to have 
arisen from Random Sampling, PhilosopMccl Magazine, Vol. 50 (5th series) 
(1900), pp. 167-175. 
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Let Pp denote the probability that, in a random sample, devia- 
tions as great as, or greater than, the deviations between the em- 
pirical or observed and theoretical frequencies will occur. Such a 
probability, if it could be calculated, would be an excellent meas- 
ure of faith in the agreement of the theoretical frequency curve 
with the empirical histogram to which it has been fitted. It seems 
appropriate to refer to Pp as the “Pearson Probabilitj’.” 

Let the theoretical and empirical frequencies be recorded sym- 
bolically in the following table : 


Class Marks ! Wj ^3 i I 

Theoretical Frequencies F„ ' F, ' 

Empirical or Observed 1 

Frequencies ■ /, | /j , I /„ 


Supposing that none of the Fj’s are zero, let the value of the 
following series be calculated.* 

^ — hY/Fr 4 - (F. — h) VF, 4- (F= — /.,) VFs 

-f -f (F„ — /,.)VF„ 


If — 0, which means that the calculated and observed fre- 
quencies coincide exactly, one would then expect to find that 
Fj, = 1 and, for 'Y very large, that Pp was very nearly zero. 

The function which Professor Pearson derived by rather elab- 
orate means is the following : 


(1) If 71 is even, 
Fp = l — 2J( 



y lyS yW— 

/V j A- 1 A 

/ — e-r~ 

i/ It 

1 1-3 ‘ 1-3-5--- (77—3) 


(2) If n is odd. 



•4 


2 . 4 • 6 ■ ■ ■ (71—3) 


iThe symbol x is the Greek letter “chi,” and the Pearson criterion is often 
referred to as the “chi square test.” 
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where I (x) the value of the area function discussed in section 
1 of this chapter. 

As the values of this function are very tedious to calculate, 
they have been recorded for various values of n and x^ in Table VIII 
at the end of this book. The original table was calculated by W. P. 
Elderton in Biometrika, Vol. 1 (1902), pp. 155-163, and recom- 
puted in 1932 by Anne M. Lescisin of the statistical laboratory of 
Indiana University. 

It should be especially emphasized here that the theory of the 
“chi test” limits its application to data that are nearly normal. One 
should also exercise care in the handling of small frequencies, since 
it is in these extreme cases that the efficacy of the test seems to 
fail. A few examples follow : 

Example 1. Test the following graduated frequencies for good- 
ness of fit: 


Class Marks 

1 

2 

3 

4 

5 

6 

] 

7 I 

8 

9 

10 

i i 

11 

12 

13 

Theoretical 

.2 

.7 

2.1 

5.0 

9.3 

13.6 

15.4 

13.6 

9.3 

5.0 

2.7 

.7 

.2 

Observed 

0 

0 

1 

4 

6 

10 

12 

18 

14 

8 

3 

2 

0 

1 

1 


From these values one calculates 


X^c= (.2 — 0)V.2-f (.7 — 0)V.7 + (2.1 — 4)V2.1 
4-...+ (.2 — 1)V.2 , 


= 8.63 


and, since n — 13, it follows by interpolation from Table VIII that 
Pi, = .73337. This means that in approximately 73 cases out of 100 
a random sample will give deviations that exceed those of the ob- 
served data, which shows that the theoretical curve is a good rep- 
resentation of the observed data. 

Example 2. The data for Table (b), section 2, Chapter III (4- 
6 months prime commercial paper rates) , have been graduated in 
the illustrative example given in section 7 of the preceding chap- 
ter. The following frequencies are obtained. Does this represent 
a good fit? 
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!| 

Class Marks '! 

0 

• 1 

i 2 

‘ 3 

4 

5 

6 

7 

Graduated Frequencies 

3 

i 9 

, 18 

26 

25 

10 

7 

2 

Observed Frequencies " 

ii 

2 

' 8 

. 23 

SO 20 

; 13 i 

1 i 

1 * 

6 1 

6 


It will be noticed that yj will receive an abnormal addition if 
the last frequency is included, since (6 — 2)=/2 — 8. Therefore, 
omitting this value, one has — 4.15407. Since n — 7, it is fmmd 
by interpolation in Table VIII that P,, =r .65621, which means that 
in 66 times out of a hundred a poorer fit than the one under dis- 
cussion is to be expected. 

The work of calculation can be arran.ged conveniently in tabu- 
lar form as follows : 


Class Marks ' 

Graduated 

1 Frequencies 

Observed | 
Frequencies! (F^- 

fi ' 

- 1 

-fi) 



0 

1 

‘i 3 

: 2 

1 

1 : 

\ .33333 

1 

I'l 9 

8 

1 

i 1 

, .11111 

2 

' 18 

23 

5 

! 25 1 

1.38889 

3 

'i 26 

30 

4 

16 i 

i .61538 

4 

25 

20 

5 

' 25 1 

1.00000 

5 

36 

13 

3 

9 1 

' .56250 

6 

, 7 

6 

1 

1 1 

.14286 


= 4.15407 

Example 3. VTien the data of the first table in section 1, Chap- 
ter VII were gi'aduated by means of the ordinates of the normal 
curve and then by the area under the cuiwe, it was found that 
slightly different results were obtained. Determine which of these 
graduations fits the data better. 


The following frequencies have been given: 


Class Marks 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Observed Data (/) 

1 

10 

45 

120 

210 

252 

210 

120 

45 

10 

1 

First Graduation {F^) 

2 

11 

43 

115 

212 

259 

212 

115 

43 

11 

2 

ii. 

Second Graduation (F^) | 

2 

12 

45 

117 

208 

257 

208 

117 

45 

12 

2 
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Calculating yj for the first frequency data, one finds yc ~ 
3.02698; similarly, for the second, y; — 3.08730. These two values 
for = 11 lead to the Pearson probabilities, = .9805 and P^ 
= .9784 respectively, which means that there is little to choose be- 
tween the two graduations and that they are both excellent fits. 

PEOBLEMS 


1. Ten coins are tossed 1024 times and the following frequencies ob- 
served : 


No. of heads 

0 12 3 4 

5 

6 

7 

8 

9 10 

Frequencies 

2 10 38 106 188 

257 

226 

128 

59 

7 3 


How does this compare with a normal distribution? 


2. Is the theoretical frequency curve which you obtained for problem 4, 
section 7, Chapter VII, a good fit to the observed data? 

3. Test for goodness of fit the data which you have graduated for prob- 
lem 7, section 7, Chapter VII. 


4. Test the following data for goodness of fit (Volume of Trading on 
New York Stock Exchange, expressed as percentage of straight line trend, 
1897-1913) : 


Class Marks 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Observed Frequencies 

11 

35 

50 

48 

24 

15 

9 

7 

3 

1 

1 

Theoretical Frequencies 

15 

29 

40 

43 

35 

21 

9 

3 

1 

0 

0 


Here, iV = 204. Is the theoretical frequency curve a good fit to the observed 
data? 


7. The. Theory of Errors — Least Squares. One important ap- 
plication of the normal curve has been made in the theory of errors. 
Suppose that, in a set of n observations, errors have occurred whose 
magnitudes, arranged in increasing order, may be represented by 

di, d 2 , , If the number of observations is supposed to be 

very large and the errors equally likely to have occurred with either 
sign, then it is reasonable to assume that the frequencies /i, /a, 

• — , attached to the magnitudes cky di, , dnj will form a 

normal distribution. It follows from this assumption that the prob- 
ability that an error of magnitude should have occurred in a 
single observation is 

1 .-dfcV2cr2 

Pk = — 


( 6 ) 
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The thoughtful reader will not too readilj’ accept this state- 
ment, for it may veiy Justly be asked why errors should follow the 
law^ of normal distribution. The answer is that errors do not al- 
ways follow the nox'mal law, but that in a large number of cases, 
they are observed to do so. In any event, when, in ignorance as to 
the true distribution, some assumption must be made, this seems 
a reasonable one. It is pertinent, perhaps, to quote in this connec- 
tion a famous remark once made by G. Lippman to H. Poincare: 
“Eveiybody believes in the experimental law of errors ; the experi- 
menters because they believe it can be proved by mathematics, and 
the mathematicians because thej’ think that it has been established 
by observation.”' 

The following illustration may give some e:iperimental confi- 
dence in the assumption. W. J. Kirkham made a hundred sets of 
1024 tosses of ten coins and recoi’ded the frequencies which corre- 
spond to 0 head, 1 head, 2 heads. 3 heads, etc. For five heads the 
following frequencies were observed : 

269; 2,58; 279; 225; 24,5; 287; 244; 260: 25,5; 287; 2,53; 231; 270; 

264 ; 269; 240; 248; 2,59; 260; 2,51; 265 ; 250; 244 ; 261; 266; 283; 

274; 262; 2,56; 274; 252: 2.51; 2.53; 282; 250; 266 ; 246; 230; 289; 

264; 276; 261; 252; 265; 246; 268; 270; 260; 254; 247; 242; 268; 

264; 252 ; 2,50; 278; 269; 2,58; 246; 249; 273; 240; 2.50; 258; 253; 

262 ; 247; 232; 2-59; 279; 262; 264; 243; 247; 291; 254; 247; 240; 

264; 246; 256; 263; 290; 280; 257; 252; 250; 268; 250; 255; 255; 

263 ; 240; 245; 250; 253; 252: 242; 2,54; 259. 

The expected value in everj’ case was, of course, 252, so that 

the deviation from this number measures the extent of the error 
made. Taking as the range of error the deviations from — 27 to 
-f 27, the errors can be classified in the following frequency table: 


Mas^nitude ! 


of Error 

Frequencies 

Below -27 

0 

-27 to -22 

2 

-21 to -16 

! 3 

-15 to -10 

8 

- 9 to- 4 

14 

- S to 3 

! 28 

4 to 9 

1 13 

10 to 15 

1 13 

16 to 21 

1 9 

22 to 27 

5 

Above 27 i 

i 5 

Total ! 

‘ 100 


'H. PoincarS: Caleut des probahUiiis, Paris, 1896; second edition, 1912, 
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It is at once seen that the mode is approximately 0 and the en- 
tire distribution is essentially normal with a slight skewness to the 
positive side. 

Returning now to equation (6) and the distribution of errors, 
it may next be noticed that the probability that, in two observa- 
tions, errors of magnitude dj and du should both have occurred, 
since they are the errors of independent observations, must be 

-dj//2o'2 

(lAVSji) e {l/aV2.^) e 


= {l/<y\f2n)-e 


In general, the probability that all the n errors will occur, 
will be 


+ (i„2 + . . . + d,^2)/2a2 

P= (l/<rV2jT)’* e 


Suppose that several individuals have made a set of indepen- 
dent observations and it is required to determine which of these 
sets is the most accurate. It is clear that the answer will be that 
set for which P has the largest value. This will be the set of er- 
rors which makes the exponent of e a minimum, or in other words, 
the values for which 


+ + 

has the smallest value. This is the fundamental assumption in the 
so-called Method of Least Squares, which will be applied in the the- 
ory of curve fitting in the next chapter. 

One very important application immediately comes out of this 
assumption. Suppose that n observations have been made on an 
object whose true value is x and that these observations give the 
values di, 02 , • • • , What is the most probable value of «? 

This, by the method of least squares, is that value of x which 
makes the following expression a minimum: 

(.0! Ot.) ^ -f- {x — O 2 ) ® -[- ■••-]- (x On) ^ • 

Squaring and collecting terms, one gets 

tP — ' 2 -j— O 2 » • ' -j- On) X — Oi" 0 ^^ 

+ ■ 

3ut this expression is a quadratic polynomial in x of the form 
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ax- -}-bx-\- c , a> 0 , 


which is known to assume its smallest value when x is equal to 
— 6/2a.^ 

In the present case this gives us the verj' neat result 


Ui 0/2 “f~ ' * * 


or in other words; 


Acco7’ding to the theory of least sqtiarcs, the most inobable 
value of a series of ohservatmis is the ariih metic meati of the ob- 
servations. 


Example: Using the first twenty-five frequencies in the coin 
tossing experiment recorded above, decide whether or not any bias 
entered, due either to irregularities in the coins used or to the 
method employed in tossing them. 

The theoretical frequency expected was 252 and the probable 
error, using the methods of section 3, is easily calculated to be 

.6745V252 (1 — 25271024)' = 9.29 . 

But, from the result just obtained, the most probable frequency 
is the average, and this value, calculated from the first 25 num- 
bers recorded, is equal to 255.52. The probable error of the mean 
computed from the formula p. e. = .6745 <t/\/N is found for the 
present case to be 9.29/5 = 1.86. Since this error is approximately 
half of the difference between the calculated and the theoretical 
value, one is justified in suspecting a slight bias in the experiment. 
This bias is further emphasized if the average for the entire 100 
values is taken. 


PROBLEMS 

1. In the coin tossing experiment referred to above, the following fre- 
quencies for the case of four heads were recorded; 

220; 195; 197; 206; 209; 200; 227; 201; 195; 209; 199; 217; 227; 

207; 208; 238; 21.5; 232; 184; 220; 188; 225; 205; 200; 179; 187; 

200; 212; 206; 210; 237; 221; 230; 282; 224; 217; 206; 209; 208; 

205; 226; 204; 222; 239; 198; 205; 203; 226; 196; 225; 213; 206; 

189; 218; 200; 198; 225; 199; 195; 211; 205; 226; 215; 219; 196; 

204; 198; 186; 208; 208; 211; 213; 219; 212; 211; 210; 199; 221; 

187; 209; 204; 202; 190; 172; 212; 211; 210; 200; 215; 202; 204; 

203; 200; 202; 232; 212; 233; 224; 238; 216. 


^See formula (3), section 7, Chapter 11. 
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Calculate tlie deviations from the theoretical frequency 210 and determine 
whether or not they form a normal distribution. Also calculate the most prob- 
able value, and by means of the probable error of the mean decide whether 
or not bias existed in the experimental determination of the frequencies. 

2. Three individuals measure a stick alleged to have a length of one 
meter (S9.S7) inches. Each takes five measurements. What is the most re- 
liable set of measurements if the following are the recorded values? 


1 

A 1 

39.37 

39.38 

39.40 

39.36 

39.35 

1 

B 

! 

39.37 

89.37 

39.38 

89.38 

39.38 

C : 

39.35 

39,38 

39.39 

39.30 

39.37 


3. What is the probable length of the stick of the above problem? 

4. The following figures are the frequencies obtained in the first ten 
samples of the coin tossing experiment described above for the cases three 
heads and seven heads respectively: 


Frequencies (3) 

107 

no 

120 

118 

119 

113 

129 

117 

117 

114 

Frequencies (7) 

112 

132 

112 

131 

118 

101 

112 

115 

182 

134 


Which set of frequencies is the most consistent? What is the most prob- 
able value for each? Do the two sets differ from one another in a significant 
manner? 

5. Two persons, A and B, fitted a curve to the data recorded below, 
but their computed values did not agree. From the following results deter- 
mine which one was wrong: 


^ i 

Data j 

168 17 12 18 25 29 86 43 61 63 81 117 166 239 349 

A^s calculation 

144 59 17 4 8 21 37 49 61 71 86 111 156 233 357 

B's calculation 

145 55 14 4 18 30 48 63 73 81 91 111 152 229 358 


For an able discussion of the problems of sampling theory and 
interesting applications to the control of quality of manufactured 
articles, see W. A. Shewhart, Economic Control of Quality of Man- 
ufactured Product, New York, 1981. 
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8. The Theory of Small Sa7ni)les. In section 5 it was shown 
that the standai’d error of the mean is equal to o-/ Since o- is 
seldom known a priori, but must be computed from the data, this 
quantity itself is subject to an error which diminishes as N in- 
creases. Hence if N is not sufficiently large, let us say a number 
less than 20, then it is reasonable to expect that tlie standard error 
of the mean maj' have a significant error. 

“Student” in a paper of considera)>le mathematical elegance 
examined this problem of small samples and determined the dis- 
tribution of the ratio 


t 


X — .4 


s 


\ » - 


where A is the true arithmetic mean, A’ the mean determined from 
the small sample, s the standard deviation determined from the 
sample, and n is one less than the number of items in the sample, 
that is, n = N — 1.^ 

The distribution for t found by “Student” was not the normal 
frequency law, but the following one, which is seen to depend upon 
the size of the sample: 


Vn 


iVi — ^ 2 ) ] ! 


( 14 - 


(7) 


Graphs of this function are given below (Figure 34a) for 
n = 2, n = 10, and ?i = x. The function t/k looks like, and in- 
deed is, the normal fi'equency function 


This fact may be established by replacing the factorials in 
(7) by their Stirling approximations (section 4, Chapter VII) and 
then finding the limiting value as n becomes infinite. The student 
may thus verify that when n is sufficiently large, the function j/, 
is given approximately as follows: 

y„oo (1 — — !/«)’•" (2.7C)-= 


Probable Error of a Mean,” Biometrika, VoL 6 C1908-1908), pp. 
1-2S. The work of ** Student” has been greatly extended by R. A. Fisher and 
others* For an admirable account of the problem and its de%’'elopment the 
reader is referred to P. R* Rider ; Survey of the Theory of Small Samples.” 
Anneda of MaHumaticst VoL SI (second series), (1930), pp. 577-628. Strictly 
speaking ^*Student” detennined the distribution of 
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Noting the limits 

lim (1 — = , lim (1 — 2/%)-’' ~e-'^ , 

W t= cc w = cc 

lim (1 4- er^ , 

n=oo 

one derives immediately the limiting value 


lim y„ = 

n~ta 



In order to apply the theory to practical problems it was first 
necessary to compute tables of the area under the curve Vn for dif- 
ferent values of n. Such a table was first computed by “Student” 
in 1908 and later extended by him to other values. A brief table of 
the area under the curve y„, computed in the statistical laboratory 
of Indiana University, is given in Table XI at the end of the book. 

In order to conform with the notation used for the area func- 
tion of the normal curve, the symbol hit) has been used to desig- 
nate the area under Vn between the values 0 and t. Obviously from 
the graph hi — t) <= hit) and hit) is equal to lit) as defined in 
the first section of this chapter. 



-3-2-1 0 I 2 3 


Figure 34a. 

The following data, showing the average yearly mortality in 
automobile accidents per 100,000 population in 30 American cities 
for two three year periods (Data compiled from the Statistical 
Abstracts of the U. S.), will be used in illustrating the application 
of the new frequency curves: 

The problem proposed is to determine whether or not there 
was a significant increase in the mortality in automobile accidents 
from the first period to the second. 
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Cities 

Rate per 

100,000 for : 

1024-1026 period ; 
(1) ; 

1 

! 

Rate per ; 

100,000 for I 

193 1-1933 period 
(2) 1 

Difference 

(2)- (1) 

Albany 

29.4 

i 

30.2 

0.8 

Baltimore 

10.4 

25.0 

5.6 

Boston 

19.0 ; 

18.7 

—0.3 

Buffalo 

22.6 : 

24.5 ' 

1.9 

Chicago ! 

21.1 1 

25.8 1 

4.7 

Cincinnati 

25.1 j 

30.3 ' 

5.2 

Cleveland , 

25.5 1 

29.0 

3.5 

Columbus ’ 

24.0 

36.9 

12.9 

Dallas ' 

26.6 

28,5 

1.9 

Denver I 

15.2 : 

30.7 : 

15.5 

Indianapolis j 

21.5 

34.1 

12.6 

.jersey City 

17.0 

17.2 

0.2 

Milwaukee j 

16.8 

16.5 

—2.3 

Minneapolis j 

18.1 

21.3 

3.2 

Nashville 

28.0 ! 

42.4 ! 

14.4 

Newark 

23.8 i 

22.7 

—1.1 

New Haven 

24.2 i 

30.5 

6.3 

New Orleans 

19.9 

24.0 

4.1 

New York i 

17.8 1 

16.9 1 

—0.9 

Philadelphia 

15.0 

1 rr n 

l‘-‘ i 

2.7 

Pittsburgh 

I 27.2 

I 

2o.3 ' 

—1.9 

Providence 

j 24.6 ! 

19.7 

—4.9 

Bochester 

1 17.5 

18.4 

0.9 

St. Louis 

1 23,1 

19.5 

—3.6 

Salt Lake City 

I 1 

35.8 ! 

8.1 

San Francisco 

! 20.7 1 

20.6 

—0.1 

Scranton 

1 20.9 

25.4 

4.5 

Toledo 

; 21.6 

S5.6 

14.0 

Trenton 

; 26.8 

41.1 

14.3 

Yonkers 

14.6 

16.2 

1.6 

Average (A) 

i 21.B9 

26.02 

4.13 

Standard Deviation (o-) 4,08 

7.35 

5.70 


In order to illustrate the theorj' of small samples, suppose that 
a sample of only five cities is given, let us say, the data for Dallas, 
Minneapolis, Philadelphia, Salt Lake and Scranton. Using these 
data one computes for the difference (2) — (1) the following 
values: 


X!=4,1, s«=:2.14 
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Since the problem is to determine the significance of the in- 
crease in mortality rather than the significance of the difference 
between the two periods, one now assumes that the true mean of 
the difference is zero, that is, A c= 0, and then seeks to determine 
the significance of the positive difference X <= 4.1. Thus one com- 
putes 

t=[(4.1 — 0)\/(5 — 1) ]/2.14 1= 3.83 . 

By an interpolation in Table XI the following value is found 
for the probability that the mean of the difference is positive: 

p t= .5 .+ / (3.83) .5 + .49068 = .99068 . 

Hence the conclusion is reached from the small sample that 
the odds are approximately 99 to 1 that there was an increase in 
mortality from the first period to the second. 

If the entire sample is considered, this probability is measur- 
ably increased. Thus for the sample of hf t= 30 items one computes 
t [4.13 X V29]/5.70 t= 3.90 and from the table for I (t) [Table 
VII] concludes that the probability of a significant increase is 

pc=.5 + i(3.90) t=.99995 . 

PEOBLEMS 

1. In Student’s’^ original paper the following example was employed: 

The sleep of 10 patients was measured for the effects of two soporific 
drugs referred to in the following table as (1) and (2). From the data given 
below show that there is a significant difference between the effects of the two 
drugs. 

Additional hours of sleep gained by use of soporifics (1) and (2) 


Patient 

(1) 

(2) 

Difference 

(2) - (1) 

Patient 

(1) 

(2) 

Difference 
(2) - (1) 

1 

4- .7 

1.9 

1.2 

6 

3.4 

4.4 

1 1.0 

2 

—1.6 

.8 

2.4 

7 

3.7 ! 

5.5 

1.8 

3 

— .2 

1.1 

1.3 

8 

.8 

1.6 

.8 

4 

—1.2 

.1 

1,3 

9 

0 

4.6 

4.6 

5 

— .1 

— .1 

0 

10 

2.0 

3.4 

1.4 


Mean .75 2.33 1.58 

O' 1.70 1.90 1.17 


2. Choose at random a sample of automobile deaths for 10 cities in the 
data of the illustrated example and compute the significance between the two 
series as indicated by the sample. 
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CuBVE Fitting 

1. The Problem of Curve Fitting. The -pTohlem of curve fitting 
is the converse of the problem of graphing or curve plotting. In the 
latter problem the equation of a curve is given and, the geometrical 
figure required. In the problem of curve fitting one is given a set 
of points which define more or less approximately a geometrical 
figure and the equation of a curve is then sought which will exactly 
or approximately pass through these points. 

The methods employed previously (See Chapters II, V, and 
VII) to determine a secular trend and to find a curve of normal 
distribution suitable for the representation of given frequency data 
are examples of curve fitting. It is the extension of these ideas 
which will be developed in this chapter. Two principal methods 
are in use for making the necessary calculations. The first is called 
the method of least squares, the second the method of moments. 

To begin with, assume that a table of data has been given to 
which a curve of best approximation is to be fitted. These data 
may be represented as follows : 


X 

a?! 

a?, 2 

H 



y 


y^L 

yz 

2/n 


( 1 ) 


Unless otherwise specified, the values of x are to be regarded 
as equally spaced, aji+i — xi = a. 

Obviously, the first problem that arises is that of finding the 
proper kind of curve to use. What geometrical figure will give 
a reasonable approximation to the series? Since there are many 
analytical formulas, graphs of which resemble one another, it 
is a matter of judgment and experience to decide which one to use. 
Sometimes the nature of the problem itself suggests the equation, 
but more often it is a matter of choosing the simplest formula that 
promises to give a reasonable approximation. 

■ Trfjcki ng any a priori basis for a choice of curve, one can often 
find a guide in certain characteristic properties of a table of differ- 
ences computed from the data. 

— 215 — 
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Definition. By a difference of the first order of a function /(x) 
at the point x will be meant 

Af (x) = f {x d) — fix) ; 
by a difference of second order, 

A^fix) =Afix + d) —Afix) 

= f{x^2d)~2fix + d) +fix) ; 
by a difference of n-th order, 

A'^fix) = A'^ff iz d) — A”"ffiz) 

<=:fix~\-nd) — nC-Jix-\-nd — d) 
+nC2fix-{-nd — 2d) h (-!)”/(»). 

where „Cr — is the r-th binomial coefficient. 

(n — r) !r! 

A table of differences can be conveniently represented as fol- 
lows: 



Tabnlar 



A^ 

A* 

Argument 

Value 

A 

A^ 







ic-— 3(i 

f(x---Sd) 



Affix— 4d) 

A^f(^ — ^d) 

X — 2d 

f(x — 2d) 

Af(«—2d) 

AHix—^d) 

Affix— 3d) 

A^f(x — 4d) 

X — d 

fix—d) 

Af (* — d) 

Affix— 2d) 

Affix— 2d) 

Affix— 3d) 

X ' 

1 /(») 

Afix) 

Affix — d) 

Affix — d) 

Affix— 2d) 


1 fi«+d) 

\ 

Af(«+d) 

Affix) 

Affix) 

Affix— d) 

x-i-2d 

f(x^2d) 

Zl/(£c+2d) 

Affix+d) 

Affix+d) 

Affix) 

X’i’M 

f(x-i-Zd) 


Affix-\-'2.d) 


Affix+d) 


1 






There will now be listed a few equations which have proved 
useful in the application of curve fitting, together with a description 
of the characteristics of data to which they are applicable. 

(1) The straight line. 
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to be fitted to data for which the first difference is a constant. 

(2) The parabola, 

y = fti -f- oux + 01.3a;® , 

to be fitted to data for which the second difference is a constant. 

(3) The general polynomial, 

y = Orx — 0^207 — [— ttsa;® — |- • 

When n — 1, one has the straight line; n = 2, the parabola; n — Z, 
the cubic; ■k. = 4, the quartic or bi-quadratic ;« = 5, the quintic; 
» = 6, the sextic •,% = !, thfe septimic, etc. 

The general polynomial of degree n is to be fitted to data for 
which the w-th difference is constant. 

(4) The simple exponential curve, 

y = ar® , or log a/ = log a-\-xlogr , 

to be fitted to data for which the first difference of log y is a con- 
stant. 

(6) The exponential curve, 

y = ate^-\-(he-’‘ , 

to be fitted to data for which the points {a/i+ 2 /a/j, Vi+i/yi} lie on a 
straight line. This is seen to be the case if one considers the equa- 
tions 

yu2/yi ~ e-^)yui/iyi) — 1 , 

where d is the class interval. 

(6) The logarithmic curve, 

a/ = -f Gs log a; , 

to be fitted to data for which Ay tends to approach — Jc/ss as x in- 
creases, where A; is a constant. 

(7) The simple parabolic curve, 

y = (i£>, or log 2 / = log a 4- 6 log « , 

to be fitted to data which form a straight line on double logarithmic 
paper (See example 2 in section 3) . 

(8) The logistic curve, 

y'—h/iX^he’^) , 

to be fitted to data representing gfowth. 

These various curves are illusti’ated in Figure 85, 
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Figure S6. Vario-us types of curves. For the straight line (Equation 1), 
ag is negative. In the parabola of Equation 2A, c&g is positive, in 2B nega- 
tive. In the e^cponential of Equation 5A, and Og are the same in sign, 
% > 0; in 5B, and are diiferent in sign and > 0, In the two curves 
of Equation *7, in (1) b <1, in (2) & > 1. 
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2. The Method of Least Sqmres. Suppose, now, that a choice 
has been made of the proper curve to fit to the data, and suppose 
that it contains n arbitrary constants. This can be stated symboli- 
cally by writing the equation of the curve as follows : 

y = f(x,a„ao,----,an) . 

How are the constants to be determined? One method in com- 
mon use is that of least squares. The fundamental principle of this 
method is that the constants are to he so determined that the sum 
of the squares of the deviations of the empirical values from the 
corresponding ordinates of the curve is to he made as small as pos- 
sible (See Chapter VIII, section 7). Referring to Figure 36, one 
sees that this statement means that the sum, 

S = df‘^ck^-j- -f d/ , 

is to be made a minimum. 

The problem of actually determining the value of the constants 
according to the principle of least squares is, in the general case, a 
very difficult one to solve. However, great simplification is intro- 
duced if the assumption is made that the constants enter linearly, 

in other words, if j/ = (riAi(a:)-fa2-42(®) H , where 

Ai (a:), A 2 (x), etc., are known functions determined upon when the 
choice of a curve was made. For example, if one had decided to fit 
a straight line to the given data, then one should have had Ai (a:) = 
1 and Ai (x) — x; if one had decided upon the exponential curve. 



Figure 36. 
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then Ai (x) = e’, and (x) = e"® ; if the logarithmic curve, then 
AA^) =1, and ^2(3:) =loga;. 

Before proceeding to applications, it will be desirable to have 
a literal solution of the problem, and for the sake of simplicity the 
case of two unknowns only will be considered. The general case 
follows without essential alteration. 

The problem to be considered, then, is that of fitting a curve 
of the form, 

to the following set of p points : 


X 

£Co Xq ... Xp 

\ 

y 

Vi V2 2/3 • • • Vp 


If, in the equation just written down, x and y are replaced suc- 
cessively by the values given in the table, the following set of p 
equations will be obtained from which the values of ct^ and Oa are 
to be found; 


Vi. — (iKa) , 

2/2 ““ (3/2^ “I** ^^-^2 (^2^ 9 


Vp ~ ttiAi {Xf) + 02^2 {Xj,) . 


It will be recalled from section 5, Chapter II that the problem 
there presented itself of determining the most probable value of 
two constants from a set of more than two simultaneous equations. 
The method which was then employed was stated without proof. It 
is now possible to explain the reason for the process used in the 
determination of this most probable value. Thus, confronted by p 
equations in two unknowns, it is clear that, in general, values of Oi 
and 02 cannot be found which will satisfy the entire system. Con- 
sequently, it is necessary to determine the most probable values. 

With this object in view, the sum of the squares of the differ- 
ences of the right and left hand members of the set of equations 
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are now found and the following quadratic expressions thus ob- 
tained : 


— { 2/1 — l^ciiA.1 (ifi) -j- £^0^42 (aji) ] 

+ {2/2 — [OiAi (Xa) -f 0,^2 (iCa) ] y 
4 V{yp— IckAi (xp) -f (xp) 3 y . 

Expanding each term of this square and collecting the coeffi- 
cients of 0 . 1 , one obtains the following quadratic expression in (h' 

= {Ai^ (Xi) -j- Ayixs) -j- -j- Aj^iXp^ }o.i^ 

— ^{AiiXi^yi Ax ix2)y2 -f- Ax iXp)yp 

“1“ [^1 (®i).^2 (^ 1 ) -{“ 24i (£i;2)242(x 2) -j- -j - .^1 (®p).^2 (^p) 1 ^ 2 }®! 

-j- other terms which do not contain ax. 


It is now recalled from section 7, Chapter II that the minimum 
value of the quadratic expression, 

y = ax^ 6a; c , 
is obtained when x = — 6/2a. 

Applying this result to the quadratic expression above, in which 
Ox is regarded as the variable quantity, one then finds as the most 
probable value for Ox, 


Ox = {Ax 2 / 1 4“ Ax (® 2 ) 2/2 -!-••• -\-Ax (®p) 2/p 

4 * {AxiXx)A 2 (Xx) -j- A] (3^2) Aa (aia) -j- • • • 

-{- Ai (sjjj) A2 {Xp) 3^2}/ {Ai^ “f" Ai^tXa) 4" ■ ■ ■ 

+ AxHxp)} . ( 2 ) 

This equation can be greatly simplified in formal appearance 
by use of the following customary abbreviation: 

[AiA;3 = Af (fljj) A; Ai{X2)Aj{x2') Ai{Xp) AjXxp") , 

[A, -2/3 = Aj(Xi)2/i4-^i(»2)2/2-l \-Ai(Xp)yp , 

where i and j may have either of the values 1 or 2. Making use of 
these abbreviations, equation (2), by transposition, will become, 

[AiAi3®i4“ {AxA 21(12— [Ai2/3 • 
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If the second constant, a^, is treated in a like manner, a second 
equation is obtained which, together with the one just written down, 
forms a set of two linear equations from which On and can be 
determined by the ordinary method of algebra. The name of nor- 
mal equations has been applied to this system, which, for the special 
case under consideration becomes. 


[A.y] . (3) 

The generalization to the case where n arbitrary constants ap- 
pear in the least square curve, i.e., where 

^ = -f a 2 -^ 2 («) + -\-a„A„(x) , 

is easily made, and one obtains for the normal equations in this 
case the following system : 

[AiA„](X-n = > 

[A 2 A 1 ] (Ji [A 2 A 2 ] a2 ~|~ • • • “f" [■^2A»]ct’a= [Ao?/] , (4) 

* • • •••••• 

[AnAijffli-l- [AnA2] ©2 “f- • • • -{- [A«An]|Ctm= [An^/] • 

The application of the theory just developed to actual data can 
best be illustrated by examples, a few of which follow. 

3. Examples Illustrating the Method of Least Squares. 

Example 1. The following table gives the fire losses in the 
United States in millions of dollars over a period of eleven years. 
Fit a straight line to the data. 


Years 

1915 1916 1917 1918 1919 1920 1921 1922 1928 1924 1925 

FireXiOsses 

172 258 290 259 821 448 495 507 585 549 570 

Since a straight line is to be fitted to these data, the problem 


is that of calculating the constants Oi and a^ in the equation y^On. 
-j- a^x. Hence, the functional multipliers are Ai{x) = 1 and A 2 (a;) 
— X, since these functions are the coefficients of the constants ffii 
and fta respectively. 
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When the obvious simplification is made of changing to posi- 
tive integers for class marks instead of using the year numbers, 
the work of calculation can be tabulated as follows : 


Years 

1 i 

Class * ! 

Marks 1 Losses (cc) 

{ 00 ) 1 iv) ' 

i 


A^y 

A^y 

AiAj 


-4.2^2 

1915 

1 

172 i 

1 

1 

172 

172 

1 

1 

1 

1916 

2 

258 1 

1 

2 

258 

516 

1 

2 

4 

1917 

3 

290 

1 

3 

290 

870 

1 

3 

9 

1918 

4 

259 

1 

4 

259 

1036 

1 

4 

16 

1919 

5 

321 

1 

5 

321 

1605 

1 

5 

25 

1920 

6 

448 

1 

6 

448 

2688 

1 

6 

86 

1921 

7 

495 , 

1 

7 

495 

8465 

1 

7 

1 49 

1922 

8 

507 

1 

8 

507 

4056 

1 

8 

64 

1923 

9 

535 

1 

9 

535 

4815 ^ 

1 

9 

81 

1924 

10 

549 

1 

10 

549 

5490 

1 

10 

100 

1925 

11 

570 ; 

i 

1 

11 

570 

6270 

1 

11 

121 

Totals 


1 



4404 

30983 

11 

66 

506 


From the totals one obtains the values [AiA-i] = 11, [A 1 A 2 ] e= 
[A 2 A 1 ] = 66, [A 2 A 2 ] = 506, and these substituted in the normal 
equations yield the system, 

llat-f 66<i2= 4404 , 

66a, -f 50602 = 30983 . 

Calculating o, and 02 , one obtains o, = 151.69 and (h = 41.45. 
The desired straight line thus becomes, 

y = 151.69 -f 41.45k . 


The following table shows the closeness of agreement between 
the observed and calculated values. This agreement is shown 
graphically in Figure 37. 


X \ 

\ 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

y (observed) | 

I 172 

258 

290 

259 

321 

448 

495 

507 

535 

549 

570 

y (calculated) 

1 103 

1 

235 

276 

317 

359 

400 

442 

488 

525 

566 

608 
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CLASS MARKS 

Figure 37 

Example 2. An interesting illustration of the use of the para- 
bolic curve y — ax^, is found in the problem of the distribution of 
incomes, 'fhe so-called law of Pareto, an empirical assertion made 
by V. Pareto (1848-1923) in an attempt to formulate a mathemati- 
cal expression which would describe the frequency distribution of 
incomes in all places and at all times, closely, elegantly, and, if 
possible, rationally, states that, if x is the size of the income and 
y the number of people having that income or larger, then the para- 
bolic curve will fit the income data and b will be approximately 
— 1 . 6.1 

The law of Pareto as given here is only in its first approxima- 
tion, a more general formulation being 

y = a er^{x ■-]- e)^ , 

where a, h, c, and d are constants. For a bibliography of the theory 
and a summary of the various investigations which have been made, 
one may consult C. Gini; “On the Measure of Concentration with 
Special Reference to Income and Wealth.”^ 

The following summary (condensed) is taken from the ex- 
tensive study of incomes in the United States, published by the Na- 
tional Bureau of Economic Research in 1921, for incomes in 1919.^ 

iSee Pareto, Cours d’Sconomie politique, Vol. 2, pp. 806-807. A discussion 
of this law is given in The Economies of Welfare, by A. C. Pigou, London, 
second edition, 1924, Cliap, 2, Part 4, pp. 605-618, and in Income in the United 
States— Its Amount and Distribution 1909-1919, Vol. II, National Bureau of 
Economic Research, New York, 1922, pp. 844-394. 

^Cowles Commission Eesearch Conference on Economics and Statistics. 
Colorado College Publication, No. 208, 1936, pp. 73-80. 

^Income in the United States, Its Amouint and Distribution, 1909-1919, 
Vol. I, op. dt. 
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Income Class 

Class Mark 
(x) 

No. of Persons 

(y) 

Amo-unt of Income 

Under Zero ^ 


200,000 

$ >-125,000,000 

0- 500 1 

250 

1,827,554 

685,287,806 

500- 1,000 

750 

12,530,670 

9,818,678,617 

1,000- 1,500 

1250 

12,498,120 

15,295,790,534 

1,500- 2,000 

1750 

5,222,067 

8,917,648,335 

2,000- 3,000 

2500 

3,065,024 

7,314,412,994 

3,000- 5,000 

4000 

1,383,167 

5,174,090,777 

5,000- 10,000 

7500 

587,824 

3,937,183,313 

10,000- 25,000 

17500 

192,062 

2,808,290,063 

25,000- 50,000 

37500 

41,119 

1,398,785,687 

50,000- 100,000 

75000 

14,011 

951,529,576 

100,000- 200,000 

150000 

4,945 

671,565,821 

200,000- 500,000 

250000 

1,976 

570,019^200 

500,000-1,000,000 

750000 

369 

220,120,399 

1,000,000 and over 

- - - 

152 

316,319,219 

Totals 

1 

37,569,060 

$57,954,722,341 


Class Mark 
(a;) 

Percentage 

No, Amt. 

Cumulative Distribution 
(Percentage) 

No. Amt. 


.53 

-.22 

.53 

-.22 

250 

4.86 

1.18 

5.39 

.96 

750 

33.35 

16.94 

38.74 

17.90 

1250 

33.27 

26.40 

72.01 

44.30 

1750 

13.90 

15.39 

85.91 

59.69 

2500 

8.16 

12.62 

94.07 

72.31 

4000 

3.68 

8.93 

97.75 

81.24 

7500 1 

1.57 

6.79 

99.32 

88.03 

17500 ! 

.51 

4.85 

99.83 

92.88 

37500 

.11 

2.41 

99.94 

95.29 

75000 

.04 

1.64 

99.98 

96.93 

150000 

.01 

1.16 

99.99 

98.09 

250000 

.01 

.98 

100.00 

99.07 

750000 

.00 

.38 

100.00 

99.45 

— 

.00 

.55 

100,00 

100.00 

Totals 

i 100.00 

1 

100.00 



From these data the following table of cumulative frequencies 
is formed, the two lowest classes being omitted. The class mark 
{x) has been arbitrarily chosen as the center of the class interval. 
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Income 

X 

Cumulative 
frequency ^ 
(unit 1000) 

log X 

log 2 / 

(logs:) • 
(log 2 /) 

(log 05)2 

750 

35541 

2.87500 

4.55073 

13.08362 

8.26597 

1250 

28010 

3.09691 

4.36192 

13.50847 

9.59085 

1750 

10512 

3,24304 

4.02169 

13.04260 

10.51731 

2500 

5290 

3.39794 

3.72346 

12.65209 

11.54600 

4000 

2225 

3.60206 

3.34733 

12.05728 

12.97484 

7500 

842 

3.87506 

2.92531 

11.33575 

15.01609 

17500 

254 

4.24304 

2.40483 

10.20379 

18.00339 

37500 I 

62 

4.57403 

1.79239 

8.19845 

20.92175 

75000 

21 

4.87506 

1.32222 1 

6.44590 

23.76621 

150000 

7 

5.17609 

.84510 ! 

4.37431 

26.79191 

260000 

2 

5.39794 

.30103 

1.62494 

29.13776 

Totals 

77766 

44.35623 

29.59601 1 

106.52710 

186.53208 


From the totals the following normal equations are then 
obtained : 

llttiH- 44.3562302= 29.59601 , 

44.8562301 + 186.5320802 = 106.52710 , 
from which are computed, 

Oi = 9.42721 = log 0 , 02 = — 1.67064 = 5 . 


The desired curve, in logarithmic form, is thus found to be, 
log y = 9.42721 — 1.67064 log x , 

from which the following table has been computed for comparison : 


Income. 

X 

y 

observed 

y 

computed 

750 

35541 

42075 

1250 

23010 

17922 

1750 

10512 

10216 

2500 

5290 

5630 

4000 

2225 

2567 

7500 

842 

898 

17500 

254 

218 

37500 

62 

61 

75000 

21 

19 

150000 

7 

6 

250000 

2 

3 
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INCOME CLASS 

Figtjke 38 
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To exhibit the closeness of fit between the observed values of 
y and the computed values of y, these values are plotted on double 
logarithmic paper. By double logarithmic paper is meant graphing 
paper in which the rules on both axes are spaced according to the 
logarithms of the numbers. Figure 38 shows the income data 
graphed on this type of paper. The paper in Figure 38 has four 
cycles on the vertical axis and approximately three on the hori- 
zontal axis. The chief characteristic of such paper is that the units 
of one cycle are ten times as large as the units of the immediately 
preceding cycle. On such paper one is able to represent data in 
which the range is very great, as in the present example. Also, on 
such paper data to which the parabolic curve may be fitted are 
always represented by an approximately straight line. 


PEOBLEMS 

1. The commodity price index, using 1926 as the base, i.e., 100 per cent, 
has been estimated as follows: 


Year 

1921 

1922 

1923 

1924 

1925 

1926 

1927 

1928 

1929 

1930 

Price Index 

98 

97 

101 

98 

104 

100 

95 

97 


86 


Pit a straight line to these data. 


2. The following figures give the average annual earning capacity for 
five-year age intervals. (Adapted from the U.S. Bureau of Labor Statistics, 
Bulletin 859) : 


Age Group 

Earning 

Capacity 

Age Group 

Earning 

Capacity 

15-19 

.56 I 

s 45-49 

.98 

20-24 

.71 1 

50-54 

.86 

25-29 

.84 

55-59 

,76 

80-34 

.92 

60-64 

.66 

85-39 1 

.97 

65-69 i 

.56 

40-44 1 

.98 t 

! 

70-74 

.46 


Fit a parabola to these figures. 


S. Fit a curve of the form 

y = d 2® + 6 2-» 


to the following values: 
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X ! 

j 

-2 

->1 

0 

1 

2 

V i 

4 

2 

1 

3 

5 


4. Fit a curve of the form 

^ = a e® + 6 e-® 

to the following table of values: 


X 

^2 

-1 

0 

1 

2 

y 

--8 

-2 

1 

5 

15 


5. The total number of passenger automobiles and trucks produced in 
the United States from 1916 to 1930 was as follows : 


Year 

Number in 
millions 

Year 

Number in 
millions 

1916 

1.6 

1924 

3.7 

1917 I 

1.9 

1925 

4.4 

1918 

1,2 

1926 

4.5 

1919 

1.9 

1927 

3.6 

1920 

2.2 

1928 

1 4.6 

1921 

1.7 

1929 

5.6 

1922 

2.6 

1930 

1 3.5 

1923 

4.2 




Fit ,a straight line to this table and graph the observed and computed values. 

6. The following data on national income in 1929 have been given by V. 
von SzelisM [See Econometrica, VoL II (1934), pp. 215-216] ; 

INCOME DISTRIBUTION BY INCOME CLASSES 
1929 


Income Class 

Number in 
Each 
Class 

Cumula- 

tive 

Per 

cent 

Income 

in 

Millions 

Cumula- 

tive 

Per 

cent 

Under $1,000 

16,472,660 

48,500,000 

100.0 

$9,567 

$90,500 

100.0 

1,000- 2,000 

20,117,510 

33.027,440 

68.1 1 

29,487 ^ 

80,933 

89.4 

2,000- 3,000 

8,962,940 

12,909,930 

26.6 

21,462 

51,446 

, 56.8 

3,000- 4,000 

1,994,920 

3,946,990 

8.13 

6,773 

29,984 

33.1 

4,000- 5,000 ! 

720,210 

1,952,070 

4.02 

8,216 

23,211 

25.6 

5,000- 10,000 1 

770,909 

1,231,860 

2.54 

5,339 

19,995 

22.1 

10,000- 25,000 

339,871 

460,951 

0.950 

5,032 

14,666 

16.2 

25,000- 50,000 

77,039 

121,080 

0.250 

2,623 

9,624 

10.6 

50,000- 100,000 I 

28,021 1 

44,041 

0,0909 

1,908 

7,001 

7.73 

100,000- 250,000 

11,648 

16,020 

0.0330 i 

1,749 

5,093 

6.68 

250,000- 600,000 

2,842 

4,372 

0.00891 

911 

8,334 

3.70 

500,000-1,000,000 

973 i 

1,530 

0.00316 

663 

2,483 

2.68 

1,000,000 and over 

557 : 

i 

557 

0.00115 

1,770 

1,770 

1.96 


Graduate these data by the law of Pareto and estimate the accuracy of 
this law in its relation to these figures^ 
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If. Simplification when the Curve is a Polynomial. Consider- 
able simplification in the normal equations (4) can be made when 
the curve to be fitted is of the form : 

y — Ch. CkX • • • + . 

Suppose that the class marks are taken to be, 

Xi~l , Xi==2 , , Xp = p . 

which can be done in most problems by properly choosing the unit. 
Then, since 

Aiix) =1 , Az{x) ~x , Asix) —x^ , ■■■ , 

A„ (a:) = , 


one has 

= 1 + -4-1 , 

[_AiA2'l = 1 -f- 2 -}- • • • -f- p , 

[A^An2 = 1”'" + 2”-^ H h P”-" . 

and, in general, 

[A{4 iA^+i] = 1*1^ -j- 2^2^ -1- •••-{- p^p^ 

= 4- 2^*^ -j [-p'*^ . 


It follows from this that if the following abbreviations are 
employed ; 


Srt= l’--l-2*'H I-P’’ , 

{Aivl — yi~\~ yz-\- ‘ — \~yp~ ■^o 

lA^y} c= l-yt -f 2-1/2 -f 3-2/3 H h p-Pp — nh , (5) 

{A^yl — Vpi + 2^1/2 -f 3^1/3 H 1- 


[A,-!/] -f- 2’'^2 “f" 3 ’’i/ 3 ~j- • • * -f- p^Vp = Wir 


^Eecall that these values are the respective moments of the data. These 
are discussed in section 7, Chapter III, and applied further to curve fitting 
in section 8 of this chapter. 
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the normal equations reduce to the following system : 

Sifts ”1“ “ * ’ ^n-ift» '^0 > 

Sifti — j- Ssfts ~j~ • • • ‘4' Raft’d j (6) 


Sn-xdx -}- S^fts ■ • • -j- S2m-2®n — • 


This leads one to enquire about the formula for the sum Sr. It 
is apparent that So = p, and it is proved in elementary algebra un- 
der arithmetic progression that 

Si = l/2p(p+l) . 

The formulas for Sr, for other values of r, can be calculated 
from the identity, 

(p-j-l) 1 ^ r+iCiSr -1- r+iCxSr-i -f" “1- mCfSl So , 


where the r-nCi are the binomial coefficients, i.e.. 


r+iOx == r 1 


__ (r+Dr 

r+1^2 

2! 


(r-l-l)r(r — 1) 
_ 


etc- 


In order to prove this, write the following identity, which is 
merely the binomial theorem with one member removed to the left 
hand side: 

j~l) "1“ ••••**••• — |— f^xC^r^ 1 • 

Now, let X assume successively the values 1, 2, S, , p, 

and add the resulting identities. Noticing that all the terms except 
two in the left hand members of these identities cancel one an- 


other, one thus gets : 

2m _ im = ^^^Cx + ,«C'2 -f + r.iCr 1 + 1 , 

3’"'^^ 2’^*^ r+iCx S’" -{- T+xCs 2’’”^ — j- -{- rt-lCr 2 -f- 1 , 

= r+iC^l 3*" -[- r+iC^2 3’’"^ — j- -f- r+iCr S -j- 1 , 

(7) 

(p-f-l) P’’*^ = r+xCx P^ ~{“ r+i(/2 P'^~^ “f* r+lCr P "|“ 1 » 


(p-f-1) — 1 = r+iCxSr “1“ r+lt/aSr-i -j- r+lCr St -j- So • 

From this identity it is possible to calculate any of the sums 
in terms of those which precede it. 
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For example, 

(p-j— 1) " — 1 = Ssj -j— 3Si So ■ 

Therefore, 

Sj = ~ [ (p ~f" 1 ) ^ — 1 — SSi So] 

3 

= J[(P + 1) = — 1 — 3-Jp(P + 1) —Pi 

£> 

— (223" + Bp- + V) _ P (P + 1) (2p -r 1) 
“ 6 ” 6 


In a similar way, the following formulas may be deduced : 


S3 = {-^p(p + l)}= , 

Li 

p(p + l) (2p4- 1) (3p“-4-3p — 1) 

30 

_pMp + 1)M2p= + 2p — 1) 

65 I ^ j 

12 

p(p + l)(2p + l)(3p^4-6p® — 3 p4-1) 


(B) 


By means of these formulas, all the coefficients of the constants 
in the normal equations can be readily calculated. The labor of 
solving for the unknowns is still very great, however; when the 
value of p is large ; this suggests the advisability of obtaining literal 
solutions for several special cases. These solutions for the straight 
line and the parabola are given in the next two sections.^ 

PROBLEMS 

1. Wliat is the sum of the squares of the first 100 integers? 

2. Calculate the sum of the first 100 cubes. 

S. Find the sum of the first hundred odd numbers. 

4. ' Find the sum of the squares of the first hundred odd numbers. Hint : 
Consider the identity 

12 + 22 4- 33 + + (2p— 1)2 = 

{12 + 32 + 52 4 + (2^?— 1)2} -f { 22 4- 42 + 62 4- 4- (2|>— 2)2} , 


i^emarkably complete treatise on the subject of polynomial curve fit- 
ting isi found in Trmd Analysis of Statistics by Max Sasuly^ Washington^ D. 
G., 1934. Tables for fitting polynomials to and including the seventh degree 
will be found in H. T. Davis; Tables >of Ifhe Higher Mathematical FunctionSf 
VoL 2, Bloomington, 1935, pp. 305-385. 
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5. Fitting a Straight Line to Empirical Data. The theory 
given in the last section can be greatly simplified in special cases. 
Consider, for example, the problem of fitting a straight line, the 
equation of which is, 

to given data. 

In this case the normal equations become. 

So®! + , 

“1“ S2a2 —— . 


Replacing So, Si, and Ss by their explicit values and solving for 
<*1 and 0 , 2 , one gets 


(moSa — miSi) 

Ct-i 

(S 0 S 2 5i5i) 


[ (2p -f - '”^0 — S’U'i] 

p(p — l) 


= AMo + -SWi , 


(9) 


ftj = [_ (p _[_ 1)^0 -f 2mi] 

p(p2_l) 

E'iTiQ “j— Gntx , 


, , 2(2p4-l) ^ —6 12 

where A = — — ., B = , and C . The 

p(p — 1) p{p — i) p(p2__l) 

coefficients of m„ and m,, namely, A, B, and C, have been computed 
and recorded in Table IX for values of p from 2 to 100. 

An example of the application of these formulas has already- 
been given in section 6, Chapter II, and should be restudied at this 
time. 


6. Fitting a Parabola to Empirical Data. A similar simplifica- 
tion is possible in the case of the parabola 

p a^ic — j— • a^oc** . 


In this case the normal equations become, 

^ 0^1 SxO^ ■— 1 “ § 2^3 ^0 , 
Siht + S2Ct2 -j- Safts = , 

Sopi/x "I” s^a2 — 540*3 = nz^ . 
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After some calculation one arrives at the formulas, 

= [(3p== + 3p + 2)TO„ — 6(22) + l)m. 

2)(p~l) (p — 2) 

-j-lOma] 

= Amo + Biria + Cmo , 


do ■■ 


p(p — 1) (p — 2) 

, 2(2p-|-l)(8p+ll) 


[ — 3(2p4- 1 )TOo 
80 


-m. 


03 = 


(p + 1) (pH-2) 

:Bmo-\- ETTh , 

30 . 6 


p H- 2 


-ma] 


( 10 ) 


-[Wo- 


p(p — l)(p — 2) PH-2 

= Cmo~\-Em-i,-{- F-nu , 




-Wi 


(2>+l)(p + 2) 


-«ls] 


— 18(2pH-l) 


p(p— 1) (p— 2) 

30 


E-. 


Vi.V—1) (2?— 2) 
— 180 


Dt 


p(p— 1) (p^— 4) 


, andF: 


p(p — 1) (p — 2) 

12(2p+l) (8PH-11) 
p(p= — 1) (p^ — 4) 

180 


p(p2 — 1) (p® — 4) 


The coetRcients of mo, m-i, and m,, in these formulas have been 
evaluated and recorded as A, B, C, D, E, and F, in Table X, for 
values of p from 3 to 50. 

Example: These formulas will be applied to determine the 
best parabola, in the sense of least squares, that will fit the foll<:|f^ 
ing data, which show the average annual earning capacity for i^- 
year age intervals, (adapted from the XJ.S. Bureau of Labor Sta- 
tistics, Bulletin 359) : 
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Age 

Group 

Class 

Marks 

(X) 

Earning 

Capacity 

(y) 

HU 

. 


15-19 

1 

.56 

,56 

.56 

20-24 

2 

.71 

1.42 

2.84 

25-29 

3 

.84 

2.52 

7.56 

30-34 

4 

.92 

3.68 

14.72 

35-39 

5 

.97 

4.85 

24.25 

40-44 

6 

.98 

5.88 

35.28 

45-49 

7 

.93 

6.51 

45.57 

50-54 

8 

.86 

6.88 j 

55,04 

55-59 

9 

.76 

6.84 1 

61.56 

60-64 

10 

1 .66 

6.60 1 

1 66.00 

65-69 

11 

.56 

6.16 1 

67.76 

70-74 

12 

1 

.46 

5.5:2 1 

1 

66.24 

Total 

i 9.21 

1 

57.42 

447.38 


It is seen at once that p = 12, and that the three moments are: 

w-o = -56 *71 .84 — |- • • • — j- .56 — }- .46 = 9.21 , 

m,= (1) (.56) + (2) (.71) -h (3) (.84) H H (11) (.56) 

-f (12) (.46) =57.42 , 

m,= (1) = (.56) + (2) ^(.71) 4- (3)M.84) +-•••+ (ll)n.56) 
+ (12)M.46) =447.38 . 


Referring to Table X, for p — 12, one finds 


A = 

1.0682 , 

I> = 

.1336 , 

B = 

—.3409 , 

F = 

—.009740 , 

C = 

.02273 , 

F = 

.0007493 


From these values the coefficients (10) are immediately com- 
puted. 

(h = (1.0682) (9.21) + (—.3409) (57.42) 

•+■ (.02273) (447.38) = .4325 , 

02 = (—.3409) (9.21) 4- (.1836) (57.42) 

4- (—.00974) (447.38) = .1741 , 

Os = (.02273) (9.21) + (—.00974) (57.42) 

■4 (.0007493) (447.38) = —.0148 . 
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Hence, the best fit parabola, in the sense of least squares, is 

y = .4325 + .1741 x — .0148 ar- . 

From the above equation, the following values have been com- 
puted. These together with the observed values of y, are plotted in 
Figure 39. The closeness of fit is there clearly exhibited. 


Class 

Marks 

1 Earning Capacity 

1 

Observed (p) 

Calculated (p) 

1 

.56 

.59 

2 

.71 

.72 

3 

.84 

.82 

4 

.92 1 

.89 

5 

.97 

.93 

6 

.98 

.94 

7 

.93 

.93 

8 

.86 

.88 

9 

.76 

.80 

10 

,66 

.69 

11 

.56 

.56 

12 

.46 

.39 


Y 



FigUBB 39 
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PROBLEMS 

1. Use the method of section 5 to fit a straight line to the data of the 
first illustrative example of section 3, of this chapter. 

2. Fit a straight line to the data of problem 1, section 3. (Use the meth- 
od of section 5). 

3. Fit a parabola, by the method of section 6, to the following data: 


1 

1 

1 

1 

2 

3 

4 

5 

6 

7 


1 

y 1 

8 

4 

2 

2 

4 

8 

14 



7. The Simple Exponential. One curve that is of special im- 
portance in many statistical problems because of its frequent oc- 
currence in natural phenomena is the simple exponential which, 
for convenience, will be written in the form, 

yn=ar^ . 

It is obvious that this curve may be fitted to data by the method 
of least squares if logarithms of both sides are taken and a deter- 
mination made of the unknown coefficients in the equation 

log y — OiX , 

where Oi = log a and az — log r. 

The objection sometimes raised to this method is that a straight 
line is being fitted to the logarithms of the data instead of the ex- 
ponential to the actual values of y. This objection, however, does 
not usually affect the fit seriously, so the method is often employed. 

A second method, which is free from the difficulty just pointed 
out, and which has a great deal to recommend it on the score of 
simplicity, is the following, taken from Glover’s Tables of Applied, 
Mathematics, Ann Arbor, Michigan, 1923. This admirable book 
contains extensive tables for use in applying the method about to 
be described. . 

Suppose that the data are given in the following form: 


X 

0 

1 

2 

3 

%—l 

y 

a/o 

Vx 


Vz 

* * • * * Vn-l 
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Placing these values in the formula y = a?-* and summing, one 
easily gets, 

1 — r” 

2yi = mo = 0.(1 + H h ^ • 

1 — r 


Similarly, for the first moments (2’a:,y,), one finds 
2xiy^ = mi = a[r -}- 2r2 4- Sr= 1- (71 — 1) 

y»+i 

= 0 = O- 


(1 — r)" 


(1 — r )2 


Dividing mi by mo, one gets the equation, 

mi ■jir'* r 


M: 


mo 


r — 1 


It is clear that this equation defines r as soon as mo and mi are 
known, but it is equally clear that the process of finding r would 
usually be quite laborious. In order to simplify the calculation, the 
following table has been computed (most of it is an abridgement 
from Glover’s Tables) , from which r can be readily found by inter- 
polation : 

The function defining M is interesting in that 


limM 

r=si 


2 


lim M = n — 1 . 

r=oo 


The proof of these statements is left to the student. 
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Table for 


n 

1 



mo 

(1 

( 1 — 

r 

n = 2 

n = 3 

n = 4 

n = 5 

6 

= 7 

u = 8 

1.00 

.5000 

1.0000 

1.5000 

2.0000 

2.5000 

3.0000 

3.5000 

1.01 

.5025 

1.0066 

1.5124 

2.0199 

2.5290 

3.0398 

3.5522 

1.02 

.5050 

1.0132 

1.5248 

2.0396 

2.5577 

3.0792 

3.6039 

1.03 

.5074 

1.0197 

1.5369 

2.0591 

2.5862 

3.1181 

3.6550 

1.04 

.5098 

1.0261 

1.5490 

2,0784 

2.6143 

3.1567 

3.7056 

1.05 

.5122 

1.0325 

1.5609 

2.0975 

2.6421 

3.1948 

3.7555 

1.06 

.5146 

1.0388 

1.5728 

2.1164 

2.6696 

3.2324 

3.8048 

1.07 

.5169 

1.0451 

1.5845 

2.1351 

2.6968 

3.2696 

3.8535 

1.08 

.5192 

1.0513 

1.5960 

2.1535 

2.7237 

3.3063 

3.9015 

1.09 

.5215 

1.0574 

1.6075 

2.1718 

2.7502 

3.3426 

3.9488 

1.10 

.5238 

1.0634 

1.6188 

2.1899 

2.7764 

3.3784 

3.9955 

1.20 

.5455 

1.1209 

1.7258 

2.3595 

3.0212 

3.7098 

4.4244 

1.30 

.5652 

1.1729 

1.8217 

2.5097 

3.2346 

3.9937 

4.7844 

1.40 

.5833 

1.2202 

1.9077 

2.6420 

3.4189 

4.2336 

5.0815 

1.50 

.6000 

1.2632 

1.9846 

2.7583 

3.5774 

4.4352 

6.3248 


T 

n — 9 

II 

o 

n = 11 

12 

n = 13 

s 

11 

n — lS 

1.00 

4.0000 

4.5000 

5.0000 

5.5000 

6.0000 

6.5000 

7.0000 

1.01 

4.0663 

4.5821 

5,0995 

5.6186 

6.1393 

6.6616 

7.1857 

1.02 

4.1319 

4.6633 

5.1979 

5.7358 

6.2769 

6.8214 

7.3691 

1.03 

4.1968 

4.7435 

5.2951 

5.8515 

6.4128 

6.9790 

7.5500 

1.04 

4.2609 

4.8227 

5.3910 

5.9657 

6.5467 

7.1341 

7.7279 

1.05 

4.3242 

4.9009 

5.4856 

6.0781 

6.6785 

7,2867 

7.9027 

1.06 

4.3867 

4.9780 

5.5787 

6.1887 

6.8080 

7.4365 

8.0740 

1.07 

4.4483 

5.0539 

5.6704 

6.2975 

6.9352 

7.5833 

8.2417 

1.08 

4.5090 

5.1287 

5.7605 

6.4043 

7.0598 

7.7269 

8.4055 

1.09 

4.5688 

5.2022 

5.8490 

6.5090 

7.1818 

7.8674 

8.5654 

1.10 

4.6276 

5.2745 

5.9359 

6.6116 

7.3012 

8.0045 

8.7211 

1.20 

‘ 5.1636 

5.9261 

6.7107 

7.5159 

8.3403 

9.1825 

10.0412 

1.30 

5.6037 

6.4488 

7.3167 

8.2048 

9.1105 

10.0315 

10.9656 

1.40 

5.9578 

6.8581 

7.7785 

8.7155 

9.6659 

10.6271 

11.5970 

1.50 

6.2404 

7.1765 

8.1287 

9.0932 

10.0671 

11.0481 

12.0343 


As soon as r is known, a can be determined from the easily 
derived formula, 


r — (« — M) (r — 1) 

Wo • 


a 


n 


( 11 ) 
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Example : Fit an exponential to the following data, which give 
the average number of shares sold on the New York Stock Ex- 
change from 1919-1930, unit 1,000,000 shares : 


Year 

£13 

Stock Sales 
N.Y.S.E.(2/) 

re . y 

1919 

0 

26.07 

0 

1920 

1 

18.73 

18.73 

1921 

2 

14.30 

28.60 

1922 

3 

21.73 

65.19 

1923 

4 

19.77 

79.08 

1924 

5 

23.50 

117.50 

1925 

6 

37.69 

226.14 

1926 

7 

37.42 

261.94 

1927 

8 

48.08 

384.64 

1928 

9 i 

76.71 i 

690.39 

1929 

10 1 

93.75 1 

937.50 

1930 

11 ; 

1 67.55 

1 

743.05 

j 

Totals 

1 

i 485.30 

3552.76 


From the totals, one gets vh — 485.30, and m-i — 3,552.76 ; so 

/yyi 

that M = — — — 7.3208. Since n — 12, that column is entered with 

Mo 

the value of M and r is then found by interpolation to be r = 1.10 
+ .078 = 1.178. 

Substituting this value in the formula for a (foi'mula 11), one 
easily computes a = 13.956. Hence the desired equation is, 

(13.956) (1.178)^ , 

from which the following table has been calculated for comparison 
with the observed values of y : 


1 

X 

Computed (y) 

X 

Computed (y) 

0 

13.96 

6 

37.29 

1 

16,44 

7 

43.93 

2 

19.36 

8 

51.75 

3 

22.80 

9 

60.96 

4 

26.87 

10 

71,82 

5 ' 

31.65 

11 

84.60 
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Tlie closeness of the fit is g’raphically shown in the accompany- 
ing Figure 40. 



Figure 40 


In the graphical representation of the exponential curve, it is 
often desirable to use semi-logarithmic paper, that is to say, co- 
ordinate paper in which the rulings on the y-axis are spaced ac- 
cording to the logarithms of the numbers. On such paper, data to 
which an exponential curve may be fitted lie close to a straight 
line. The representation of the data of the example just given and 
the exponential fitted to them are given in Figure 41. 
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PROBLEMS 

1. Fit an exponential to the following figures : 


0123456789 10 


23 25 26 27 30 32 84 37 40 43 46 


2. The following data show the number of auto trucks registered in the 
United States (000 omitted) from 1919 to 1930. Fit an exponential to these 
data. 


Year 

No. of Trucks 

Year 

No. of Trucks 

1919 

414 

1925 ! 

2442 

1920 

852 

1926 

2764 

1921 1 

980 

1927 ' 

2897 

1922 ' 

1279 

1928 ! 

3114 

1923 

1553 

1929 1 

3380 

1924 

2131 

1930 I 

3481 


3. The following data show the population (expressed in millions) of the 
United States at each census since 1790: 


Year 

Population 

Year j 

Population 

1790 j 

4 

1 

1860 i 

31 

1800 ^ 

5 

1870 ! 

i 39 

1810 

7 

1880 ’ 

! 50 

1820 

10 

1890 

! 63 

1830 

13 

1900 

1 76 

1840 

17 

1910 

1 92 

1850 

23 

1920 

! 106 

1 


1930 

; 123 


Fit an exponential curve to these data. 

4. Fit an exponential curve to the following data, -which give the average 
bank clearings, outside of New York City, for the years 1917 to 1930 (unit, 
billion dollars) : 


Year 

Bank Clearings 

Year j 

Bank Clearings 

1917 

10.8 

1924 I 

17.1 

1918 

12.8 

1925 1 

18.9 

1919 

15.1 

1926 

19.4 

1920 

17.4 

1927 

19.0 

1921 

18.5 

1928 

19.1 

1922 

13.7 

1929 

19.8 

1923 

16.6 

1980 

16.3 
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8. The Method of Moments. The method of moments is fre- 
quently employed in curve fitting where the theory of least squares 
leads to analytical difficulties which make that method impracti- 
cable. 

Assume that the curve to be fitted to the data, 2 /,, j— 
p, is of the form, 

y==f(x,ai,a„---,an) . (12) 

Then, according to the method of moments, the parameters, Oi, a^, 
• • • , a„, are to be determined from a set of n equations of the form, 

P 

2^ Xi' f(Xi, , «,„) in, , r = 0, 1, 2, • • ■ , w — 1 , 

where mo = 2 , wii — 2 x,yi ,m .2 = I xry, , etc., the summa- 

tion extending over t = 1, 2, 3, • • • , p. 

It is usual in curve fitting by this method, however, because of 
the complexities which may otherwise be introduced, to define the 
moments not as "moments of ordinates” but as “moments of 
areas” (see section 7, Chapter III). Such moments must be com- 
puted by the methods of integral calculus, a discipline which has 
not been assumed as a part of the equipment of the reader of this 
book. The method of moments, therefore, belongs to a more ad- 
vanced theory of statistics. It is probably profitable to observe, 
however, that the graduation of frequency distributions by means 
of the normal frequency curve is an application of curve fitting 
by the method of area moments. 

Thus, consider the problem of fitting the curve, 

to the data Pi, y^, , Pp. Setting the first three moments of the 

data equal to the fii’st three moments of the function taken over 
the range from — 00 to -f- 00 , one obtains the following equations 
for the determination of the parameters a, h, c 


a-\/n/G = mo , ab-\/n/e = m-i ,a\tn/c{ . 


iThese formulas are derived in advanced books on statistics where the 
meUiods of integral calculus are employed. See, for example, E. T. Whittaker 
and G. Robinson, The Calcvius of Observations, Glasgow, 1929, pp. 183-184. 
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Solving for a, h, and c, one gets 
a = ma\/e/n , b = m,/mo , l/2c= (m./mo) — (OTi/Wo)= . 

From the formulas : 

N = mo , A = mi/nio , cr^= (nu/nic.) — (m,/?no)® 

(see section 7, Chapter III), the familiar values: 

a = N/(y/'^<T) , b = A , c = l/(2a^) 
are immediately derived. 

Whenever the function to be fitted to the data is linear in 
the parameters, that is to say, when it is of the form, 

y — a^A^ {x) -f a, ^2 (a:) [- a.„ A^ {x) , 

a better fit to the data will usually be obtained by the method of 
least squares than by the method of moments. 

When the functions Ai (r) , A^ (?;) , , A„ (x) , are powers of 

X, i.e., Ai(x) -- 1, ^ 2 ( 3 ;) = X , As (x) = x'S • • • , > 

that is to say, when y is a polynomial, the method of moments be- 
comes identical with the method of least squares, 

9. The Logistic Curve. It is inevitable in any discipline which 
anticipates application to problems of economics that there should 
be a theory of growth functions. One encounters on the threshold 
the problem of population growth, which cannot be neglected in 
any attempt to anticipate the trend of pinmary economic series. 
Moreover, new industries are continually being invented in this 
age of scientific and industrial discovery. The automobile indus- 
try, for example, started with an insignificant production about 
1908 and had reached saturation by 1929. The phenomena of 
growth were clearly exhibited in the production activities of tiie 
intervening years. 

One of the most widely used functions in the study of growth 
phenomena is the logistic curve, 


iThe use of this curve in population studies is to be found in the follow- 
ing papers by Pearl and Eeed: “On the rate of growth of the population of 
the United States since 1790 and its mathematical representation,” Proc. Nat. 
Academy of Science, Vol. 6 (1920), pp. 275-288; “On the Mathematical Theory 
of Population Growth,” Metron, Vol. 3 (1923), pp. 6-19; “The Probable Error 
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which has been extensively employed by Raymond Pearl and L. J. 
Reed in population studies. 

If one examines attentively the graph of the curve [See Fig- 
ure 35] he will see that it proceeds from an initial level to a 
final level which represents the maturity of the phenomenon under 
investigation. The two lines within which the curve lies are cus- 
tomarily referred to as asymptotes. Midway between the two 
asymptotes, the rate of growth (as distinguished from the growth 
itself) becomes zero, the point at which this occurs being called a 
point of inflection. It is easily proved by the methods of calculus^ 
that the point of inflection is given by, 


.r = — {logeb)/a , y = i/ 2 k . 


Earlier in the book (Chapter II, section 1, problem 6) the 
function 


197.27 

1 -f 67.32e-'>®’“ 


(14) 


was given as a representation of the population growth of the 
United States, x representing years since 1780. This function is 
due to Pearl and Reed. 


of Certain Constants of the Population Growth Curve,” American Journal of 
Hygiene, (1924). An extensive account is given in Chapter XXIV, Studies in 
Human Biology, by Raymond Pearl, Baltimore, 1924. A comprehensive ar- 
ticle is also due to H. Hotelling, “Differential Equations Subject to Error, and 
Population Estimates,” Journal of the American Statistical Association, Vol. 
27, 1927, pp. 283-314. . ^ ^ ^ , 

Extensive applications of the logistic curve to economic data are to be 
found in Secular Movements in Production and Prices by S. S. Kuznets, Boston, 
1930. The appendix to this book contains the numerical evaluation of the 
logistic curve for a number of economic series. 

For a scholarly investigation of the whole problem of growth, from 
the a priori as well as from the empirical point of view, the reader is referred 
to A. J. Lotka, Elements of Physical Biology, Baltimore, 1926, in particular, 
to Chapters 7, 9, and 11. 

iThe student of calculus can establish this from the values of the first 
and second derivatives obtained directly by the differentiation of (13) , 

dy/dx = ay(.y — k)/k , 
d^y/dx^ = (fi(M--k)y (y—k ) /&« . 

The first and second derivatives both vanish at y = 0 and y j= k, 
second derivative at y = %fc. The value of x corresponding to this last point 
is — (log^fi)/®. 
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From it one is able to calculate, 

k = i/o (197.27) = 98.63 millions , 

as the approximate population at the point of inflection and the 
corresponding time as 

« = _ (loge 67.32) / (—.0313) 

= 134.48 . 


That is to say, the critical period in the growth of the popu- 
lation of the United States, according to this curve, was in the 
neighborhood of the year 1780 -j- 134 == 1914, when the population 
approximated 98.63 million people. It is certainly a curious fact, 
although perhaps only an interesting coincidence, that the popula- 
tion predicted for 1930 by this function was 122.12 million and the 
actual census showed 122.78 million. 

The method of fitting the logistic curve to data is originally 
due to Pearl and Reed, who employed the method of least squares 
in the final adjustment of the constants which were first approxi- 
mately determined as follows : 

To attain this first approximation three equally spaced points 
are chosen which seem to be fairly characteristic of the data to 
which the curve is to be fitted. Designate those points by (0,yo), 
( 2 a;i, 1/2). 

Writing equation (13) in the form. 


y 


k 

1 -f 6°+® 


& = e® , 


(15) 


one now solves for c-\- ax in terms of y and k and in the resulting 
expression substitutes the three points given in the preceding para- 
graph. The following three equations are thus obtained : 


c-\-a-0 = log,(k — 2 / 0 ) /t/o , 

e-\-a-Xt — ]og,(k — yi)/yt , 

c-ira-2xt — logeik — y2)/y2 , 

from which h c, and a are to be determined. 

It is at once seen that a can be found from the first equation 
as soon as k is known, since 


c = loge(A: — 2 / 0 ) /yo . 
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In order to find h, one substitutes this value of c in the second 
equation and thus finds, 

a = ~ {log« (k — y^)/y^ — log, (k — Vo) /y<,} - 
= ^{logeyo(k — yO/yxik~yo)} . 

Xi 

Similarly, from the third equation one gets, 

1 

® = — 5og,2/o(A: — y2)/y'2(k — 2 / 0 ) . 

2a.i 

= -^los4yo(k — y2)/y2{k — yo)}^ ■ 

Equating these two values of a and comparing the logarithms, 
one obtains for the determination of k the equation, 

Voik — yi)/yiik — 2 / 0 ) ={yoik — y2)/y2(k — i/o)}^ . 

Squaring both sides and collecting on the right hand side of 
the equation terms involving k, one gets, 

(2/02/3 2/1^) ^ = 22/02/32/2 — 2/1^ (2/0 ~|" 2/2) > 

or 

k = {22/„2/i2/2 — 2/1® (2/0 + 2/2) }/ (2/02/2 — 2/1®) . 

The value of a is then readily found from either the second 
or third equation in the original system.^ 

same preliminary adjustment can be made for the more general 

equation, 

k 

y , 

Five equally spaced points, (0, y^), y^), (2*^2, '^ 4 )* 

are jfirst determined. 

The value of k is then computed from the following equation: 

— ^o)(^ — 2^2)® — 2/3)^ > 
and the coefficients %, cT's^ the formulas, 

k — y^ 

= log , = (18^, -- 9^2 + 2/?^) , 

Vo 
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Example: The following data give the number of automobiles 
produced per month in a certain state over a nine-year period. 
The problem proposed is to fit a trend line of the population growth 
type to these figures. 


Jan. 

Feb. 

Mar. 

Apr. 

May 

June 

July 

Aug. 

Sept. 

Oct. 

Nov. 

Dec. 


2512 

7824 

3264 

7903 

11113 

4689 

9292 

4892 

9284 

13775 

6636 

11236 

8972 

11823 

17995 

6798 

6343 

9087 

11290 

16882 

7408 

9063 

10028 

13905 

17588 

6265 

11588 

12461 

14155 

17013 

7141 

8093 

10121 

11752 

16184 

7868 

9469 

10461 

13222 

17564 

8548 

9511 

8229 

11667 

15902 

6384 

5834 

7283 

10333 

12401 

7104 

4651 

3i216 

9047 

11315 

8430 

8826 

6061 

7584 

6308 


8830 

7605 

10951 

9735 

14072 

10024 

14955 

15097 

17841 

14436 

17786 

21289 

17980 

16547 

14450 

22698 

15458 

16537 

13099 

16204 

i2762 

16578 

8504 

12103 

1653 

16058 

8777 

8853 

3494 

15569 

13808 

14949 

10565 

15496 

12774 

13805 

15942 

14981 

9004 

10255 

11360 

11170 

7775 

8449 

9133 

8347 

6481 

9923 


Obviously, the problem must first be simplified. Hence, the av- 
erage production per month for each year is first calculated and 
these values assigned to the month of June. New data are thus 
obtained as follows : 


Month (a?) 

6 18 80 42 54 66 78 90 102 

Production (a/) 

6648 8019 7840 10997 14503 10758 13612 11526 13613 


To these averages the foregoing theory is now applied, _ Be- 
cause the frequency corresponding to the class mark 54 is obvious- 
ly high, it is replaced by the average of the numbers corresponding 
to » == 42, a: = 54, and x — 66, namely, 12,086. Hence, selecting 
as the three points, {Xa, Vo) = (0, 6648), (Xt, Vx) — (54, 12086), 
{2xt, Vi) == (108, 13613), one calculates. 


= (4^, _ 5/3, — ^ 3 ) , a3 = (^3 -i- S/5x — 3^3)/6a:,s , 

where the following abbreviations are used; 


/Si = log, 

i83 = loge 


Voil^x) 
y^ih — 2/0) 

voO^ys) 


j 82 = log. 


1/2) 

Vido—Uzy 


For an application of this to population data, see Eaymond Pearl, Studies 
in Human Biology, op. cit, p, 607. 
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A; =13,892 , 

c = log, (13,892 — 6,648) /6,648 = log, 1.0897 , 
= 2.30259 X .03731 == .0859 ; 

a == -i_ loge.018809 = —.0368 . 

108 

The desired curve is then, 

13,892 

y = - ^ » 

^.0859 ^-. 03705 : 

the graph of which is the dotted line in Figure 42. 


It is at once clear from the method employed in its derivation 
that the curve just written down is only a first approximation to 
the curve of best fit. The method of least squares can be used to 
obtain a better approximation in many cases as follows : 

First write equation (13) in the form, 

B B 

y= = . 

^ 0~Ax Q 

where A — — a, and h, B and c are constants to be determined. 


Expanding one has, 

y = 


B 


g-xr(l , 




2! 


3! 


) +c 


or, assuming that h is small, which will be true if a, has been prop- 
erly approximated, one gets, 

B 

y — • 

e"^(l — hx) -f- c 

Multiplying through by the denominator of the right hand side, 
one obtains the new equation with linear coefficients, 

B — Cy -{■ hxye-^ — ye-^ . 

To this equation one now applies the theory of least squares 
as developed in the third section of this chapter, using for Ai{x) 
the value 1 , for ^ 2 ( 3 ;), the value — y, and for ^ 3 ( 3 :), x y e-^ . 
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PRODUCTION 


18.000 


15.000 


12.000 


9.000 


6.000 


3.000 


O 20 40 60 80 lOO MO 

Figure 42 

The calculations may be tabulated as follows : 


COMPUTATION OP CURVE 


0? 

y 



xy 

X 2/2 q-'Ax 

6 

6,648 

.80192 

44,195,904 

31,987 

212,649,000 

18 

8,019 

.51568 

64,304,361 

74,435 

596,894,000 

30 

7,840 

.33162 

61,465,600 

77,997 

611,494,000 

42 

10,997 

.21325 

120,934,009 

98,496 

1,083,157,000 

64 

14,603 

.13713 

210,337,009 

107,399 

1,557,605,000 

66 

10,758 

.08819 

116,734,564 

62.615 

I 673,612,000 

78 

13,612 

.06671 

j 185,286,644 

60,211 1 

1 819,588,000 

90 

11,526 

.03647 : 

132,848,676 

37,830 ! 

436,028,000 

102 

13,613 

.02345 

186,313,769 

32,563 ^ 

443,284,000 


97,616 


1,120,420,436 

683,633 

6,434,311,000 


X 

y2 0 -- 2AX 

y 

y2 

170,527,000 

1,023,160,000 

6,331 

35,441,000 

307,809,000 

5,640,562,000 

4,135 

33,161,000 

202,783,000 

6,083,484,000 

2,600 

20,383,000 

230,986,000 

9,701,393,000 

2,345 

25,789,000 

213,602,000 

11,534,511,000 

1,989 

28,845,000 

59,404,000 

3,920,633,000 

949 

10,206,000 

46,479,000 

3,625,332,000 

772 ! 

10,508,000 

15,901,000 

1,431,103,000 

420 

4,845,000 

10,396,000 

1,060,368,000 

319 

4,346,000 

1,257,887,000 

43,920,546,000 

18,860 

173,524,000 
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Noting that 

lA^A, 1 =n , iAM=^V , iA^As']=:Sxye-^ , 
[^ 2 ^ 2 ] = 1 : 2/2 , IA 2 A 3 ] = , 

[A 3 A 3 ] , 

[A^ 2 /] = 2 ' 2 /e-^® , [A 22 /] = , 

[A 32 /] = lixy^e-^^ , 

one gets from these calculations the following set of normal equa- 
tions.^ 

9 B — • 97,516 C -f 583,533 h = 18,860 

97,516 B — 1,120,420,436 C -f 6,434,311,000 h = 173,524,000 

583,533 B — 6,434,311,000 C -f 43,920,546,000 h = 1,257,887,000 

Dividing the first of these equations by 9, the second by 
97,516, and the third by 588,533, one obtains the new set, 

B — 10,835 C -f 64,837 h = 2,096 , 

B — 11,490 C -f 65,982 h = 1,779 , 

B — 11,026 C + 75,267 h = 2,156 . 

Eliminating B from these equations, one gets, 

— 655C-+- 1,145 = — 317 , 
-1910-1-10,430/1= 60 , 

from which 0 and h are easily calculated by the same method to be, 
C = . 51037 , /j. = . 01510 . 

Substituting these values in the first equation above, one finds 
B = 6646. Hence the desired curve becomes, 

6646 13021 

2 / = — — • (16) 

^-.osisar ^ .5104 1 -f- 1.9592e-“®29® 

The closeness with which this curve fits the data^ is graphic- 
ally illustrated in Figure 42. 


iThe negative sign in the second terms of these equations comes from the 
sign of C in the original equation. 

2This problem is furnished by the courtesy of Professor George Starr of 
the Bureau of Business Eesearch of Indiana University. 
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PROBLEMS 

1. Make a graph of equation (14) and compare with the actual census 
figures given in problem 5, section 1, Chapter II, What is the population pre- 
dicted for the next census? 

2. What was the critical year for automobile production as indicated by 
equation (16) ? 

3. On the basis of the growth curve fitted to the production of automo- 
biles, calculate the maximum production at the saturation point. Does the 
fluctuation of the data make you wish to qualify your answer? 

4. Obtain census reports for some city in your neighborhood and fit a 
population growth curve to the data thus obtained. 



CHAPTER X 


ELEMENTS OF CORRELATION 

1. The Mwtlvematical Theory of Drawing Conclusions. One of 
the most important problems that can be dealt with by means of 
the theory of probabilities is that of finding relations between sets 
of characteristics belonging to groups of entities. The mathe- 
matical theory by means of which these relationships are found and 
reduced to formula and number is called correlation. For example, 
one might plausibly suspect that great industrial activity would im- 
ply high prices for common stocks, or that a sharp rise in the cost 
of living would lead to a decline in highest grade (Aaa) bond prices, 
or that a depreciation in the dollar would, at least temporarily, 
stimulate export trade, but these are only guesses until they have 
been tested by means of the laws of averages. Some people believe 
that crops should be planted in the dark of the moon, and that black 
cats cause bad luck, but these opinions cannot be justified by mathe- 
matical theory. No real correlation exists between large crops and 
the light of the moon, or between black cats and bad luck, although 
occasional coincidences may lead to such conjectures. 

Correlation may, of course, exist in various degrees. Faraday 
noticed that an electric current was always associated with a mag- 
netic field, and the correlation between these two phenomena was 
expressed by Maxwell in absolute mathematical terms. High coire- 
lation existed between them. The economic law of diminishing re- 
turns, and Gresham’s law that the less valuable element of a nation- 
al currency tends to remain in circulation and the more valuable to 
disappear, are correlations that are less exact than those of the 
physical law just mentioned. Mendel’s law of heredity, which 
states the distribution of parental characteristics in offspring, is 
another example that is subject to minor fluctuations. 

We may then define the theory of correlation as the theory of 
the concomitant variation of two or more attributes of a group of 
individual entities, the attrih^ites being meastired- with respect to 
each entity; as, for example, the variation of the economic indexes 
associated with a given year, the variation in the heights of sons 
of a common father, etc. 


— 253 — 
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2. The Correlation Coefficient. In order to make the idea of 
correlation more exact, suppose that one has two sets of numbers 
which, for convenience, may be recorded in parallel rows as follows : 

data ! -^3 , 

Y data: Y, Y, Y^ Y,. . 

It is suspected that there exists a ■ relationship between the 
values of X -and the values of Y, so one plots on coordinate paper 

the points (Zi, Yi), (Zo, Ya), , (Z„, Y„). If these points, 

when so plotted, appear to lie approximately Hong some curve, then 
one may say that the two sets of numbers are correlated. If they 
group themselves about a straight line, then one is concerned with 
the case of linear correlation, otherwise the correlation is said to 
be non-linear. It is with the first type that this chapter is mainly 
concerned. Linear correlations are much more generally used 
than non-linear since the calculations involved are less arduous. 
Very often, too, a linear correlation may be applied even when it 
is suspected that the relationship of the two variables is non-linear 
but where the departure from linearity may be so slight as to make 
the linear correlation a satisfactory approximation. Or, again, the 
range of the data treated may be sufficiently accurately dealt with 
by a linear approximation, even though it is logical to expect that, 
if data outside this range were included, only some form of curve 
would adequately describe the relationship between the total 
possible series. Thus, although a really perfect relationship may be 
established, the correlation coefficient, although high, may not be 
dzl.O, due to a linear assumption when the relationship is really 
curvilinear. 

In order to have some way of arriving at a numerical measure 
of linear correlation, the so-called correlation coefficient has been 
devised. This coefficient is given by the following formula : 

(1/Z) ilX.Yi) — Z Y 
r — , 

O’x 0-v 

_ Z(Zi — Z)(Y, — Y) 

N ax ay 

where ZZjYi means the sum of the products of the values of Z with 
the corresponding values of Y, Z and Y are the arithmetic averages 
of the two series, and ax and ay the respective standard deviations. 
Of the two forms in which the correlation coefficient is written 
above, the first is more generally used although they are, of course, 
equivalent to one another. 
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It will be proved later that r never exceeds 1 in absolute 
value. If r equals 0, then there exists no correlation between the 
two series, and if it equals 1, the correlation is perfect. If r is less 
then 0, the correlation is said to be negative or inverse.^ 

Example : The following table gives the average annual earn- 
ings per share of the United States Steel Corporation and the price 
per share of its common sto&. Is there any correlatiqn between the 
earnings and the prices of the common stock? 


X, 


Year 

Earnings^ 
Per Share 

Price’ of Common 
Stock, Per Share 

Year 

Earnings 
Per Share 

Price of Common 
Stock, Per Share 

1902 

$ 7.45 

$26.50 

1918 

$15.25 

$70.25 

1903 

3.40 

17.25 

1919 

6.93 

70.50 

1904 

,68 

14.25 

1920 

11.50 

64.00 

1905 

5.90 

23.50 

1921 

1.55 

54.25 

1906 

10.00 

28.75 

1922 

1.96 

67.00 

1907 

10.80 

25.00 

1923 

11.30 

67.50 

1908 

2.80 : 

29.25 

1924 

8.15 

74.50 

1909 

7.30 i 

47.00 

1925 

8.90 

87.00 

1910 

8.48 

52.50 

1926 

12.40 

96.00 

1911 

4.09 

45.75 

1927 

8.50 

131.50 

1912 

3.95 

48.00 

1928 

12.10 ! 

147.50 

1913 

7.60 

41.26 

1929 

21.19 1 

206.00 

1914 

-.24 

39.75 

1930 

9.12 

166.50 

1915 

6.85 

44.00 

1931 

- 1.40 

94.25 

1916 

33.60 : 

72.50 

1932 

-11.08 

37.00 

1917 

27.00 

74.75 





’ Corrected for the effect of a 40% stock dividend paid June 1, 1927, and 
for rights issued May 1, 1929. The price per share of the common stock is 
the average of the annual high and low prices, to the nearest quarter of a 
dollar. 

Solution : The first series may be called X and the second series. 
Y. One will then have Z = 8.2558, Y = 66.5742, = 8.1303, = 

43.9487, XXY — 21,351.6075; the correlation coefficient then is 
found to be 

(21,351.6076/31) — (8.2558) (66.5742) 

— ,doy 

(8.1303) (43.9487) 


^The discovery of the correlation coefficient is generally attributed to Sir 
Francis Galton, who used it early in the last quarter of the nineteenth century. 
Among those who contributed to the early theory of correlation, the following 
are especially to foe noted: E. Adrian (1775-1843), P. S. Laplace (1749-1827), 
G. A. A. Plana (1781-1864), K. F. Gauss (1777-1855), and A. Bravais (1811- 
1863). An account of the history of the development of the theory of correla- 
tion will be found in Chapter V of Helen M. Walker^s Studies^ in the History 
of Statistical Method^ Baltimore, 1929, and in ^‘Notes on the History of Corre- 
lation/’' by Karl Pearson, Biometrika, Vol. 13, 1921, pp. 25-45, 
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PROBLEMS 

1. The follomng table gives the indexes of seasonal variation of pro- 
duction and shipments of pneumatic casings for the years 1923-1931.^ Is 
there any correlation between these seasonal variation indexes? 


Month 

Jan. 

Feb, 

- Mar. 

Apr. 

May 

June 

July 

Aug. 

Sept. 

Oct. 

Nov. 

Dec. 

Index - 













Shipments (X) 

89 

81 

98 

110 

113 

120 

129 

123 

104 

87 

72 

74 

Index - 













Production (F) 

96 

101 

114 

IIS 

116 

112 

97 

104 

91 

91 

82 

83 


Shift the indexes for the production one place to the right, so that the 
following new series are obtained: 


Shipments 

(X) 

89 

81 

98 

110 

113 

120 

129 

123 

104 

87 

72 

74 

Production 

(D 

1 

83 

96 

101 

114 

113 

116 

112 

97 

104 

91 

91 

82 


Calculate the new correlation coefficient and call it Shift the indexes for 
(F) one more place to the right and again calculate the correlation coefficient, 
•calling it Repeat this process four more times and call the new coefficients 
^4’ sliift the original data for (F) one unit to the left so 

that the following new series are obtained: 


Shipments (X) 

89 

81 

98 

110 

113 

120 

129 

123 

104 

87 

72 

74 

Production (F) 

101 

114 

113 

116 

112 

97 

104 

91 

91 

82 

83 

96 


Calculate the new coefficient, calling it Repeat this process five times 
and calculate the coefficients Tg', r/, and Finally, on graph paper 
erect ordinates equal to r/, r/, ^3', r/, r/, r, ^3, r^, r., r^. Can a 

smooth curve be drawn through these points? What conclusions do you draw? 


2, A priorif one might say that variations in long term bond prices re- 
sulted from (a) variations in the purchasing ppwer of money, (b) variations 
in interest rates, and (c) variations in earnings applicable to interest charges* 
The following tables give annual averages for the Dow-Jones Bond Prices, an 
index of the cost of living, 4-6 months prime commercial paper rates, and per- 
centage of net income to capitalization of 71 manufacturing corporations, for 
the years 1919-1932. Calculate the correlation coefficients between each of the 
last three series and the first. From this type of analysis, rate the impor- 
tance of these factors on the movements of l^nd prices. 


^Swree: Sim<m Euznets, Semoned Vmriaiions in Indmtry and Trade, Na- 
tional Bureau of Economic Research, 1933 . ^ m ^ m j. rami, 
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year 

Dow-Jones Bond 
Prices (Average 
high and low for 
each month) 

Index of Cost 
of Living 

4-6 Months 
Prime Commercial 
Paper Rates 

Percentage 
net income to 
capitalization of 
71 

mannfacturmg 

coi*porations 

1919 

$82.46 

111.0 

5.42 

13.4 

19i20 

76.18 

119.4 

7.37 

8.4 

1921 

79.62 

102.7 

6.53 

3.8 

1922 

88.23 

97.3 

4.43 

12.1 

1923 

87.58 

100.0 

4.98 

10.3 

1924 

89.05 

101.5 

3.91 1 

' 10.7 

1925 

91.92 

103.8 

4.03 1 

! 13.0 

1926 

94.63 

103.8 

4.24 i 

: 13.3 

1927 

97.75 

101.6 

4.01 i 

10.3 

1928 

97.55 

100.4 

4.84 i 

11.3 

1929 

94,04 ’ 

100.0 

5.78 i 

13.1 

1930 

95.27 

96.2 

3.56 i 

i 8.3 

1931 

85.06 

1 86.7 

2.64 ! 

1 3.6 

1932 

77.61 

1 77.7 

2.74 1 

I .6 


3. Over short periods of time one might think that the investment pol- 
icies of banks exerted a considerable influence on bond prices, since the value 
of bonds held by banks is about 60 per cent of the value of bonds listed on the 
New York Stock Exchange. The following axe monthly figures on investments 
(exclusive of U.S. Government Securities) of reporting Federal Reserve Mem- 
ber Banks in leading cities, and the New York Times Bond Averages (1929- 
1932). What is the correlation between these two series? Does it confirm the 
original opinion? 


Year-Month 

Investments Other 
Than U.S'. Gov. 
Securities of Re- 
porting Federal 
Reserve Member 
Banks 
(unit. 

billion dollars) 

New York 
Times 

Average Price 
of 40 Bonds 

Year-Month 

Investments Other 
Than U.S. Gov. 
Securities of Re- 
porting Federal 
Reserve Member 
Banks 
(unit, 

billion dollars) 

New York 
Times 

Average Price 
of 40 Bonds 

1929-Jan. 

2,94 

90.2 

193 1— J an. 

3,60 

84.7 

Feb. 

2.93 

89.7 

Feb. 

, 8.72 

84.9 

Mar. 

2.90 

88.7 

Mar. 

3.75 

84.9 

Apr. 

2.89 

88.0 

Apr. 

3.83 

83.2 

May 

2.88 

87.5 

May 

3.87 

82.5 

June 

1 2.84 

86.9 

June 

3.77 

82.2 

July 

2.79 

86.5 

I July 

3.68 

83.9 

Aug. 

1 2.77 

86.2 

Aug. 

3.64 

81.7 

Sept. 

i 2.75 

85.8 

Sept. 

3.64 

77.0 

Oct. 

1 2.76 

85,9 

Oct 

3.60 

72,5 

Nov. 

2.85 

85.5 

Nov. 

3.51 

71.9 

Dec. 

2.86 

86.9 

Dec. 

3.42 

64.6 

lOSO-Jan. 

2.83 

86.8 

1932-Jan. 

3.26 

66.9 

Feb. 

2.77 

87.2 

Feb. 

3.21 

65.8 

Mar. 

2.80 

88.6 

Mar. 

3,19 

66.4 

Apr. 

2.90 

88.5 

Apr. 

3,25 

61.3 

May 

3.01 

88.1 

May 

3.29 

55.9 

June 

3.15 

87.3 

June 

3.26 

55.3 

July 

3.30 

87.2 

July 

3.20 

59.2 

Aug. 

3.40 

88.3 

Aug. 

3.19 

67.5 

Sept. 

3.44 

88.8 

Sept 

3.23 

70.2 

Oct 

3.57 ^ 

86.9 

Oct 

3.28 

68.1 

Nov. 

3.71 

84.6 

Nov. 

3.31 

65.5 

Dec. 

3-66 

82.4 

Dec. 

8,28 

63.9 
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4. In Warren and Fearson^s Prices, the authors contend that the general 
price level varies directly with the ratio existing between the supply of gold 
and the production of all other commodities. The following tabled gives (a) 
an index of the world^s stock of monetary gold, (b) an index of the world's 
physical volume of production, (c) the ratio of gold to production, and (d) an 
index of wholesale prices in gold in the United States. What is the correlation 
between (c) and (d) ? Does this confirm the authors' contention for the period 
of time under consideration? 


Year 

Index World's 
Stock of 
Monetary Gold 
(1880-1914 
= 100) 

(a) 

Index World's 
Physical Volume 
of Production 
(1880-1914 
= 100) 

(h) 

1 

Patio, Gold 
Stock to 
Production 

(c) 

Index 

United States 
Wholesale Prices 
(1880-1914 
= 100) 

(d) 

1900 

101 

106 

95 

94 

1901 

104 

107 

97 

93 

1902 

108 

114 

95 

99 

1903 

111 

115 

97 

100 

1904 

115 

115 

100 

100 

1905 

121 

125 

97 

101 

1906 

125 

134 

93 

103 

1907 

130 

129 

101 

109 

1908 

137 

129 

106 

105 

1909 

143 

138 

104 

113 

1910 

147 

140 

105 

118 

1911 

152 

143 

106 

109 

1912 

156 ; 

156 

100 

116 

1913 

161 j 

157 

i 103 ' 

117 

1914 

168 1 

146 ! 

i 115 

113 

1915 

176 ; 

148 i 

1 119 

116 

1916 

183 ; 

142 1 

1 129 1 

i 143 

1917 

188 ! 

1 144 1 

1 131 

f 197 

1918 

194 ! 

' 142 

1 137 

; 219 

1919 

195 1 

1 138 

1 141 

! 231 

1920 

200 

; 156 i 

1 128 

' 259 

! 

1921 

206 

138 

149 

1 164 

1922 

208 

' 159 

i 131 

! 162 

1923 

212 

! 169 

: 125 

; 168 

1924 

213 

1 171 

! 125 

; 164 

1925 

217 

! 187 

i 116 

; 173 

1926 

! 222 

; 188 

121 

i 167 

1927 

' 227 

1 192 

! 118 

159 

1928 

232 

’ 202 

115 

162 

1929 

238 

208 

114 

159 

1930 

248 

198 

123 

144 

1931 

250 , ; 

184 

136 

123 

I 


^Source; George P. Warren and Prank A* Pearson, Prices, New York, 
1933, Ch. V, p. 79. 
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6. The following tables give the total national income^ of the United 
States expressed in 1918 dollars, and the index of industrial production, for 
the years 1909-1982. What is the correlation between these two series? 


Year 

Total National Income 
! in 1913 dollars 

; (unit, billion dollars) 

Index of Industrial 
Production 

1923 = 100 



1909 

; 29.2 

70.2 

1910 

30.2 

73.8 

1911 

30.6 

64.4 

1912 

32.4 

78.0 

1913 

38.4 

81.2 

1914 

32.8 

67.1 

1915 

34.1 

80.8 

1916 

1 36.9 

1012 

1917 

! 37.6 

99.9 

1918 

; 37.2 

97.0 

1919 

1 35.1 

89.7 

1920 

1 34.8 

94.2 

1921 

1 33.6 

716 

1922 

37.6 

93.1 

1923 

42.1 

113.9 

1924 

43.6 

104.8 

1925 

' 45.2 

116.4 

1926 

: 47.3 

119.9 

1927 

49.7 

117.8 

1928 

50.7 

120.5 

1929 

51.2 

128.7 

1930 

1 44.5 

103.7 

1931 

1 38.9 

82.9 

1932 

28.6 

“ 1 

62.4 


6. Are the following figures correlated? 

Month 

Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec* 

Egg Production, 
average per bird 1 

i 

11.71 10.87 16.11 15.85 13.92 12.46 10.87 9.84 8.19 5.50 4.63 8.91 

Average Price 

38.0 31.9 22.7 21.1 21.3 21.7 23.3 25.8 30.2 36.9 46.4 48.4 


Can higher correlation be obtained by shifting the data as in the first 
problem? What conclusions do you reach? 


^Source: Irving Fisher, Booms and Depressions^ New York, 1982, Appen- 
dix V, 
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7. The foliowiBg data, from Warren and Pearson^s Prices, op. cit, page 
25, give the wholesale price indexes for all commodities and for farm products, 
1850-1932. Are these figures closely correlated? 


Year 

Farm : 
Products j 

All 

Commodities i 

Year 

Farm 

Products 

All 

Commodities 

1850 

71 

84 

1891 

76 

82 

1851 

71 

83 

1892 

69 

76 

1852 

77 

89 

1893 

72 

78 

1853 

83 

97 

1894 

63 

70 

1854 

93 

108 

1895 

62 

71 

1855 

98 

110 

1896 

56 

68 

1856 

84 

105 

1897 

60 

68 

1857 

95 

111 

1898 

63 

71 

1858 

76 

93 

1899 

64 

77 

1859 

82 

95 

1900 

71 

82 

1860 

77 

93 

1901 

74 

81 

1861 

75 

89 

1902 

82 

86 

1862 

86 

104 

1903 

78 

87 

1863 

113 

133 

1904 

82 

87 

1864 

162 

198 

1905 

79 

88 

1865 

148 

185 

1906 

80 

90 

1866 

140 

174 

1907 

87 

95 

1867 

133 

162 

1908 

87 

92 

1868 

138 

158 

1909 

98 

99 

1869 

128 

151 

1910 

104 

103 

1870 

112 

135 

1911 

94 

95 

1871 

102 

130 

1912 

102 

101 

1872 

108 

136 

1913 

100 

102 

1878 

103 

133 

1914 

100 

99 

1874 

102 

126 

1915 

100 

101 

1875 

99 

118 

1916 

118 

125 

1876 

89 

no 

1917 

181 

172 

1877 

89 

106 

1918 

208 

191 

1878 

72 

! 91 

1919 

221 

202 

1879 

72 . 

90 

1920 

211 

226 

1880 

80 

100 

1921 

124 

143 

1881 

89 

103 

1922 

132 

147 

1882 

99 

108 

1923 

138 

147 

1883 

87 

101 

1924 

140 

143 

1884 

82 

93 

1925 

154 

151 

1885 

72 

85 

1926 

141 

146 

1886 

i 68 

82 

1927 

189 

139 

1887 

1 71 

85 ' ! 

1928 

149 

141 

1888 

i 75 

86 

1929 

147 

139 

1889 

1 67 

81 

1930 

124 

126 

1890 

i 71 

82 

1981 

91 

107 


1 


1932 

68 

95 


8. The law of supply and demand in economics states the reasonable 
proposition that when a certain commodity is scarce its price advances and 
vim mrsoM Teat this law by obtaining the correlation between the production 
and the price of cotton over a certain period. It vdll be evident at once that 
some corrections must be made before a significant correlation can be ob- 
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tained. One of these is the correction which must be applied to the dollar 
whose purchasing power has fluctuated Tery greatly in the period under dis- 
cussion. Another factor that must be taken into account is the lag of price 
behind production. It is reasonable to assume that the production of one year 
will possibly be the chief influence on the price of the succeeding year. To 
correct for the changing dollar, one divides the price series by the price index 
of the year under consideration and multiplies by 100; to take account of the 
lag in price, the production figures are to be shifted one year. 


COTTON PRODUCTION AND PRICES 


Production unit: 1,000,000 bales. 
Price unit: cents per pound. 


Year 

1 

1 

Produc- j 
tion Price 

Index- 

Coimnodity 

Prices, 

1926=100 

Year 

Produc- 

tion 

Price 

Index- 

Commodity 

Prices, 

1926=100 

1900 

10 

‘ 10 

56 

1916 

11 

14 

86 

1901 

10 

9 

55 

1917 

11 

23 

118 

1902 

11 

9 

59 

1918 

12 

32 

131 

1903 

10 

11 

60 

1919 

11 

32 

138 

1904 

14 

12 

61 

1920 

13 

34 

154 

1905 

11 

9 

60 

1921 

8 

17 

98 

1906 

14 

11 

62 

' 1922 

10 

21 

97 

1907 

11 

12 

65 

1923 

10 

29 

100 

1908 

14 

10 

63 

1924 

14 

29 

98 

1909 

10 

12 

68 

1925 

16 

23 

104 

1910 

12 

15 

1 70 

1926 

18 

18 

100 

1911 

16 

13 

65 

1 1927 

12 

18 ^ 

95 

1912 

14 

12 

69 

1 1928 

14 

1 20 

97 

1913 

14 

13 

70 

1 1929 

15 

19 

96 

1914 

16 

12 

68 

1 1930 

14 

14 

86 

1915 

11 

10 

70 

1 1931 

17 

9 

73 





1 1932 

13 

6 

65 


S. The Correlation Table. The first approach to the subject 
of correlation is the construction of a table which will exhibit any 
relationship that may exist between the frequencies of the two 
groups of characteristics. One might well surmise, for example, 
that in this Steel Age a high volume of general industrial produc- 
tion would be accompanied by a high volume of pig iron production. 
To test the validity of this conjecture, statistical data on pig iron 
production and general industrial production, monthly averages 
through the years 1897-1913, are gathered. The range of the 
two variates may be divided into convenient sections (for sugges- 
tions as to the choice of interval, see section 9, Chapter I) . In the 
present case, since industrial production ranges from 54 per cent to 
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124 per cent, and pig iron production from 55 per cent to 125 per 
cent of a hypothetical “normal”, it will be convenient to divide the 
range for both series into eight divisions of ten units each. The re- 
sults of this classification can be represented by the following cor- 
relation table made up of 8 X 8 = 64 cells: 


120-129 




i 

i 

! 


i 15 

15 

110-119 






6 

34 

1 

41 

100-109 

! 



5 

51 

6 


62 

90-99 




8 

83 

1 



87 

80-89 



2 

24 

8 




29 

70-79 ' 



7 

1 i 

2 


i 1 

i 



9 

60-69 1 


2 

1 

* 1 



1 

1 1 

! 


3 

50-59% 

6 

2 







8 

Frequencies 
of columns 

6 

4 

10 

I 29 ; 

41 

58 

40 

16 

— — i 

204 


50-59% 

60-69 

70-79 

80-89 

90-99 

100-109 

110-119 

120-129 

Frequencies 
of rows 


Table A Pig Iron Production (percentage of trend), 1897-1913 


One notices a pronounced tendency for the largest frequencies 
to group themselves about the main diagonal of the table. This 
tendency always indicates that a correlation exists between the 
variates whose frequencies have been reeorded„i^nd it is the pur- 
pose in the present chapter to see how this correlation can be ex- 
pressed numerically. 

As a second example, for comparison, consider the problem of 
determining whether or not a relationship exists between whole- 
sale commodity prices and employment, using the United States 
Bureau of Labor Statistics index of wholesale commodity prices 
and the index of employment, from 1919-1932. Since the commod- 
ity price interval is from 104.5 to 62.6 and the employment interval 
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from 110.9 to 55.2, nine divisions of five units were chosen for the 
former and twelve divisions of five units for the latter. The corre- 
lation table follows : 


110-114 





: 




4 

4 

105-109 








7 

2 

9 

100-104 








e 

5 



9 

14 

95-99 







6 

25 

11 

42 

90-94 







4 

IS ' 

i 

17 

85-89 






2 

2 



4 

80-84 



- 


1 





1 

75-79 



2 

3 

4 





9 

70-74 i 



4 

1 






5 

65-69 


i 

2 

1 

1 . , „ 

2 







4 

i 60-64 

i 


1 

! 3 

i 

! 







S 

1 

5-5-59 

6 

i ^ 

i 

I 


i 

! 





8 

Frequencies 
iof columns 

1 

6 

! 

1 

I s 

1 

4 

1 

5 

2 

1 

12 

50 

26 

120 


60-64 

65-» 

! 

i 70-74 

75-79 

80-84 

j 

j 85-89 

90-94 

95-99 

100-104 1 

Frequen 

of TOWS 


Table B Index of Commodity Prices (1919-1932) 


In general, if there seems to be a tendency for the frequencies 
to group themselves about any line, either straight or curved, in 
the correlation table, then there will always be some amount of 
correlation existing between the two variates. As has already beefa 
stated in the preceding section, if the line about which this group- 
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ing occurs is straight, the correlation is linear; otherwise, non- 
linear. 

As a preiiminaiT to the study of correlation, one first draws on 
coordinate paper two axes along which are marked off intervals 
corresponding to the class marks of the two variates whose cor- 
relation is being studied. Cells, as in the correlation table, are then 
constructed and in these cells dots are made, as in ordinary graph- 
ing, to represent pairs of values in the frequency table. The number 
of dots in each cell equals the frequency with which that particular 
pair of values occurs. The diagram thus obtained is known as the 
scatter diagram. Figure 43 is the scatter diagram for Table A. 


% 


Y 

a 

120-129 








• • * ^5 

7 

110-119 






. • 6 

* 

• • • 

• • • • 34 
• • • 

• • • • 

1 

6 

100-109 





• 

* • 


• • 6 

• • • 

- 

S 

90-99 




3 

• • • 

: : : 

• • « » 

• • • 

• • • •••• 
• • • •••• 

1 

m 



4 

80-89 



2 

« • 

• • • 94 

« • • 

3 

• • » 




3 

70-79 



• • 7 

m • 

• « • 

2 

♦ ♦ 

i 




2 

60-69 


2 

• • 

1 






1 

50-59 

• ♦ 6 
* 

• • * 

2 

• * 




COWLSS COMMIS! 

SlOM FOR SESEAftC 

:h in economics 

i 

CLASS 

NTERVAL1 

. SO- 59 

60-69 

70-79 

80-39 

90-99 i 

100-109 

110-119 

120-129 

L-1 

2 

3 

4 

s 1 

6 1 7 

8 X 


Figueb 43 

Now, if the arithmetic means of the sets of points in each col- 
umn are calculated, graphed, and connected by straight lines, one 
obtains the so-called regression curve of y on x, which affords some 
indication as to the linear or non-linear character of the correlation. 
For convenience in the calculation of the means, the new class 
marks y = l,2,B,....,n, are used. A similar calculation of the 

means of the rows, using the class marks .t = 1, 2, 8, ,n, gives 

lil^ewise the regression curve of x on y. 
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The two regression curves for Table A are given in the accom- 
panying Figure 44 and indicate clearly that the correlation is es- 
sentially linear. 



(1) Eegi-ession curve of y on x. 

(2) Regression cui-ve of x on y. 


( 1 ) ( 2 ) 


X 

! 2/ 

2/ 

fl; 

1 ^ 

1.0 

1 

1.3 

2 

1.5 

2 1 

2.3 

3 

8.1 

3 

3.2 

4 

4.0 

4 

4.0 

5 

5.0 

5 

4.9 

6 

6.1 

6 

6.0 

7 

6.9 

7 

6.9 

8 

i 

7.9 

8 

8.0 


Figure 44 


Since it is often easier to plot a scatter diagram than to com- 
pute a correlation coefficient, and since the estimate of co-variation 
based on a scatter diagram is often sufficiently accurate for certain 
purposes, six scatter diagrams are given on page 266. Two of these 
diagrams exhibit high, two medium, and two low, correlations be- 
tween the indicated pairs of variables. In each case the actual cor- 
relation coefficient is given. The degree of linearity is estimated 
from the degree of concentration of the points about a straight 
line. Study of these graphs in Figure 45 will enable students to 
approximate roughly a correlation coefficient from a scatter dia- 
gram. It should be emphasized that in practically every case it is 
advisable to make a scatter diagram before computing a correla- 
tion coefficient. In this way, much tedious computation is avoided 
while much valuable information, especially with regard to the 
linearity or non-linearity of relationship, is often gained. 



iMDEX OF GENERAL PRICES HIGH GRADE BOND YIELDS^ COMMERCIAL PAPER RATES 



Figure 45 
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Calculation of the Coefficient of Correlation. It is conven- 
ient to have a definite method of procedure to follow in the calcula- 
tion of the coefficient of correlation from a correlation table, and 
the following scheme is suggested : 


Class 

Marks 

(y) 


1 

i 

i 

: 



\ 

Frequencies 
of rows j g ‘V 

\ 

g-y^ 


Ti-y 

Vi 


1 ! 

^12 ' F,, i- 


Vx : giVx 

SYV^ 



y2 


^22 , *^23 


^2n 

92 

9^2 


Tz 

2 ’z% 

Vi 

Fit 

■^32 -^33 

1 


Fo 
^ Zn 

.. 

QzVz 

VzVi^ 

Ts 




F ! F 

^42 1 ^ 43 

— 

: 

^’4« ! g. 

g^Vi 


T 

4 


- 

- 

i 

! 

1 


. , — 

— • 

— 

- 

— 

2/391 

^mi 

i 

F ' F 
^ m2 i mz 

i 


^mn 1 9<m 

1 

9'a^m 


T 

•*’ m 

i 

Frequencies 
of columns 

h 

A 

fi 


1 

N 

1 (Totals) 

GY 

GY^ 

T 

TY 

Class Marks 



. . 



To- 

tals 

II 

GY 

y = 

f.x 


/ 2^2 

fsP^Z 

1 

i_ 1 

fA 


(FZ 2 ) ^ ((?y 2 ) 

V=-l c 2 = 

iV ^ iV 

1 

~^xy — xg xy 

N N 

O’* O'!/ CT/p Cfy 

_ N(TY)—FX.Gr 




fz^z^ 

— 

/«V 

FX^ 


s^ 

S 2 

Si 



S 


Si®! 

^2^2 

Si^^i 



SX 

\ 

VlN(FX^) — iFX)^2[N(GY^} • 


Ome should note especially the computation checks; TY = SX, S — GY, T — FX. 
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The actual calculation of the two examples of the third section 
are given below, and the curves of regression for the first are 
graphed in Figure 44. 


Calculation of Correlation Coefficient for Table A 


Class 

Marks 

(y) 



i 






Frequencies 
of rows 
(g) 

g-y 

g*y" 

T 

— 

T.y 

7 








15 

15 

105 

735 

105 

735 

6 






6 

34 

1 

41 

246 

1476 

241 

1446 

5 





5 

51 

6 


62 

310 

1550 

311 

1555 

4 




3 

33 

1 



37 

148 

592 

146 

584 

2 



2 

24 

3 




29 

87 

261 

88 

264 

2 



7 

2 





9 

18 

36 

20 

40 

1 


2 

1 






3 

3 

3 

4 

4 

0 

6 

2 


! 





8 

0 

0 

2 

0 

Frequencies 
of columns 

6 

4 

10 

29 

41 

58 

40 

16 

204 

917 

4653 

917 

4628 

Class Marks 
(») 

0 

1 

2 

3 

4 

5 

6 

7 






f^X 

0 

4 

*^20 

87 

164 

290 

240 

112 

917 





f *X^ 

0 

4 

40 

261 

656 

1450 

1440 

784 

4635 





S 

0 

2 

21 

88 

166 

295 

234 

111 

917 






0 

2 

42 

264 

664 

1475 

1404 

777 

4628 






Pig Iron Production (1897-1913) 


0 * 4 ? “ 




_ 917 

a; = = 4.4951 

204 


917 

yz= = 4.4951 , 


204 


4635 

204*" 


(4.4951)2 = V2.5147 = 1.5858 , 


14653 

\ "ioT* 


(4.4951)2= V2.6029 = 1.6184 , 


4628 

. (4.4951) (4.4951) 

204 2.4804 

r==_ = = .9695 . 

(1.5858) (1.6134) 2.5585 

Note the Chech: TY = 4628 = S = 917 = ST = 917 = FX 
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Calculation of Correlation Coefficient for Table B 


Class 

Marks 

iy) 






! 

1 




Frequencies 
of rows 

(g) 

g-y 


T 

T.y 

6 









4 

4 

24 

144 

16 

96 

5 








7 

2 

9 

45 

225 

29 

145 

4 








5 

9 

14 

56 

224 

51 

204 

3 







6 

25 

11 

42 

126 

378 

131 

393 

2 







4 

13 


17 

34 

68 

47 

94 

1 






2 

2 



4 

4 

4 

6 

6 

0 





1 





1 

0 

0 

0 

0 

-1 



2 

3 

4 





9 

-9 

9 

-7 

7 

-2 



4 

1 






5 

-10 

20 

-9 

18 

-3 


2 

2 







4 

1 -12 

36 

-10 

30 



3 






i 


3 

-12 

48 

-9 

3( 

-5 

6 

2 








8 

-40 

200 

-80 

15C 

Frequencies 
of columns (/) 
Class Marks 

1 

f 

6 

7 

8 

4 

5 

2 

12 

50 

26 

120 

206 

1356 

215 

117i 

(x) 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 






i *x 

-24 

-21 

-16 

-4 

0 

2 

24 

150 

104 

215 






96 

63 

32 

4 

0 

2 

48 

450 

416 

1111 





S 

-80 

-28 

-16 

-5 


2 

28 

156 

103 

206 




S-x 

120 

84 

32 

5 

0 

2 

56 

468 

412 

1179 





Index of Wholesale Commodity Prices (1919-1932) 


215 

iio 


= 1.7917 , 


206 

=1.7167 , 

120 


0‘s; ' 




lUl 


(1.7917) 2 = V 6.0481 = 2.459S , 


11356 


(1.7167)2= V 8.8529 = 2.8901 , 


V 120 

1179 

(1.7917) (1.7167) 

120 6.7493 ■ 

T = - — = = .9496 . 

(2.4693) (2.8901) 7.1076 
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The calculations made from the correlation table are self-evi- 
dent, except, perhaps, for the quantities T and S. Tj, as explained 
in the general table, is defined by the series 

T^ — ZjFijZj , 

that is, the frequency in each cell is multiplied by the corresponding 
value of X, and these products are then summed by rows. 

Similarly, S is the sum of the products of the frequencies in any 
column by their corresponding values of y, i.e., 

Sj = 2iFuy. . 

Referring to the calculations of Table A, it is seen, for example, 

that 

Ti = 15(7) =105 , 

To = 6 (5) +34 (6) + 1 (7) = 241 , 

S5 = 5(5) +33(4) +3(3) =166 . 


PBOBLEMS 

1. The following data give (a) the closing prices as of December 31, 
1931, for ‘200 stocks listed on the New York Stock Exchange, and (b) the an- 
nual dividend payments per share on these stocks. Make a scatter diagram 
and calculate the coefficient of correlation. What do you now know of the rela- 
tionship between the dividend and the price of shares? The answer to this 
problem is obtained by the use of the following intervals: for the dividend 
series, the interval range is 50-949 at units of 50, with the first interval hav- 
ing frequencies under 60, and the last interval having frequencies 960 and 
over. For the price series, the intervals range from 10 to 220 inclusive, at 
units of 10, with the first interval being under 10. Thus for the dividend series 
there will he 20 intervals, and for the price series 16 intervals. 
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Closing Frices as of December 31, 1931, for 200 stocks listed on the New York 
Stock Exchange, and Annual Dividend Payments per Share on these Stocks 


No , 

Dividend 

Price 
per share 

1 

1.60 

161/2 

2 i 

2.00 

23 

3 i 

1.50 

24% 

4 

3.00 

97 

5 

.60 

6% 

6 

.40 

7% 

7 

11.00 

212 

8 

1.80 

401/8 

9 

6.00 

117 

10 

3.00 

60 

11 

6.00 

175% 

12 

3.00 

331/8 

13 

2.00 

16 

14 

2.00 

17% 

15 

2.00 

55 

16 

2.40 

33 

17 

4.00 

110% 

18 

6.00 

271/2 

19 

3.00 

30 

20 

2.00 

39% 

21 

1.00 

lOVs 

22 

4.20 

47% 

23 

8.00 

27 

24 

2.00 

21 

25 

1.40 

30% 

26 

1.00 

17 

27 

3.00 

50 

28 

1.00 

16 

29 

2.00 

30% 

30 

5.00 

58% 

31 

5.00 

42 

32 

4.00 

41 

83 

3.00 

36% 

34 

3.00 

25% 

35 

2.00 

38 

36 

5.00 

41% 

37 

5.00 

15 

38 

9.00 

178% 

39 

5.00 

105% 

40 

5.00 

106% 

41 

8.00 

95 

42 

3.00 

60 

43 

2.50 

30 

44 

1.00 

22 

45 

2.40 

26% 

46 

1.00 

13% 

47 

6.00 

95 

48 

2.00 

15% 

49 

1.60 

21% 

50 

4.00 

24 


No. 

Dividend 

Price 
per share 

51 

2.50 

21% 

52 

2.00 

30 

63 

10.00 

178% 

54 

10.00 

100% 

55 

3.00 

34 

66 

1.00 

18 

57 

4.00 

45 

58 

1.00 

7 % 

59 

4.00 

106% 

60 

1.75 

211/2 

61 i 

^ 7.00 

69% 

62 

3.50 

54 

63 

2.00 

9 

64 

2.00 

11% 

65 

3.00 

25 

66 

4.00 

64% 

67 

2.00 

40 

68 

3.00 

48% 

69 

1.00 

17 

70 

2.00 

83% 

71 

6.00 

50% 

72 

1.50 

24 

73 

1.50 

22 

74 

4.00 

60 

75 

i 8.00 

69% 

76 

1 8.00 

21 

77 

4.00 

67 

78 

1.50 

17% 

79 

2.00 

16 

80 

8.00 

370 

81 

4.00 

61% 

82 

5.00 

103% 

83 

3.00 

36 

84 

1.00 

14% 

85 

1.00 

9 

86 

3.00 

107s 

87 

8.00 

35 

88 

1.00 

24% 

89 

2.50 

24 

90 

4.00 

42% 

91 

2.00 

11% 

92 

3.00 

35 

93 

3.00 

58 

94 

2.50 

39% 

95 

1.60 

17 

96 

4.00 

86 

97 

6.00 

89% 

98 

3.00 

27 

99 

1.50 

19% 

100 

12,00 

194 


(Continued on page M8) 
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101 

102 

103 

104 

105 

106 

107 

108 

109 

110 

111 

112 

113 

114 

115 

116 

117 

118 

119 

120 

121 

122 

123 

124 

125 

126 

127 

128 
129 
ISO 

131 

132 

133 

134 

135 

136 

137 
188 

139 

140 

141 

142 

143 

144 

145 

146 

147 

148 

149 

150 


Dividend 


Price 
per share 


Dividend 


Price 
per share 
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2. The following items give (a) the closing figures of the Dow~Jones In- 
dustrial Averages for each trading day from April 20 to June 20, 1933, and 
(b) the franc-dollar exchange rate on each of these days. Make a scatter dia- 
gram from these data, and calculate the coefficient of correlation. 


1933 

Month-Day 

Dow- Jones j 

Industrial Averages | 

Closing Price 

Franc-Dollar 
Exchange Rate 

April — 20 

$72.27 i 

$.0431 

21 

69.78 1 

.0420 

22 

72.24 1 

.0425 

24 

73.69 

.0436 

25 

72.45 

.0439 

26 

72.64 

.0436 

27 

71.71 1 

.0431 

23 

73.10 1 

.0436 

29 

77.66 i 

.0454 

May 1 ; 

77.79 

.0467 

2 1 

77.29 

.0462 

3 

77.37 j 

.0458 

4 

79.16 ; 

-0463 

5 

79.78 

.0471 

6 

77.61 ' 

.0461 

8 

77.63 I 

.0458 

9 

77.23 ! 

.0457 

10 

80.78 j 

.0461 

11 

82.48 i 

.0464 

12 

82.14 1 

.0463 

13 

80.85 i 

.0463 

15 

79.70 i 

.0460 

16 

81.29 

.0459 

17 

82.64 

.0456 

18 

82.57 

.0454 

19 

81.75 

.0449 

20 

80.21 

.0450 

22 

i 79.94 

.0453 

23 

i 83.06 

.0456 

24 

i 84.29 

.0457 

25 

* 83.73 

.0467 

26 

86.42 

.0467 

27 

89.61 

.0466 

29 

90.02 

.0473 

31 

88.11 

! .0466 

June — 1 

89.10 

.0466 

2 

92.21 

.0467 

3 

90.02 

.0468 

5 

91.89 

.0467 

6 

91.90 

.0470 

7 

92.98 

.0476 

8 

93.52 

.0477 

9 

94.29 

.0480 

10 

94.42 

.0483 

12 

96.75 

.0483 

13 

94.79 

.0476 

14 

94.06 

.0480 

15 

88.87 

.0467 

16 

89.22 

.0475 

17 

90,23 

.0473 

19 

95.99 

.0481 

20 

95.23 

.0484 
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3, The table below gives American figures for (a) area planted to wheat, 
(b) production of wheat, and (c) yield per acre, for the years 1894-1980. 
Make a scatter diagram between (a) and (b), and between (c) and (b), and 
calculate the correlation coefficients for these series. Do your results suggest 
that acreage planted, or yield per acre, is more important in wheat production? 


Year 

Area Planted 
to Wheat 
(1,000,000 acres) 

Production i 
of Wheat 
(1,000,000 bu.) 

Average yield 
per Acre 
(bushels) 

1894 

39.4 

516.5 

13.1 

1895 

40.8 

569.5 

13.9 

1896 

43.9 

544.2 

12.4 

1897 

46.0 

610.3 

13.3 

1898 

51.0 

772.2 

15.1 

1899 

52.6 

658.5 

12.1 

1900 

51.4 1 

602.7 

11.7 

1901 

52.5 

788.6 

15.0 

1902 

49.6 

724.8 

14.6 

1903 

51.6 

663.9 

12.9 

1904 

47.8 

596.9 

12.5 

1905 

49.4 

726.8 

14.7 

1906 

47.8 i 

766.8 

15.8 

1907 

45.1 ' 

637.9 

14.1 

1908 

46.9 1 

644.7 

14.0 

1909 

44.8 

700.4 

15.8 

1910 

45.7 

635.1 

13.9 

1911 

49.5 

621.3 

1 12.5 

1912 

45.8 

730.3 

1 15.9 

1913 

50.2 

763.4 i 

15.2 

1914 

53.5 

891.0 

16.6 

1915 

60.5 

1025.8 

17.0 

1916 

52.8 

636.3 

12.2 

1917 

45.1 

636.7 

14.1 

1918 

59.2 

921.4 

15.6 

1919 

75.7 

967.9 

12.8 

1920 

I 61.1 

833,0 

13.6 

1921 

63,7 

814.9 

12.8 

1922 

62.3 

867.6 

13.9 

1923 

59.7 

797.4 

13.4 

1924 ^ 

52.5 1 

864.4 

16.5 

1925 

52.4 

676,8 

12.9 

1926 

56.4 

831.4 

14,8 

1927 

58.8 

878.4 

14.9 

1928 

58.3 

914,9 

15.7 

1929 

61.1 

806.5 

13.2 

1930 

59.1 

850.9 

14.4 


4. Make a scatter diagram for the following data, which give (a) month- 
ly average dollar-yen exchange rates from June 1981-May 1938, and (b) 
dollar value of American imports from Japan during these same months. Cal- 
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culate the coefficient of correlation. What conclusion as to the effect of de- 
preciated currencies on export trade is suggested by your answer? 


Year-Month 

Dollar-yen 
Exchange Rate 

Value of Imports 
from Japan 
($1,000,000) 

1931 — June 

$.4937 

14.99 

July 

,4936 

16.06 

Aug. 

.4935 

16.05 

Sept. 

.4934 

17.26 

Oct, 

.4925 

19.47 

Nov. 

.4930 

20,41 

Dec. 

.4346 

18.80 

1932— —J an. 

^ .8599 

14,15 

Feb. 

1 .3432 

12.72 

Mar. 

j .3216 

13.16 

Apr. 

I .3281 

11.28 

May 

.3197 

8.81 

June 

.3029 

8.54 

July 

.2745 

8.58 

Aug. 

.2449 

10.07 

Sept. 

.2363 

12.14 

Oct. 

; .2306 

10.51 

Nov. 

1 .2062 

11.73 

Dec. 

.2073 

12.32 

1933 — Jan. 

.2074 

7.94 

Feb. 

.2079 

5.69 

Mar. 

.2126 

7.53 

Apr. 

i ,2209 

1 

8.06 


5. Make a selection of data from some field in which you are interested 
and test for correlation. For example, obtain the figures for the production 
and price of some commodity over a period of more than fifty years and see 
how supply and demand are correlated. If such data are studied, two factors 
must be considered. First, correction must be made for increased population. 
This can be made by multiplying each item in the production column by 
100/F, where P is the population second, there may be a lag in the price 
due to the fact that the effect upon the price of an increased or a diminished 
supply may not be felt immediately. This can be corrected for by shifting 
the price figures one year. 

5. Lines of Regression. It is natural next to inquire what are 
the best lines which fit the points lying on the regression curves 
obtained in section 3. But, upon consideration, it is seen that the 
values of y on the regression curve of on a: are themselves averag- 
es of the values in each colunan. It has seemed more desirable, 

^Annual population figures, interpolated from the decennial census figures, 
are given in the World Almanac and other handbooks. 
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therefore, particularly since greater symmetry is gained in the 
resulting formulas, to fit the best line to the data by minimizing 
the sum of the squares of the deviations for every value of y instead 
of minimizing the sum of the squares of the deviations of the a-.>- 
erages of y. The result of this is merely to replace ordinary averag- 
es by weighted averages in calculating the coefficients in the normal 
equations. 

The line is assumed to be of the form 

y = ax-\-aiX , ( 1 ) 

and the total frequencies of the column corresponding to Xi, ■ 
Xn are represented by /i, /2, , /n' ; of the rows correspond- 
ing to yt,y2, ,ym by Qi, g^, Pm ; and of the cells,- that 

is, of the squares in the table corresponding to the points Xi, y,-, by 
Fji, where, of course, 

fx~\-fi-\- ~\~fn — N , 

9 i~\~ Qi~\~ ~\~Qm ==N , 

F 21 Fi 2 -)- ^ • 

One will then have, referring to the work of the preceding 
chapter, 

^ f 

from which are calculated 

iAiAi-]^fi + f2~{- -^-fn-^N; 

E-^1'^21 [j4.2Ai] = fiXi -f- flX^ -j“ fn^n » 

[^4.2^2] = fiXi^ — [- fiX^f -{“ -f- fn^t? > 

lAiy ] = PiPi + P 22/2 -f -{■ gmVm ; 

lAiV ] = FiiXiVi -f FiiXiy^ -f -f FmnXnVm ■ 

Solving the normal equations 

-1- [AiA2]flt2== [Aip] , 

[A2Ai]ffli-|- [A2A2]£i2= lA^yfi , 

one has 

iAiV ] EA2A2] — lAiAil EAaa/] 

EAxAx] EA2A2] - EA 2 A 23 ^ 

EA 2 AJEA 22/3 —{AiAinA^yl 
EAxAJ [A 2 A 23 — EA2AxJ“ 


02 = 
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As shown previously, the following expression holds : 

[ArA,} lAM — ^A,A^V-=-N{f^x^^ + -f + 

■{“ -j- -f- ftA'n) ■ 

If one makes the abbreviations 

2xy = F ixXiyi -j- F 2iXiy2 “h mn^nVm J 

Xi = (.f ^Xi f 2X2 -\-fnXn)/N , 

y ~ (9iyi + ff^yz + 4- 8mym)/N , 

one may then write, 

[AiAi] [As!/} — [AjAi] [Aij/] = N 2 xy — N^xy, 

and 

[Ai 2 /] [A2A2] [A1A2] [A2I/ ]= N y if 1X1^ 4 “ fzX2^ 4 ~ -{-fnXn^y 

— N x 2 xy 

= N y{Ncrx^ Nx-) — N xZ xy — N^yax^ 4 “ ^ (N^x y — NSxy) 

Thus, for tti and Oz are found the values : 

NZxy — N-xy 
(h. — 

N^ycrJ^-^- X (N^xy- — N 2 xy ) 

(I2 == — — ' 

NW 


If these values are substituted in equation (1), one obtains 

N2xy — N^xy , — , x xy — N2xy) 
y = r^r-:: x + y + 



which may be written 

y — y==:ri<ry/(Tx) (x — i) 


( 2 ) 
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where 

(l/N)2xy — xy 

r = . (o) 

The quantity r, as has been stated before, is called the coeffi- 
cient of correlation, and the line represented by (2) is called the 
line of regression of y on x. In an exactly similar way one can 
derive the line of regression of x on y, 

X — x = r(,(rx/cy) (y — y) , 
or y — y= (l/r) (<Ty/<T^) {x — i). 

Example: As an illustration, regression lines may be fitted to 
the correlation Tables A and B. 

For Table A, one finds the values 

i = 4.4951 , y = 4.4951 , a. = 1.5858 , 
cr„ = 1.6134 , r = .9695 . 

Hence, the line of regression of y on aj is 

y — 4.4951 = .9695 (1.6134/1.5858) (a; — 4.4951) , 

?/ — 4.4951 = .9864 (« — 4.4951) , 
or 

2/ = .9864* + .0611 . 

Similarly, the line of regression of * on y is 

* — 4.4951 = .9695 (1.5858/1.6134) (y — 4.4951) , 

* — 4.4951 = .9529 (y — 4.4951) , 
or 

X = .9529y + .2117 . 

For Table B, one has the values 

* = 1.7917 , y = 1.7167 , v, = 2.4593 , 

(7^ = 2.8901 , r = .9496 . 

Substituting in the formulas, one obtains for the line of re- 
gression of y on *, 

y— 1.7167= 1.1160 (* — 1.7917) 
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or y = 1.1160a: — .2828 ; 

and for the line of regression of x on y, 

X — 1.7917 = .8080 iy — 1.7167) 
or x = .80802/ + .4046 . 

These results are represented graphically in the acconapanying 
Figure 46. The angles between the regression lines serve as a 
measure of the relative magnitude of the correlation coefficient. In 
the case of perfect correlation the lines coincide ; in the case of zero 
correlation the lines are perpendicular to each other. [See section 
6(d)3. 




Figure 46 
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PROBLEMS 

1. Calculate and graph the regression lines for the data of problem S, 
section 2. 

2. Fit a straight line to the data of problem 5, section 2, i.e., to National 
Income (a;) and Index of Industrial Production (y). Compare the coefficient 

cr« 

of X with the value r — ; given o-^ = 19.484, o-j. = 6.834, r = 0,9356. 

Oar 

3. Fit regression lines to the correlation table of problem 2, section 4. 

4. Calculate the regression lines for problem 3, section 4. 


6. Properties of the Correlation Coefficient. The correlation 
coefficient, for all its importance in the theory of statistics, is rather 
a difficult constant to interpret. A few facts associated with it will 
be pointed out in this section, although, unfortunately, the mathe- 
matics involved in the proofs is usually too difficult for an elemen- 
tary presentation. 

(a) . The probable error^ of the correlation coefficient r, is 

.6745[(1 — r^)/VN] , 

where N is the total frequency used in determining it. 

Example : In Table A, 

p. e. of r = .6745[l— (. 9695 .0028 . 

(b) . If in the two sequences of statistical values, 

Zdata:Zi X, , 

r data: 7, 7. 73 7„ , 

the X and 7 sequences are affected by m-\-n equally probable 
causes of which m are common to both, then the correlation coeffi- 
cient is equal to 

r — mf (m n) 

or, in other words, the correlation coefficient is the ratio of the 
common causes to the total number of causes. 


This very beautiful interpretation of the correlation coefficient 
is not easily proved, so the discussion must be limited to an illustra- 

looA^^ Methods for Research Workers, 8rd ed., London, 

laso, K. A. Fisher jmtes: “It is necessary to warn the student emphatically 
against me midrading character of the standard error of the correlation co- 
efficient deduced from a small sample, because the principal utility of the cor- 

relTOOB coefficieut lies m its application to subjects of wbicb little ie feuovna, 
and wbicb the data are relatively scanty/^ ^i^enever tbe sample is less 
than fOO, it is considered small. 
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tion.^ For such an illustration, where the elements are under con- 
trol, one must turn away for a moment from economic data. 

Let five coins be tossed, of which three are marked so that they 
can be identified, and record the number of heads that appear. The 
value thus obtained will form one item of the X data. The two un- 
marked coins are picked up and thrown ag'ain, letting the three 
others lie as they were. The number of heads now observed in the 
five coins is recorded to form one item of the Y data. A series of 
such operations provides the X and Y data. 

It will be observed that this experiment gives one the control 
of the underlying causes of the correlation of the two sequences 
and that all the forces at work are identified. It is obvious that the 
fundamental cause of obtaining an entry of three heads, for exam- 
ple, in the X sequence, is the behavior of the five coins when they 
are tossed. Since in each pair of items three coins are always the 
same, it is obvious that there are five causes of which three are 
common, and the correlation coefficient should equal 3/5. That this 
is actually the case is exhibited in the following table, which is made 
up of the a priori frequencies : 


Heads on First Toss 


y 







Sf 

9-y 

9 

T 

T.v 

5 




1 

2 

1 

4 

20 

100 

16 

80 

4 



3 

8 

7 

2 

20 

80 

320 

68 

272 

3 


8 

12 

16 

8 

1 

40 

120 

360 

112 

336 

2 

1 

8 

16 

12 

3 


40 

80 

160 

88 

176 

1 

2 

7 

8 

3 



20 

20 

20 

32 

32 

0 

1 

2 

1 




4 

0 

0 

4 

0 

/ 

4 

20 

40 

40 

1 20 * 

4 

128 

320 

960 


: 896 

a? 

0 

1 

2 

3 

4 

5 


- 320 



f *00 

, ^ 

20 

80 

120 

80 

20 

320 

a; =: = 2 J 

128 

> » 

y = 2.5 

f*x^ 

0 

20 

160 

360 

320 

100 

960 


960 

/O K\ 2 . 

— . 1 od 

S 


82 

88 

112 

68 

16 


or/ — 

128 


— X.wilt)' , 

S.z 

0 

82 

176 

836 

272 

80 ‘ 

896 

Say _ 


- *7 a 



1 




i 1 



N 128 ' ' ' " 1.2 


^See D. Brunt, The Combination of Observations, Cambridge, 1923, pp, 
169-lTO; also, T. L. Kelley, Statistical Method, New York, 1823, pp. 189-190. 
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One must be careful in applying this suggestive analogy to 
economic relationships, where the assumption of a multitude of 
independent random causes often cannot be made; in many in- 
stances there are common causes at work on several variables. 

(c) . It is also important to know that the value of the coiTe- 
lation coefficient lies between — 1 and -f-1. 

When r has the value 1, it is clear that both lines of regression 
coincide and the correlation is perfect; but when ?’ = 0, the two 
lines are at right angles to one another and no con’elation what- 
ever exists. Similarly, when r == — 1 there is perfect inverse corre- 
lation, and the regression lines again coincide. The proof of these 
facts follows : 


Setting 2 /i — y — d^ and Xj — x = D/, the following identity 
can be formed 

Fi 2 [dx — r (o'j,/(Ti)D 2 ]° 

■F '21 [ds ^ (%/ O’*) ■Dl] * “t“ I''22 [^2 r (cy/ <Tx) -02] “-(-••• 

F Zn [<^2 r {<Ty/ <Tx) - -j- • ■ . 


“}" F m\\Am Ull ® “|- 1^ »i2 Cd»i xi^Cty/ CT x) 

-] F »i,i [d,,! — T {ay/ a/) Pk] “ 

= [Pidi® ”1“ ^2^2^ -f- “h — ^f'O'v/cTTl.FndiDi-^-Ftzd'iDz 

H ^F„„dM+rW/<^^^ifiDi^-{-hDz^+ + - 

But one notices that the first term is equal to Nay - , and the last 
term reduces to r^{a//ax^)Nay/= r^Nay- . One also has 

F xidiDi -f- F xzdJDz -f- -j- FmndmDn 

'=Pii {Vi — y) (Xi — a;) -j- Fis {y^ — y) {xz — x) -]-••• 

” 1 ’ Fftiifi {y<rfi y'y {Xn a?) 

^={F iiy%Xi F i2i/i®2 -(-•••) — {ffiVi -f- Sidz -j- ■ • • ) a; 

— ifxXt -j- fzXz )y-\-N'zy 

= 2xy — Ny'x — N’x'y-\-Nxy = Ndxayr . 
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When these values are substituted in the formula for S®, one 

gets 

= Na/ — 2rVj,W + rVyW 
= N<TyHl — r^) . 

But the left hand member is never negative, and thus it follows 
that r can never be greater than 1. When r = 1, the two regression 
lines are seen to be identical, which means perfect correlation, and 
w^hen r = 0, they become 


and 


y = y, line of regression of y on x, 


x = x , line of regression of x on y, 
which means no correlation. 


(d) . From section 5, it is seen that the regression equations 
of 2 / on a; and x on y are 

y — V — rUy/cr^) {x — x) , 

y — 'y= (1/r) {x — x) . 


Hence, from section 4, Chapter II, the slopes of the above lines 
are found to be ricry/crx) and (1/r) {cy/a-x) respectively. From ana- 
lytical geometry, which says that the tangent of the angle ^ be- 
tween two lines of slopes mx and lUz is given by the formula tan ^ = 
(mi — ms) /(I + mims) , the tangent of the angle between the 
regression lines is 

Tan ^ ~ = - (r*-l)/r . 

l+(<ryW) + 

Thus, it is seen that when r = 1, tan # = 0, and the lines of re- 
gression are equal. When r = 0, then tan 4 = co , ■& = 90° , and 
the lines of regression are perpendicular. 


(e). A specialization of the correlation coefficient that is in 
common use as a method of estimating relationships is what is 
called the rank correlation coefficient. 

Let the items of a set of data be ranked according to two attri- 
butes, X and Y, and let a* and Oy be the ranks of the items with re- 
spect to X and Y respectively. It will be clear that a® and Oy are 
merely the integers 1, 2, 3, • • • , IV in some order. 
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Then the correlation of the rank with the rank a,, is meas- 
ured by the coefficient,^ 

6 ^ (cti ^ 

r = 1 

In order to derive this formula, one will first notice that the 
first and second moments of both sets of rank numbers ai’e equal 
respectively to 

£% = I^(xV+l)/2 

n=:l 

and 

f %2 = Ar(?^+l)(2xV-f l)/6 . 

n=i 

Hence one has, 

iN+l)/2 , and o-/ = <t/= — 1)/12 . 

One also notes the expansion : 

,V 

-S' (a* — cuy)^= 2 {a/ — 2ateaj, -(- a/) = — 22’a*aj. + 2 £ 

Mel 

= — 22:a*a,-l-N(h/’4-l)(2^^-f l)/3 . 

Now, consider the correlation coefficient, 

(1/N) 2<iiiay — AdAv 

rz=i . 

(Tx CTy 

Employing the expansion of 2 (a® — Oy)^ to replace 2(ix<^y, one 
■can then write r in the form, 

(N+1) (2N-j-l) /6 — (1/2N) 2 ia^-Oy) ^ V4 

(iV^ — 1)/12 

which reduces to the formula given above. 

(f) The probable error of estimate of y is defined to be the 
quantity 

.6745<rj,Vl — . 

That is to say, if one uses the regression equation (2) , section 6, to 
estimate a value of y from a given value of a;, the probable error of 
this estimate is the value just written down. A similar formula 
holds for estimating the error in a value of x computed from a 
given value of y. 

iTMs coefficient is generally attributed to C. Spearman who published it 
in 1904 in the American Journal of Psychology, Vol. 15 (1904) , pp. 72-101. 
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Thus for Table A, we get 

p. e. of estimate of 1 / = .6745 X 1.6134 V 1 — (.9695) " == .2667. 

PROBLEMS 

1. Calculate the probable error of the correlation coefficient given in 
Table B. 

2. The following table gives the heads in successive tosses where 4 pen- 
nies are tossed in the second throw and 8 remain as they fell in the first throw 
of 12 coins. (From R. Pearl, p. 298, Medical Biometry and Statistics, Phila- 
delphia, 1923, adapted from A. D. Darbi&hire)A Calculate the correlation co- 
efficient, On the basis of the theory of this section, what should the coefficient 
of correlation be? Show from the probable error of r that this prediction is 
justified. 


y 














Totals 

12 














0 

11 









1 





1 

10 








1 

3 

3 

3 



10 

9 






1 

1 

4 

13 

5 

5 

8 

1 

S3 

8 






1 

8 

19 

IS 

10 

1 



52 

7 




1 

1 

15 

29 

27 

13 

7 

1 



94 

6 




4 

12 

30 

86 

19 

10 

7 

1 



119 

5 




; 4 

21 

30 

26 

13 

4 





98 

4 

1 


3 

1 

12 

20 

1 

^ i 

5 

2 

1 

1 




52 

3 



2 

8 

9 

7 

4 







SO 

2 



4 

2 

3 

2 








11 

1 














0 

0 














0 

/ 

0 

0 

9 

20 

58 

106 

113 

88 

59 

32 

11 

3 

1 

500 

m 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 , 

10 

11 

12 
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Tables for Illustrating Statistical Correlation.” Mem, and Froc. 
Manchester Lit and FML Soc., VoL 51 (1907), 20 p. 
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3. Compute the angles between the regression lines of Table A, Table B. 

4. Calculate the angle between the regression line for the table in (b) 
section 6. 

5. Find the rank correlation for the two series of problem 5, section 2. 

6. Compute the rank correlation for the data of problem 2, section 4. 

7. The Correlation Stiff ace. A veiy illuminating way of look- 
ing at correlation is that obtained directly from the theoiy of 
probability. 

It has been shown in previous chapters that if the frequencies 
of two variables x and y are normal, the respective probabilities 

associated with class mai’ks x and y measured from x and y as 
origin, are 


and 


Px — — e 2<r = 

(rx^/27l 


Pj, = _JL_e“2<r/ 

(rj/'\/27i 


If the frequencies associated with x and y are independent of 
one another, then the probability of a joint occurrence of x and y 
will be 


__1 

SjKTj.O" y 


1 CC2 y2 

e i <Tx‘ <yy~ 


(4) 


If straight lines, equal in length to Pxy, be erected at each point 
on the flJiz-plane, it is clear that the locus of these points will form a 
surface. This is known as the normal frequency surface. 

Now it seems very reasonable to assume that, if the x and y 
frequencies are not independent; that is to say, are correlated to 
some extent, the probability of the joint occurrence of .r and y 
should be represented by an equation of the form : 

The values of 6, and k, should all depend upon the correla- 

tion coefficient r and be limited by the conditions (1) that P should 
reduce to Pxy for r = 0, and (2) that the volume included between 
the a:2/-plane and the correlation surface should be equal to unity. 
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The calculations^ necessary in the determination of a, h, c, and 
k, depend upon integral calculus and can not be made here. The 
result is what should naturally be expected, i.e., 

^ 1 ^ *2 ixyr ^ 

P = — e 2(1 — r^) 0-J.2 orj,cry 

2n<T!ea'y\/l — 

The surface corresponding to this equation is called the correla- 
tion surface, and reduces to the normal frequency surface when 
r — 0. The following Figure 47 shows an ideal normal frequency 
surface. As the correlation increases, this surface shrinks in about 
the diagonal of the square, until, in perfect correlation, only a line 
is left. 



8. Non-linear Regression. It sometimes happens that the re- 
gression curves obtained by connecting the means of the columns 
(or rows) will not approximate straight lines. The correlation is 
then said to be non-linear and the theory is considerably more com- 
plex than in the linear case. 

In order to give a measure of the correlation in this case, Karl 
Pearson, in 1905, introduced two new measures of correlation, 
rjyx and i]xv, known as the correlation ratio ofyonx and the correla- 
tion ratio of x on y, respectively.® 


iPor these computations see, for example, E. T. "Whittaker and G. Eohin- 
son. The CaUnbis of Observations, London and Glasgow, 1929, pp. 824-827. 

2“On the General Theory of Skew-Correlation and Non-linear Eegres- 
sion,” Drapers? Company Research Memoirs, Biometric Series II, 1905. 
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These ratios are defined as follows: If the symbols o-,„ and 
designate the standard deviations of the means of the I' arrays of 
X’s and the X arrays of Y’s respectively, then 






and fjTu 


O' ms 

<Tx 


To put this in form for calculation, note that 

= iLfiG, — yy]/N=iZ f.yrl 

i i 

where yi = [£ FjAjjl/fi — SJf, . Similarly, from symmetry, one 
finds cr-mx to be 

% 

where — TJgi . 

i 

Substituting these values in the equations of rjyx and rjxv , one 
reaches for the correlation ratio the values 




Vxy 


nI- 

V 

-y^ 

\ N 

* fi 

% 

! 1 

^ Ti^ 



Z— — 

-x^ 




'O'x 


As an example, consider the following correlation table : 
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From this table one can calculate, as in a previous section, the 
following values : 

« = 4.99, ^=3.84, ir,= z=.3.75, a/ ==-3.78, ■r = — .86, 

V (2618.8/147)“— (3:84) = V3-099 

: : — : — ! — = = .90 

V (2720/147) — (3.84) \'3.78D 

Vl4084;5/147)^“ (4.99)“ \^‘2.786 

c= — — — =;r = .87 

\/'(4212/147) —“( 4 : 99 )“ ^'3;653 


It will be noticed that both of these coefficients are 1ar.ger than 
the value for the linear correlation coefficient, r, but this fact is 
scarcely sufficient to give full assurance that the correlation is non- 
linear since the differences, — r=, and if,, — r“, are not large. 

The test for linearity, or non-linearity, must be made by means 
of some probable error formula. This question has been carefully 
investigated by J. Blakeman’, but because of the intricate character 
of the analysis only the result can be stated hero. Among the 
probable errors which Blakeman derives for the test of linear re- 
gression is the probable eiror for rf — r=. i.e., 

2 .. 

p. e. = ± .6745--^ V ()j- — }’-) [1 — 2{yf — r*) -if if ~ r*] . 

In our example, it is seen that 

p. e. of yf,,,. — = -t .029 , 

— r- ± p. e. = .072 ± .029 , 
p. e. of rf„, _ r” = ± .014 , 
yfxi, — ± p. e. = .015 i .014 . 

Since the first of these differences is almost three times its 
probable error while the second is just equal to its probable error, 
it is safe to conclude that one regression line shows a non- 
linear tendency but that the other is probably line«r. 

A second test which can be used when rj and r are both small, 
or when rf ~ r“ is small compared with r, is the following : 

382-8S?^ Tests for Linearity of Regression,” Biometrika, Vol. 4 (1906), pp. 
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The correlation is non-linear if ^ 

N(7f — r-)>lhZ7 

In the example, 

— =147 (.072) =10.58 

and 

147(t/% — r-) =147(.015) = 2.20 
which confirms the conclusion previously reached. 


PEOBLEMS 

1. Calculate the correlation coefficient for the following table: 
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2. Test the table of problem 1 for non-linearity. Is it more non-linear 
than the table used as an example in the text? 


3*TMs is derived from the formula for the probable error by assuming, first, 

2V^2 — rz 

that the p.e, may be replaced approximately by .6745 :: — and assum- 

VN 

ing, second, that ^ is less than 2.5 times this p.e. The formula^ follows 
by solving the inequality for See Handbook of Mathematical Sta- 

tistics, edited by H. L. Eiete, Cambridge, Mass., 1924, p. ISl. 
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3. The following data show the relationship between Total Bills Dis- 
counted by the Federal Eeserve Banks and Interest Bates on 4-6 months prime 
commercial paper. Calculate the correlation coefficients and determine 'whether 
this relationship is non-linear. 


tal Bills Discounted by Federal Eeserve 
Banks, (1923-1932) 
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Interest Rates, 4-6 months Commercial Paper (1923-1932) 



CHAPTER XI 


MULTIPLE AND PAKTIAL COREELATION 

1. Multiple Factors in Experience. Simple correlation is a 
measurement of the amount of co-variation between two series, and 
may indicate the degree to which one element aifects another, or 
the degree to which the two are affected by common causes. But 
the most cursory thought on the situation will serve to indicate that 
most of the economic elements with which one deals are influenced 
by a variety of factors rather than by one alone. Crops, for ex- 
ample, are a result not only of acreage planted, but also of the 5 ?ield 
per acre. The yield per acre, in turn, is a compound of several 
causal factors, the labor expended, temperature, amount of rainfall, 
fertilizer supplied, and perhaps irrigation. A consideration of long- 
term bond prices would suggest that they respond to such situations 
as (1) changes in the cost of living, since the public regards bonds 
as relatively undesirable in protracted periods of rising prices, and 
vice versa, (‘2) the earnings applicable to the interest charges, the 
bond price responding to variations in earnings which threaten or 
fortify the coupon payments, and (3) other interest rates, which 
influence the height at which bond prices will capitalize their cou- 
pon payments. 

Science deals most successfully with those problems in which 
two or three primary causes of some phenomenon can be isolated 
and analyzed. In economic situations there are often obviously a 
multitude of factors at work. Measurements are lacking which 
would enable one to assess the relative importance of these factors, 
the primary causes are not always adequately identified, and the 
elements in the series cannot be controlled in order that their in- 
fluences may be evaluated. This last point embraces one of the 
major difficulties in economic studies as compared with, say, studies 
in chemistry. If one wishes to determine the influences of variation 
in money rates on business conditions, he cannot, for purposes of 
experimentation, stabilize money rates for a period of years and 
then measure what effects ensue in commerce and industry. The 
elements of economics lie outside the effective control of the student 
of economics. 

But statistical procedure has a substitute for lack of control. 

— 293 — 
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Statistics allows the isolation of any one of several variables in an 
economic state, and a study of the influence of the remaining vari- 
ables. Or it allows study of the composite influence of several vari- 
ables on one variable. These ends are obtained through the tech- 
niques of partial and multiple correlation. 

Unfortunately, the mathematical theory on which this subject 
rests is beyond the scope of an elementary treatment, but analogy 
with the theory of simple correlation, which has already been de- 
veloped, makes possible some comprehension of the essential fea- 
tures. 


The Relationship between Wheat Production, Acreage 
Planted., and Yield pet Acre. The subject of partial correlation is 
most profitably approached by means of an example. An example 
may be taken in which common sense aifords a solution at the be- 
ginning, so that one sees statistical technique producing results 
which appeal a priori as valid. 

It is obmous that wheat production is the product of two, and 
only two, independent elements, the first being the acreage planted, 
and the second being the yield per acre. If acreage never varied, 
production would vary only with yield per acre; if yield never 
varied, only acreage wmuld influence production. 

However, one may set for himself the statistical problem of 
finding out how far production of wheat can be determined from a 
knowledge, first, of acreage planted and, second, of yield per acre. 

The subscripts 1, 2, and 3, may be used to designate the annual 
items in production, acreage, and yield. Using the figures from 
1894 through 1930, as given in problem 3, section 4, of the previous 
chapter, the following figures are obtained : 


Wheat 

Mean 

j Standard Deviation 

1. Production i 

742.71 (million bu.) 

124.68 ± 9.7760 

2. Acreage ! 

52.49 (million acres) 

7.36 ± .5770 

S. Yield !| 

' 14.13 (bu. per acre) | 

1.40 ± .1098 


The correlations among these three items are tabulated thus : 
Cwrelation Coefficients of Zero Order 


Wheat 

Production 

Acreage 

^ Yield 

1. Production 

= i.ooa 

= .782 

r,3= .587 

2. Acreage 

r^x— .782 

rj2 = 1.000 

7*22 — .016 

3. Yield 

r^x= .587 

.016 

r33 = 1.000 
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3. Partial Correlations. The table shows that there exist 
positive correlations among all three variables, although the coeffi- 
cient as between acreage and yield is insignificant. This last is to be 
expected, since there exists no necessary or probable connection be- 
tween the acreage which farmers plant and a yield dictated largely 
by the accident of weather. From the other coefficients it will be 
indicated that acreage planted seems to have been rather more de- 
cisive than jfield per acre in influencing the production of this 
cereal. 

A simple question, to which the approximate answer is known, 
may be raised. Suppose that through all these years acreage 
planted had been unvarying, then would not yield per acre have 
been much more potent in influencing production than appears from 
the table of coefficients of correlation given above? Or, if yield per 
acre had been stable through these years, would not acreage planted 
have been practically the sole remaining influence in dictating the 
level of production? 

In other words, it is quite possible that the correlation between 
production and acreage might be materially altered if production 
and acreage items were correlated only for those years which had 
the same yield. For example, what is the correlation between pro- 
duction and acreage planted using only those particular years in 
which the yield was 15 bushels per acre? 

It is often difficult to answer a question of this kind from 
the data at one’s disposal, since the number of cases is generally 
too small to permit the analysis of such subdivisions of the data 
without greatly increasing probable errors. The answer to such a 
question, however, is inherent in the correlation coefficients them- 
selves, and the elegant and powerful theory of partial correlation 
enables us to obtain this answer. In other words, from the theory 
of partial correlation, one is able to measure the relationship be- 
tween two variables when one or more other variables that influ- 
ence the situation are held fixed. 

The following notation has become standard in this theory. 

Let Xi, X 2 , , Xn, designate a set of n variables whose mutual 

correlations are being investigated. The correlations between them 
are denoted by the symbol r,,-, where i and j may have any of the 
values from 1 to n. For example, n. is the correlation between Xt 
and X 2 ; rsi is the correlation between X^ and X 4 , etc. These corre- 
lations are known as coefficients of zero order, and the subscripts 
are known as the primary subscripts. The student will, of course, 
recognize them as the familiar coefficients which he has studied in 
the previous chapter. 
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If one of the items, say X^, is held fixed, and the correlation 
then computed for two of the other variables, for example Xi and 
Xj, the correlation coefficient thus obtained is designated by the 
symbol ri;.;, , and is called the correlation coefficient of first order. 
The subscript k is called a secondary subscript. 

Without going into its derivation, which is beyond the scope of 
this book, the formula for the second order correlation coefficient 
may be given as follows : 


rij — ri-kTfk 

7— - 7 (1) 

V(1 — 

As an example, calculate the correlation between production of 
wheat and acreage planted, when jneld per acre has been held fixed. 

Referring to the table of section 2, it is seen that one is re- 
quired to find the value of ri 2 .s . Making use of the values of the 
zero-order coefficients, one thus obtains : 

ri2 — risTas .782 — (.587) (.016) 

fio.s = " ■■■ - — 

V (1 — ri3^) (1 — iV) V [1 — (-587) [1 — (.016) 

.782 — .009 .773 

= = = .95b • 

V (.655) (.9997) .809 

This calculation can be made either by logarithms or from the 
very useful tables computed by J. R. Miner.^ 


Again, calculate the correlation between production and yield 
per acre when acreage planted is held fixed. From equation (1), 

.587 — (.782) (.016) 

== - = — - - - — — 

V (1 — (1 — r.J) V [1 — (.782) [1 — (.016) ==] 

.587 — .013 .574 _ 

~ V (.388) (.9997) ~ .623 “ ‘ 


^J. R. Miner: Tables of VI — r® and 1 — for Use in Partial Correla- 
tion and Trigonometry, Baltimore, 1922, 49 pp. 
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In the third place, one may calculate the correlation between 
acreage planted and yield per acre when production is fixed. This 
involves the computation of rog., as follows : 


.016 — (.782) (.587) 

^2S»1 = — = 

V (1 — r,a=) (1 — V [T — (.782) =] [1 — (.587) ^ 


.016 — .459 
VT388) (.655) 


-.443 


-.879 . 


.504 


The following conclusions emerge. The size of the first coeffi- 
cient of partial correlation indicates that in the absence of any 
change in yield per acre, the acreage planted practically dictates 
the size of the crop. The size of the second coefficient indicates that 
in the absence of any change in acreage planted, the yield per acre 
practically dictates the size of the crop. The third coefficient, which 
is negative, indicates that in the absence of any change in the size 
of the crop, acreage and yield move in almost complete inverse 
relationship. If crop production, for example, in two years is iden- 
tical, any increase in acreage that may have occurred must have 
been compensated for by a decrease in yield, any increase in yield 
by a decrease in acreage. These conclusions, statistically reached, 
are, of course, entirely agreeable to common sense. 

The significant thing about this conchision is that one is able 
to arrive at the fundamental relationships which exist between 
factors without the necessity of actually studying sub-groups of data 
taken from the original figures. If one had actually been able to 
select statistics from a large number of years when production was 
constant, and had calculated the correlation between acreage and 
yield, he would have reached the same result, within sampling error. 

Example: Relationships between the Dow;-Jones Industrial 
Averages, Pig Iron Production, and Volume of Sales on the New 
York Stock Exchange. 

The following table gives the zero-order correlation coefficients 
between monthly items, 1897-1913, of (1) The Dow’-Jones Averages 
of Industrial Stock Prices, (2) Pig Iron Production, and (3) Shares 
of Stock Sold on the New York Stock Exchange: 
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(1) 

(2) 

(3) 

(1) 

r,, = 1,000 

.779 

r,3= .407 

(2) 

.779 

^22 = 1,000 

r,3= .074 

(3) 

^31= -407 

^32= .074 

= 1.000 


These series were chosen for a certain analysis because two of 
them correlated fairly well with the third and very slightly with 
each other. The partial correlation coefficients of the series are 

ri2.3 = .8221 , 

ri3.2— .5587 , 
r2s.i = — .4244 . 

The interpretation of these coefficients is interesting. Shares 
Sold may be thought of as representing speculative interest, and Pig 
Iron Production as representing business activity. The coefficients 
of zero order would indicate that there is a strong tendency for 
stock prices to respond to business changes, and a distinct tendency 
for stock prices to vary with speculative interest. Curiously, there 
seems to be little co-variation between business and speculative 
interest. 

When the partial correlations are considered, it appears that 
when changes in speculation are eliminated from the picture, busi- 
ness is even more heavily influential on stock prices, and that when 
business activity is eliminated from the picture, the importance of 
speculative feeling is enhanced. 


PROBLEMS 

1. Check the computations of the coefficients of partial correlation in 

the above example. What is the significance of = — .4244? 

2. From your own knowledge of economics, select an instance where 
some element is presumably affected hy two or three variables. Calculate the 
coefficients of partial correlation and interpret the answers. 


If.. Correlation Coefficients of Second Order. It is evident that 
the definition of the foregoing section can easily be generalized in 
case more than three variables are studied. If, for example, one is 
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considering a problem in which four factors enter, namely, Xi, X 2 , 
Xs, Xi, it will obviously be desirable to know the correlations which 
exist between any two of the factors when the other two are held 
fixed. The correlation coefficients in this case are designated by the 
symbol rij.;™, , where the primary subscripts, i and . 7 , refer to the 
variables whose correlation is desired, and the secondary subscripts, 
k and m, refer to the variables which are to be kept fixed. The 
correlations are spoken of as coefficients of second order, and 

are computed in terms of the coefficients of the first order by means 
of the following formula : 

ri3.hm ’= — . ( 2 ) 

V (1 — (1 — 

To illustrate the calculation and use of the coefficients of second 
order, one may use the following data,^ from one of the most in- 
teresting periods of American economic histoiy — March 1 , 19S2 
to July 1, 1933: 

1. The Dow-Jones Averages of Industrial Stock Prices, 

2. Pranc-dollar Exchange Bate, 

3. Annalist Index of Business Activity, 

4. Moody’s Index of Wholesale Commodity Prices. 

Representing the above four series by the variables X 2 , Xs, 
Xi, respectively, the following significant constants are calculated : 

Mean a- 

For Series Xi 64.9269 13.2692 

X 2 .04042709 .00276043 

X 3 69.4357 6.5587 

Xi 92.0600 12.2332 


Table of Correlation Coefficients 


Zero Order r’s 

First Order r’s 

Second Order r^s 

= .7136 

i ^12 . 3 == 

.0810 

, = .7876 

^12 . 34 

—.4965 

r,3 = .7837 


—.2238 

^23 , 4 = -5953 

i ^13 . 24 ~ 

.5148 

= .8687 

^13.2 = 

.4681 


II 

.7437 

= .8801 

^’13 . 4 = 

.2697 

^24 . 3 *6019 

^23 . 14 “ 

.6987 

r,, = .88n 

^14 . 2 

.7247 

^ 34 , 1 = -4282 

^24 . 13 ~ 

,7188 

r,^ = .8126 

^14 , 3 “ 

.6404 

r 3^.2 = .1629 

^34 . 12 “ 

—.2896 


^The figures are dafly except that in the case of (8) , since no daily fig- 
ures were available, interpolation was made op weekly data. 
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As examples of the calculations involved in the construction of 
this table, consider the following : 

Example 1 : Compute from the coefficients of zero order. 
Using formula (1) with proper subscripts, one finds 

n, — r,, .8801 — (.8817) (.8125) 

^ 23*4 ' " ~ 

V(l — (1 — r^,) V [1 — (-8817) [1 — (.8125) 

■8801 — .7164 .1637 _ 

V(.2226) (.3398) .2750 


Example 2: Making use of the coefficients of first order, cal- 
culate the value of r^s. •14 * 

Making the proper substitution in formula (2) , one finds 


^ 23«1 ^ 34‘1 

^ 23*14 — — ~ ; 

V(l — rW (1 — r^34.i) 

.7375 — (.7545) (.4282) 

V [1 — (.7545)^] [1 — (.4282) 

_ .7375 — .3231 _ .4144 _ 

V(.4307) (.8166) .5932 

It will be observed from formula (2) that in the general case 
of n variables there are two primary subscripts and two secondary 

subscripts which can be permuted among the numbers 1, 2, , 

n. It is immediately seen from the formula, however, that the co- 
efficient Tij-Ttm is equal to the coefficient since the interchange 
of the subscripts i and j does not alter the quantities in the formu- 
la. One is then led to inquire whether or not this is also true for an 
interchange of k and m. In order to answer this question the co- 
efficient is expressed in terms of the coefficients of zero order. 
After a straightforward algebraic simplification, one has 


^ 

”f" '^iTe “j~ 

( 3 ) 
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This formula remains unaltered when k and m are inter- 
changed, and thus the conclusion is reached that 


^ ^ ij *mk • 

Since the figures used in calculating the first of these quantities are 
different from those used in the second, one computation may he 
used as a check on the other. 

Since i and j make take any of the values from 1 to « in the 
general case, and m and k may then assume any of the remaining 
n — 2 values, there will be 

n . n ' 

n^2 71-2^2 

(n— 4) ! 4 

values of the second order coefficients. In the case of four vari- 
ables there are thus 6 second order r’s, for five variables 30 r’s, etc. 

Partial coefficients of higher order than two are defined in 
terms of the coefficients of the next lower order by a formula anal- 
ogous to (2) . The text will not, however, be concerned with these 
higher coefficients. 


PROBLEMS 

1. Verify by calculation two of the second order coefficients in the table 
in this section. 

2. Calculate the values of and show that they are equal. 

3. Derive formula (3) hy the direct substitution in formula (2) of the 
proper values of the first order coefficients calculated from formula (1) with 
proper subscripts. 

5. Partial Regression Equations. In section 5 of the pre- 
ceding chapter the regression line for two-variable correlation was 
derived, and found to be 

y — yc=r — {x — x) • 

(Xx 

If the notation of the present chapter is employed, y can be re- 
placed by Xi, X by X^, y by Mi, x by Mz, and letting the subscripts 
1 and 2 refer to the y and x variables respectively, the regression 
equation may be written in the following form : 

Xi — Mix=riz— {Xz — Mz) , 

0‘2 
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or 

= + — rx. — . 

(J2 0'2 

This equation, it will be remembered, was obtained by fitting 
a straight line by the method of least squares to the correlation 
table. In a similar way, it is possible to derive a regression line for 
the case of n variables- The involved nature of the calculations does 
not make it desirable to present the analysis of derivation here, 
but the restrictions which held in the two-variable case carry over 
without essential modification to the general case. 

For three variables one obtains as the regression line for Xi 
the following ; 

Zi = bin Z; -f b„c.j Zfc -f C. , (4) 

where the following abbreviations have been used: 

= > (a) 

(Trk 

= cr, VI > (b) 

and 

Ci = Mi — b,nMi~bik.,Mi,. (c) 

The generalized standard deviation, an , is usually referred to 
as the standard deviation of first order. 

Example 1 : Calculate the thr'ee regression lines for the corre- 
lation problem involving the factors of Wheat Production, Acreage 
Planted, and Yield per Acre (section 2). 

In order to solve this problem, one first calculates the first or- 
der correlation coefficients. As illustrated in section 3, these co- 
efficients are 

j*i 2.3 = .956 , ri3.2 = .921 , r,3.i = -— .879 . 

Next, the values for the zero coefficients and the standard devi- 
ations, given in section 2 of this chapter, are substituted in the 
formula for o-m- (formula b) , and one thus finds : 


Standard Deviations -of First Order 


Subscripts 



Subscripts 

.Jc 

1.2 

77.7103 


2.3 

7.3591 

1.3 

100.9393 


3.1 

1.1384 

2.1 

4.5873 


3.2 

1.3998 
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From the values thus obtained, the regression coefficients (for- 
mula a) are then calculated and tabulated as follows : 


Regression Coefficients 


Subscripts 

. 7c 

I Subscripts 

. h 

12.3 

13.1127 

23 . 1 

— 3.5576 

13.2 

51.1296 

31 . 2 

.0166 

21.3 

.0697 

1 32.1 

— ,2172 


As an example of the above computations, consider the value 
of &,2.3 . From formula (a), one easily gets 


= ria-s 


O'!- 


.956 


100.9393 

7.3591 


13.1127 


The last stop is the calculation of the constant term (formula 
c). Substituting the values for the moans (see section 2) in the 
formula for C, (formula c), one obtains the following: 

C!\ ItTl 5 i 2.3 Ufa (^13*2 -Ilf?. 9 

= 742.71 —(13.1127) (52.49) — (51.1296) (14.13) 

= 742.71 — 688.29 — 722.46 = — 668.04 ; 

Co= 50.99 ; 

Cz= 13.20 . 


Using equation (4), three regression lines are at once written 
down from these constants : 

X, = 5x2.sX2-f &X3.2X3-f-Cl ; 

Zi = 13.1127X2-1- 51.1296 Xs — 668.04 ; 

Xz = &21.sZi -j- bzi-iXi -f- Cs 9 

Zs = . 0697 Zi — 3.5576X3 + 50.99 ; 

Zs = fcsi.aZi + bss-xXz + Cr, : 

Za = . 0166 Zx — .2172X3 + 13.20 . 


The meaning of these equations will be clear from analogy 
with the case of two variables. Consider the third equation, for 
example, which expresses the relationship between yield and the 
other two factors. Thus, for a year in which production of wheat, 
Zi, is 850 units (unit, 1,000,000 bushels), and area planted. 
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X^, is 60 units (unit, 1,000,000 acres), the yield can be calculated 
as follows : 

Zs= (.0166) (850) — (.2172) (60) + 13.20 
= 14.28 bushels per acre. 

This figure must not be interpreted to mean that the yield 
with the given production and area figures will be exactly 14.28. 
It means merely that 14.28 bushels per acre is a good statistical 
guess. In this particular case the yield is actually 14.17 bushels 
per acre. Further limitations will be considered in the next section. 

The question may very properly be asked how a linear regres- 
sion line can be made to approximate the relationship between the 
production of wheat (Zi), the acreage (Z^), and the yield (Zs), 
when it is known a priori that the relationship between the three 
variables is actually 

Zi^Zs-Zs . 

But if the averages be denoted by Mi, M^, and as above, 
then it is clear that the equation just given can be written in the 
form 

Zi — M. Ms = Ms (Zs — Ms) + Ms (Xs — Ms) 

•+ (Zs — Ms) (Zs — Ms) . 

Now the quantity (Zs — Ms) is the deviation of Zs from its 
which is generally small, and (Zs — Ms) is the deviation of 
Zs from its mean, which is also small. The product is, therefore, a 
small quantity of second order, which in general can be neglected 
in comparison with either Ms (Zs — M^) or (Zs — Mo) . If it be 
further noted that Ms Ms is approximately equal to Mi, then it will 
be evident that the equation 

Zi — M ic=:Mi3(Zs — Ms) , 

that is 

Zi = MsZs + M,Zs + Mi — 2MsMs , 

will be a good approximation to the exact equation given above.* 


iTo the reader -who is familiar with differential calculus, this explanation 
is equivalent to stating that in the Taylor’s expansion 

9 /^ 


fir, 


y) -firo’Vo) 


iy—Vo) 
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If numerical values be substituted for the three averages, there 
is obtained 

Z, = 14.13 X, 52.49 Zs — 740.66 , 

which is seen to approximate closely the first regression equation. 

If the data for the year 1914 be substituted, one obtains for 
Xi the value 886.6, which may be compared with the exact value, 
891.0, or the value 882.2, computed from the first regression equa- 
tion. 


6. On the Aceumcy of Estimate. The next problem that arises 
is the determination of the accuracy with which one variable is ex- 
pressed in terms of the others. This is done by means of the useful 
concept of the probable error of estimate. 

By definition, one has 

p.e. of est. of X, = .6745 a^.j^c , (5) 

where 

= — r^tj) ( 1 — r-ij:.,) . 

This probable error has the same meaning as in previous chap- 
ters and gives the probable bounds of error made in calculating X* 
from the regression equation. 

For example, in the case of the yield of wheat, X^, in the pre- 
ceding section, 

p.e. of est. of Xs = .6745 0 - 3 V (1 — (1 — A 2 . 1 ) 

= (.6745) (1.40) V (.6554) (.2274) = .3647 . 

The third equation may then be written in the following form : 

X, = .0166 Xx — .2172 X, -f 13.20 ± .3647 . 

This may be interpreted by an example. It was found in the 
calculation made in the last section that, with given production 
and area figures for wheat, the yield per acre might be expected to 
be 14.28 bushels per acre. The probable error of estimate would 


4- 


2! 


PI- 


-«o)^ +2 


3x32/ jo * 


•*o) (y—Vo) + 




{y — Vo)' 


terms of higher order than the second may be neglected pro’vided (x — cCp) 
and (y — y^) are sufficiently small. 
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modify this statement to read that the chance is 1/2 that the yield 
will be somewhere between 13.92 and 14.64 bushels per acre. 

For the problem of accuracy of estimate at a particular point, 
see Henry Schultz, “The Standard Error of a Forecast from a 
Curve”, Journal of The American Statistical Association, June, 
1930. 


7. The Multiple Correlation Coefficient for Three Variables. 
Another important constant is the multiple correlation coefficient, 
which measures the correlation between the variable Xi and the 
linear combination of the other variables which makes up the right 
hand member of the regression equation. This coefficient, Ttnjh), is 
defined by the equation 

1— (1 — r=.y)(l — rV,) . (6) 

The probable error of estimate for the variable Xi, as given 
in equation (5), may obviously be expressed in terms of this co- 
efficient, giving 

p.e. of est. of Xi = .6745 o-iV”l — . 

Example: For the case of the yield of wheat, Xg, and the linear 
combination of the Production of Wheat, Xi, and the Area Planted, 
Xj, the multiple correlation coefficient i?s(i 2 ) is found from the re- 
lation 


1 — = (1 — r%^) (1 — r=32.i) 


Hence, 


= (.6654) (.2274) ==.1490 . 
R\i^) = .8510, and = .9225 . 


It is interesting to observe that Ri(jic) must be larger than any 
of the correlation coefficients of zero or first order which involve 
i as a primary subscript. This is proved by noticing from equation 
(6) that 1 — R^i(tii) is smaller than either of the two factors 
1 — r-ij and 1 — r^iicj, since each is less than unity and hence their 
product is less than either separately. Consequently, must be 
larger than r^a and and thus, since j and k can be inter- 
changed, it must be larger than any of the coefficients having i as a 
primary subscript. 


PKOBLEMS 

1. The example of section 3 of this chapter gives the zero-order corre- 
lation coeiBcients and the partial correlation coefScients for the three variahles 
Zj = Dow-Jones Averages of Industrial Stock Prices, = Pig Iron Produc- 
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tion, Zg = Shares of Stock Sold on the New York Stock Exchange, monthly 
data, 1897-1913. The following table gives the means and standard deviations 
for these series: 



Mean 

Standard Deviation 

Z^, Dow Jones Industrial Averages 

72.7746 

14.7228 

X 2 J Dig Iron Production 

55,0184 

17.9565 

Z 3 , Stock Sales, N.Y.S.E. 

14.6685 

6.1050 


Calculate the values of the standard deviations . 



2. Find the regression equation for the Dow- Jones Industrial Averages, 
in terms of the other two variables of problem 1 . 

3. Determine the probable error of estimate for X^, 

4. Substituting in your regression equation the latest monthly figures 
(end of month) for the Pig Iron Production series, Zg, and the Stock Sales;^- 
series, Zg, compare your value for Zg with the actual value of the Dow-Jones 
Industrial Averages as given for the end of the month under consideration. 
Does the actual value lie within the limits determined by ± p.e. of est. of 

x,? 

5. Calculate the multiple correlations *^ 3 ( 12 ) prob- 

lem 1 . 

6 . Calculate the multiple correlations, and 7^2(13)? probable 

errors of estimate for the illustrative example of sections 2 and 3. 


^These figures may be obtained from the Standard Statistics Company's 
Statistical Bulletin. 
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8. Multiple Correlation for Four Variables. The theory and 
formulas of multiple correlation apply "without essential change to 
the case of four or more variables. Since the case of four vari- 
ables is frequently met with in application, the explicit formulas 
are given below, and the student is referred to advanced treatises 
for the general statement covering any number of variables. A 
practical method for computing regression equations for the gen- 
eral case is given in section 10. 

The regression line for Xi, from analogy with the work of the 
previous sections, is written 


Xi ' — bij.km Xi — hi 




where use is made of the abbreviations 


(7) 


Oij»]cm ‘ — 5 

(a) 

CFjwJcm 


or i’\/ (1 iJc) (1 9 

(b) 


(c) 


Similarly, the probable error of estimate of Xi and the mul- 
tiple correlation coefficient are computed from the formula, 


p.e. of est. of Xi = .6745 


■Rhu: 


iijkm) • 




(d) 

(e) 


where 


Vi'\/ (1 (1 r^ijc'j') (1 ’ 

is the standard deviation of second order. 


As an example, let the regression line for the variable Xi (The 
Dow- Jones Averages of Industrial Stock Prices) be computed from 
the data given in the illustrative example of section 4. 

Making the proper substitutions in formulas (b) and (a), the 
following values are obtained for the standard deviations and the 
regression coeflScients; 

cri,24= 6.4050 0-1.23 = 8.2150 htz.zi — — 3002.0941 

<fi-34== 6.8307 O, .23 = 5.6946 613.24= 1.0733 

V2.84 = .001047 03.24 = 3.0721 614.23 = 1.0729 
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As an example of the calculations, consider 0 - 2.34 and 614.23 • 
Substituting in formulas (b) and (a), one obtains 


0-2.34 tr2V (1 ^^23) (f ^^24.3) 

= .00276043V [1 —(.8801) "] [1 —(.6019)^] 
= .001047 ; 


614.23 = ri4.23-^= (.7437) (1.4426) =1.0729 . 

<74«23 

By straightforward calculation one finds from equation (c), 
equation (e), and equation (d), respectively; 

Cl = 12.9963 , 

p.e. of est. of Zi = ± 3.7044 , 

1 ^ 1 ( 334 ) .9103 . 

r 

The regression equation may now be written down, giving 

Zi = — 3002.0941 Z 2 + 1.0733 Z 3 + 1.0729 X, 

+ 12.9963 ± 3.7044 . 

The meaning of this equation can be appreciated from the fol- 
lowing example. For June 3, 1933, the franc-dollar exchange rate 
(Z 2 ) was .0468 ; the index of business (Z 3 ) , 83.2 ; and the index of 
wholesale prices (Z4), 120.5; from the above equation the Dow- 
Jones Averages of Industrial Stock Prices, Zi, are calculated to be : 

Zi= (—3002.0941) (.0468) -f (1.0733) (83.2) 

+ (1.0729) (120.5) 4- 12.9963 ± 3.7044 
= 91.0814 ± 3.7044 . 

In other words, the chances were even that the actual average 
for the Dow- Jones Industrial Averages on June 3, 1933, would lie 
between 87.3770 and 94.7858. (The Dow-Jones Industrial Averages 
on June 3, 1933 were actually 90.02.) 

&. Appraisal of the Correlation Theory. The theory of par- 
tial and multiple correlation is one of elegance and power if, in 
the words of Galton, it is “delicately handled” and “warily inter- 
preted.” One must first assure himself that the zero correlations 
are linear and that the coefficients have been calculated from a suf- 
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ficient number of cases. These two points can always be settled by 
the probable errors which were studied in Chapter VIII. 

The significance of the first and second order correlation co- 
efficients can be determined by means of their probable errors, 
which are given respectively by the two following formulas : 

X -f2. . 

p.e. of = .6745 r— • (p.e. of first order r) 

\/N 

1 -^2. . ^ 

p.e. of = .6745 . (p.e. of second order r) 

■\/N 

where N is the total number of cases used in the original problem. 


Example: The correlations given in section 4 were calculated 
from 395 items. In that case 

p.e. of r23.4 = .6745 = .6745 — — = .0219 . 


VN 


V395 


The significance of the multiple correlation of the variable Xi 
in terms of the others is measured by Rnjjtm), where 


p.e. of multiple correlation Biunmy = .6745 


1—R^ai 


i(jJcm) 


VN 


N being again the total number of cases used in the problem. 


PROBLEMS 

1. Calculate the regression line for the variable Zg in the illustrative ex- 
ample of section 8 . 

2. Compute ^2(134) the corresponding probable error of estimate for 
the example of section 8 . 

5. Three hundred and ninety-five items were used in calculating the con- 

stants used in the illustrative example of section 8 . Calculate the probable 
errors of ^23.i4> and 

4 . Prove the formula 

^ ' , 

1 — Hh 

6. Compute the regression line for the variable Zg in the illustrative 
example of section 8 . 

6 . Compute the probable error of g for the illustrative example of 
section 8 . 
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10 . Extension to a Higher Number of Variables. It will be 
obvious to the reader that the direct extension of the methods giv- 
en above to the calculation of regression equations of more than 
four variables presents great difficulties of computation. As the 
number of variables is increased the number of partial correlation 
coefficients increases at a terrifying rate. A simple device, ho-w- 
ever, makes it possible to extend the method practically to a high- 
er number of variables. This device may be illustrated as follows, 
where, for simplicity of exposition, the case will be limited to six 
variables. One may designate these variables by X^, X,, X^, Xi, 
Xs, Xe, their means by Mi, M^, M3, M^, Ms, Ms, and their standard 
deviations by ci, o-o, ctz, Oi, o-.-,, o-s . 

The array of correlation coefficients is conveniently exhibited 


as follows : 

Xl 

Z 2 


Z4 

Xe 

Xe 

X, 

1 

n2 

riz 

ru 

ns 

Tie 

Xs 

^21 

1 

^23 

n4 

ns 

ne 

Xs 

Tbi 

^32 

1 

n4 

ns 

ne 

X 4 

ni 

^2 

^3 

1 

ns 

ne 

Xs 

^’51 

^52 

ns 

ru 

1 

Tse 

Xe 


^62 

ns 

r^i 

res 

1 


Selecting Xi as the leading variable, the regression for which 
in terms of the other variables is desired, one then seeks for a 
regression equation of the following form : 

— iXi—Mi) -f (X.— M.) 4- ^ (Xs— Ms) + • • • 

0*1 <r2 cr^ 

4-ii(Xe— Me) =0 . (8) 

0-6 

The values of the coefficients ai, bi, Ci, • • • , Ci, are then com- 
puted as solutions of the following system of equations: 

Cri ^*23 bi -[- ^24 Cl ^25 di -f* ^26 ^21 

^32 U-l -f" &1 "4“ ^34 Cl 4“ Tsg dj, “j” ^33 0% = ^31 

^42 C-i ^43 &1 4- Cl 4^ ^45 di 4“ ^#6 Cl = T 41 (9) 

^52 (h 4* bi 4^ ^54 Cl 4“ da 4^ ^86 Cl = — ^51 

Tg2 (h 4" ^^*63 bi 4" ^64 Cl 4~ ^65 C^l 4“ • 

The solution of these equations is most effectively accomplished 
by means of a computing machine. The coefficients of th in the last 
four equations are successively divided into the coefficients of the 
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other unknowns. The members of the resulting set are then sub- 
tracted successively from the first equation, thus eliminating the 
quantity csi. This operation is again repeated on the remaining four 
equations, eliminating bi. By continuing this process, the value of 
61 is finally attained, and by successive substitutions the other un- 
knowns are then found. This method is only practical when a 
computing machine is available, since the divisions must be per- 
formed to a number of decimal places in order that the last quantity 
shall be determined to a sufficient number of places. The order of 
the error in the constants can be estimated by substituting them in 
the left hand member of one of the original equations and compar- 
ing the resulting quantity with the right hand member. 

This same method, of course, can be employed to compute the 
regression equations in which X 2 , Xs, etc. are successively selected 
as the leading variables. The method is also immediately general- 
ized so as to apply to any number of variables. 

Example 1. In illustration of this method, it will be illuminat-t 
ing to derive equation (4), section 5. 

Adapting to three variables, one writes, 

~iXi—Md -f — M,y + A(Z. — M,) =0 . 

CTi (Jj aye 

( 10 ) 


Equations (9) are replaced by the simpler system, 

-f- Tjjcbi e= Tji , 

6i = — ni , 

the solution of which yields, 

tti = — {Tji — nir^s) / (1 — , bi= — (rm — rjiVsej ) / ( 1 — 

Equation (10) may then be written, 

Xi — Mi = -~^ai{Xs — M}) ^biiXic — Mjc) 

Eeferring now to the coefficients of equation (4), one easily 
computes 


Oihk = 

v/.j; V (1 — r^ik) (1 — ¥‘jk) 


(TiVl 

o-jVI — 
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Hence 


u 

Oij-Jc O/j t 

O’! 

and, similarly, h-,}:.) — — (cr,/<Ji)b, . 


Hence equation (10) is identical with equation (4). 


Example 2. The regression equation of the illustrative ex- 
ample of section 8 -will be computed by the method given above. 

Employing the data given in section 4, one first writes down 
the following system of equations; 

-f .8801&, -f .8817ci = —.7136 
.8801®! + 6,-1- .8125c, = —.7837 

.8817®, + .8125b! + = —.8687 


Dividing the second and third equations by .8801 and .8817 
respectively and subtracting the first from each of them, one ob- 
tains, 

.2561345 5,-f .041490530! = — .17686698 , 
.041415246! + .2524726 C! = —.27165574 . 


Repeating the process, one gets. 


and hence, 


5.9341405C! = —5.8687945 
C! = — .9889881 . 


From the first equation involving bi and Ci, there is computed 
6, = —.53033468 , 

and from the third equation of the original set, 

«! = . 6251384 . 

When the accuracy of these values is tested in the first equa- 
tion of the system, it is found that the values are correct to six 
decimal places. 

The regression equation is then readily obtained from (8) and 
found to coincide with that determined by the original computa- 
tions. 
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11. A Note on Linear De-pendence. To one familiar with the 
theory of determinants and linear systems of equations, it is evi- 
dent that the subject of i*egression equations in several variables 
is one fraught with certain difficulties of an algebraic sort. For it 
might easily happen that one or more of the variables in a S 3 ''stem 
is not independent of another one of the variables, or of some 
linear combination of several of the variables. In technical lan- 
guage, one says under such circumstances that the variables are 
linearly dependent. 

The linear dependence of the variables in an algebraic system 
may always be recognized by the vanishing of the determinant 
formed from the array of constants (in the present instance the 
array of correlation coefficients given earlier in the preceding sec- 
tion) which multiply the variables. But, unfortunately, in statis- 
tical studies the system is not strictly algebraic, because of the 
probable errors of the correlation coefficients, and hence the essen- 
tial vanishing of the determinant might well be masked by the 
magnitude of these errors. 

Because of the advanced character of this important ques- 
tion, it is not possible to give an adequate discussion of it in an 
elementary book. R. Frisch in an elaborate study’^ to which the 
reader is referred has gone carefully into the question of linear 
dependence of statistical variables and has advanced empirical de- 
vices which he has used to test such dependence. H. Hotelling® has 
gone further into some phases of the problem and derives sampling 
distributions which enable one to test the relative importance of all 
the variables. It is thus possible in this book merely to call attention 
to the dangers lurking in a system comprising several variables, 
some of which may be expressible in terms of others, and to warn 
the reader to be on guard whenever intercorrelations between vari- 
ables seem to suggest a linear dependence. 

As an example, it might be required to find the regression 
equation for the Dow Jones Industrial Averages (Z,) in terms of 
Pig Iron Production (X 2 ) and Industrial Production (Z 3 ). For the 
period from 1897 to 1913 the correlations between these three vari- 
ables are r^^ ~ .515, r-a = .514, 5*23 = .994. These correlations show 
very clearly that pig iron production and industrial production are 
essentially the same variable and hence any regression of Xi with 


^''Statistical Confluence Analysis by Means of Complete Regression Sys- 

tetus/ Nordic Sidtistical JouTncd^ Vol. 5 (1934) ; also issued by tbe Economic 
Institute of tbe University of Oslo, 1934, 192 p. 

»*^Malysis of a Complex of Statistical Variables into Principal Compo- 
nents, Journal of Bducalional Psyelwhgy, Vol. 24 (1933), pp. 417-441; 498- 
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Zo and Z3 would be spurious. In the case of three variables it is 
obvious that the ideal regression would be one formed between 
variables two of which correlated highly with the other but not 
with one another. 



CHAPTER XII 


Types op Statistical Semes 

1. Introduction. In the earlier pages of this book, the discus- 
sion of frequency data was limited to the case of skew-normal dis- 
tributions, that is to say, distributions which depended upon the 
assumption of a constant probability affecting equally all cases. 
That this assumption can only be approximately true in statistical 
series derived from natural phenomena, with all of their complex- 
ity of causes, is immediately apprehended. One of the best ways to 
be assured of the truth of this statement is to observe the frequent 
occurrence in practical applications of distributions which fail to 
correspond to normal or skew-normal patterns. 

It is thus important to be able to recognize these variant fre- 
quency distributions when they appear and to know something of 
the probability considerations which underlie their theory. 

Unfortunately, a complete mathematical description of series 
which do not conform to the pattern of normal or skew-normal 
series, as they have been developed in previous chapters, requires 
technical knowledge of an advanced nature. Under the leadership of 
Karl Pearson, the English school of statisticians has developed the 
theory of these higher types of distributions from the standpoint of 
differential equations. Twelve types have been recognized and 
methods devised for fitting them to numerical data. Good treat- 
ments of these types, with numerical illustrations, are to be found 
in W. P. Elderton’s Frequency Curves and Correlation, second edi- 
tion, London, 1927, and D. C. Jones’ A First Course in Statistics, 
London, 1921. On the continent, particularly in Scandinavian 
countries, under the influence of J. P. Gram, T. N. Thiele, C. V. L. 
Charlier, and others, a method of handling these higher types of 
distributions has been developed in which the theory of orthogonal 
functions has been employed. The method consists essentially in 
a generalization of the normal frequency curve and the recognition 
of certain functions of the moments which characterize the dis- 
tribution. These functions are customarily referred to as the semi- 
invariants of Thiele. Thiele’s classical paper The Theory of Oh- 
senations, published in London in 1903, has been reprinted in The 
Annals of Mathematical Statistics, Vol. 2 (1931), pp. 165-308, and 
merits careful reading by any one who wishes to get a complete 
understanding of the nature of frequency distributions of general 
type. The work of the Scandinavian school has been made the ba- 
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sis of Arne Fisher’s Mathematical Theory of Probabilities, New 
York, 1923, and the theoretical development is accompanied by 
excellent numerical examples. 

Since the methods of both the English and the continental 
schools require mathematical tools of a higher order than those 
assumed in this book, it will be necessary to limit the discussion to 
the description of general characteristics of frequency distribu- 
tions which vary from the normal. 


2. Excess or Ktirtosis. In a previous chapter, skewness was 
defined as the ratio, 

S' = M,/(2N^^) , 

where Mg is the third moment about the mean, o- the standard devi- 
ation, and N the total frequency. It will now be assumed that the 
skewness is essentially zero. Attention is then called to the follow- 
ing ratio, 

A = M,/(NcrO , 

where Mi is the fourth moment about the mean, o- the standard 
deviation, and N the total frequency. 

By methods differing only in algebraic difficulty from those 
employed in Chapter VII to compute the second and third moments 
about the mean for binomial distributions, it can be established 
for a binomial distribution that, 

Mi/N = mpq (1 — &pq Znpq) . 


Since one has = npq, the following value is then readily ob- 
tained : 




Since p and q are constant and, as a matter of fact, under the 
assumption of a zero skewness are both equal to %, the first two 
terms approach the value zero as n becomes large. Hence one con- 
cludes that for a normal distribution, 

ySg == 3 (normal distribution) . 


By methods rather too complex to be introduced profitably 
here, the probable error of may be shown to equal. 


p.e. of = . 6746 V24/N=: 3.3044/ 
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Hence, one should not regard as normal any distribution for 
which 1^2 — 3 1 exceeds three times the probable eiTor just written 
down. 

This variation of a frequency distribution from the normal is 
called the excess or kurtosis and it is measured by^ 

If E is positive, the distribution will show a greater cumulation 
about the mean than the normal curve ; if jE is negative, the cumula- 
tion is less than that of the normal curve, that is to say, the data 
tend to dispersion. 

Earlier in the book, noi'mal frequency data have been referred 
to as forming a Bernoulli distribution. In this book, distributions 
in which the excess is positive will be referred to as Poisson distri- 
butions, and those in which the excess is negative as Lexis distribu- 
tions. The three types are also referred to as normoX, subnormal 
and hypernormal respectively.^ 

It will be instructive at this point to compute the excess for 
a rectangular frequency distribution, that is to say, one in which 
the frequency over a range from — n to -\-n is a constant, /. This 
type of distribution is illustrated graphically in Figure 49. 


Y 


E = -I2 


.2 -1 0 | 1 2 Y , 

Figure 49 


^Some authors measure kurtosis by E/2 or E/B. Karl Pearson, who orig- 
inated the idea of kurtosis in Biometrika, VoL 4 (1906), p, 173, says: "'Given 
two frequency distributions wMch have the same variability as measured by 
the standard deviation, they may be relatively more or less dat-topped than 
the normal curve* If more flat-topped I term them platykuHic, if less flat- 
topped hptohurtiCf and if equally flat-topped mesohwrtic* A frequency distri- 
bution may be symmetirical, satisfying both the first two conditions for nor- 
mality, but it may fail to be mesokurtic, and thus the Gaussian curve cannot 
describe it.^’ 

®See footnote to section 3, 
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The average is obviously zero, so the square of the standard 
deviation is merely,^ 


j/i f %{n -f- 1 ) 1 ) 

_ = __ 


Since 2n f = N, this may be -written, 

a== (w-f 1) (2 tc+1)/6 . 


Similarly, the average value of the fourth moment is,^ 

n 

_/»{»i+l)(2«H-l)(3w^ + 391—1) 

IVU/IM — ^ 

= («+ 1) (299 + 1) (3w= + 3n — 1)/30 . 


Hence, computing /?i, one finds, 

36 (399* + 399 — 1) 

30 (99+1) (299+1) ■ 

If n becomes very large, /J, approaches the limiting value, 

A = 1.8 . 

Hence, since a rectangular distribution may be regarded as 
a bounding distribution between bell-shaped and XJ-shaped fre- 
quency distributions, one concludes that distributions for which ^2 
— 1.8, that is to say, for which E = — 1.2, are TJ-shaped. This 
implies a -violent distortion for extreme ranges of the data. 

Thus, to summarize, one may say that when 

^2 = ^, E = 0, the data are normal and belong to the Bermulli 
type; 

jSa < 3, S < 0, the data are hypernormal and belong to the 
Lexis type; 

^2<1.2>,E < — 1.2, the data are U-shaped; and 

/ffa > 3, S > 0, the data are suhnormaZ and belong to the Pois- 
son type. 


^Por tliese sums see Chapter IX, section 4. 
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These conclusions are based upon the assumption of a zero 
skewness in the data. Figure 50 illustrates graphically these types 
of distributions. 

Example: In order to put the problem in concrete form, con- 
sider the following table, which gives the deaths from automobile 
accidents in thirty-two cities of the United States in 1930 (Data 
taken from the Statistical Abstract of the U.S., 1931) : 


City 

Deaths (1930) 
(Automobile 
Accidents) 

i 

Kate per 
100,000 

Population 

(1930) 

Albany 

35 

27.7 

127,412 

Baltimore 

198 

24.8 

804,874 

Boston 

145 

18.6 

781,188 

Buffalo 

184 

32.4 

573,076 

Chicago 

768 

23.1 

3,376,438 

Cincinnati 

150 

33.6 

451,160 

Cleveland 

312 

34.9 

900.429 

Columbus 

117 

40.7 

290,564 

Denver 

69 

24.2 

287,861 

Indianapolis 

129 

35.8 

364,161 

Jersey City 

73 

28.1 

316,715 

Los Angeles 

430 

36.0 

1,238,048 

Milwaukee 

112 

19.6 

578,249 

Minneapolis 

lOS 

23.5 

464,356 

Nashville 

64 

41.8 

153,866 

Newark I 

126 

28.6 

442,337 

New Haven 

62 

38.1 

162,655 

New Orleans j 

124 

27.0 

458,762 

New York City ^ 

1342 

19.6 

6,930,446 

Philadelphia : 

381 

19.6 

1,950,961 

Pittsburgh 

197 

29.6 

669,817 

Providence 

69 

27.4 

252,981 

Eeading i 

32 i 

28.8 

111,171 

Eochester I 

58 i 

17.8 

328,132 

St. Louis 

172 

21.0 

821,960 

Salt Lake City i 

58 

41.8 

140,267 

San Francisco 

119 

19.0 

634,394 

Scranton 

49 

34.3 

143,433 

Toledo 

106 

36.8 

290,718 

Trenton 

58 

47.1 

123,356 

Wilmington 

33 

30.9 

106,597 

Yonkers, N.Y. 

27 

20,4 

134,646 


It appears from the above table that there is a great difference 
in the probability of death by automobile accident in Trentfen and 
Hochester. Consider, then, the question of whether this difference 
is significant or whether the variations from city to city represent 
what one should normally expect. It is obvious that the excess will 
tell whether the above distribution is normal or abnormal. 
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But it is at once evident that it will be necessary to derive from 
the data a sub-set of cities with populations which do not differ too 
greatly from one another. For a sub-set of cities, one has : 


! 

City 

Deaths (1930) 
(Automobile 
Accidents) 

Bate per 
100,000 

Population 

(1930) 

Buffalo 

184 

32.4 

i 573,076 

Cincinnati 

150 ! 

38.5 

451,160 

Indianapolis 

129 1 

35.8 

364,161 

Jersey City 

73 

23.1 

316,715 

Milwaukee 

112 

19.6 

578,249 

Minneapolis 

108 

23.5 1 

464,356 

Newark 

126 

28.6 

442,337 

New Orleans 

124 

27.0 

458.762 

Bochester 

58 

17.8 

328,132 

San Francisco 

119 

19.0 

634,394 

Total 

1183 

! 

4,611,342 


An adjustment to these figures must be made so that the deaths 
for each city refer to a uniform population. When the population 
figures agree as closely as in the present example, one may, without 
appreciable error, adjust the statistical items to the arithmetic 
average of the population as a base. This is done by multiplying the 
rate per 100,000 by the average population, expressed in units of 
100)000, namely 4.611342. A new table is thus obtained: 
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City 

Actual 

Deatlis 

Buffalo 

184 

Cincinnati 

150 

Indianapolis 

129 

Jersey City 

73 

Milwaukee 

112 

Minneapolis 

! 108 

Newark : 

1 126 

New Orleans 

124 

Kochester 

' 58 

San Francisco 

119 

Totals 

1183 


Deatlis Adjusted to an Average 
Population of 461,134 


149 

154 

165 

107 
90 

108 
132 
125 

82 

88 


1200 


Employing these data, one then computes the mean to be 120.1 
and the second, third, and fourth moments about this value to equal, 

Ms = 7797 , Ms = 42325 , M4 = 9947637 . 

From these values the skewness and excess are found to be 
S' = .194 , E = — 1.364 . 

Since the number of cases considered is small, the probable 
errors are large and conclusions correspondingly insecure. How- 
ever, the implication is that there exists a significant variation in 
the death rates between the cities studied. In fact, the excess indi- 
cates that the distribution is essentially U-shaped. 

Frequency distributions derived from time series generally 
tend toward the hyper-noi-mal type. The reader is referred for an 
illuminating discussion of this problem to a paper by D. H. Leav- 
ens: “Frequency Distributions Corresponding to Time Series,” 
Journal of the American Statistical Association, Vol. 26, 1931, pp. 
407-415. 

PEOBLEMS 

1. Prom a table of sines, form a frequency distribution for the ordi- 
nates of the function y = sin (2^ t/T) , where f ranges over the values from 
t = 0 to I = r. Since the range is over a complete cycle, half the values will 
be negative and hence the average is zero. Show that is approximately equal 
to .6 and that the excess is —1.5. This result is significant in business cycle 
theory in showing that a frequency distribution formed from the deviations 
from a linear trend of a series with a strong periodicity will tend to be 
U-shaped. Why? 

2. The following table gives the frequency distribution of Eail Stock 
Price Averages for the period from 1869 to 1878 : 
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Class Interval 

Frequency 

Class Interval 

Frequency 

83.0-39.9 

23 

75.0- 81.9 

34 

40.0-46.9 

16 

82.0- 88.9 

27 

47.0-53.9 

12 

89.0- 95.9 

23 

54.0-60.9 

6 

96.0-102.9 

52 

61.0-67.9 

20 

103.0-109.9 

16 

68.0-74.9 

11 

i 


iV = 240 


Compute the excess for these data. The student should note that the 
values of the class interval can be replaced by integers without affecting the 
final results. Why? 


3. The following table shows the frequency distribution of the devia- 
tions of Rail Stock Price Averages from the trend during the period 1859-1878 

V2(tcos 1(2^ t/T) -hT] , 

where <r is the standard error of the deviations of the actual data from 
a straight line: 


Class Interval 

Frequency 

Class Interval 

Frequency 

-24 to -18 

6 

11 to 17 

8 

-17 to -11 

31 

18 to 24 

9 

-10 to- 4 

42 

25 to 31 

6 

- 3 to 3 

90 

32 to 38 

1 

4 to 10 

47 


W = 24F 


Compute the excess for these data. What do you infer about the move- 
ment of Rail Stock Prices during this period? What was the cause of the 
deviation from a straight line trend? 

4. Compute the excess for the frequency table (b), section 2, Chapter 
III. 

5. Make a selection of data of your own and compute the excess. What 
conclusions do you derive from this computation? 

6. The following table gives the number of banks suspended in 1930 in 
ten American states having populations of approximately the same size. 
Calculate the excess and determine whether a significant variation exists. 
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state 

No. of Banks 
Suspended 
(1930) 

Suspensions 
per 100,000 
population 

Population 

(1930) 

Kansas 

48 

22.86 

1,880,999 

Minnesota 

22 

8.58 

2,563,953 

Iowa 

86 

34.80 

2,470,989 

Virginia 

20 

8.26 

2,421,8S1 

Louisiana 

9 

4.28 

2,101,593 

Kentucky 

29 

11.09 

2,614,589 

Tennessee 

28 

10.70 

1 2,616,556 

Alabama 

34 

12.85 

2,646,248 

Mississippi 

52 

25.87 

2,009,821 

Oklahoma 

23 

9.60 

2,396,040 

Totals 

346 

1 


23,722,589 


7. Determine the excess for the following data: 


State 

1 

Number of Commercial ! 
Failures (1930), ! 

X 

Number of Concerns 
in Business (1930), 
y 

Connecticut 

592 

30,974 

Nebraska 

202 

27,622 

Kansas < 

230 

35,131 

Maryland ’ 

341 

30,714 

Virginia j 

389 

31,087 

North Carolina 

414 

33,653 

Georgia 

387 ' 

29,737 

Florida 

240 

27,856 

Tennessee i 

298 

31,234 

Washington 

— — - . 1 

622 

33,524 

Totals 1 

i 

3665 

311,032 


Hint: Calculate the nnimher of failures per 1,000 concerns, hy dividing 
^ by y, and proceed from this step to compute your adjusted values. 


Th6 Lsxis Ratio and tho Cha/rliGT Coofficiefit of DistuTb*- 
amy. Another method of detecting^ the disturbing influence in 
stetistical series and thus distinguishing between the three types of 
distributions has been devised in what are called the Lexis Tatio 
and the C^flier coefficient of disturbaney. 
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The Lexis ratio is usually denoted by L and is merely the ratio, 

L = <t/o'b , 

where a is the standard deviation calculated directly from the data, 
and (tb is the standard deviation calculated on the assumption that 
the given data form a normal or binomial distribution. 

The Charlier coefficient of disturbancy is derived as a natural 
measure of variation from the fact that the squares of the standard 
deviations of the Poisson and Lexis series as technically defined in 
the next section differ from the square of the standard deviation 
of the Bernoulli or normal series by multiples of a common con- 
stant. [See formulas (1) and (2), section 4]. The Charlier coeffi- 
cient of disturbancy, C, is defined to be. 


C ==100 


I 


9 


where A and o- are the arithmetic mean and standard deviation, 
respectively, of the data; <tb is the Bernoulli deviation previously- 
defined. When 

L = 1, C = 0, the data are normal and belong to the Bernoulli 
type, 

L > 1, C > 0, the data are hypernormal, and the distribution 
is of the Lexis type, and 

L <1, C imaginary, the data are subnormal and belong to the 
Poisson fype.^ 

As an example of the application of these two constants, con- 
sider the adjusted data given in the preceding section. 

In computing the Bernoulli deviation, one may adopt the point 
of view that the population in each city is liable to death by auto- 


the second section of this chapter curves of positive excess were re- 
ferred to as Poisson distributions and those of negative excess as Lexis dis- 
tributions. It will be shown in the next section that and are respectively 
smaller than and greater than where is the standard deviation of the 
corresponding Bernoulli or normal distribution. The fact that the Lexis ratio 
o-p/cr^ is less than 1 does not, of course, prove that the excess of the Poisson 
distribution exceeds that of the Bernoulli distribution. Although Poisson dis- 
tributions can be set up in which the excess is less than that of the correspond- 
ing Bernoulli distribution, it is generally true that the Lexis ratio of the 
Poisson distribution described in the next section carries with it the inequality 
Ep — Ep > 0, where Ep and Ej^ are respectively the excesses of the Poisson 
and Bernoulli distributions. The same remark applies also to the Lexis dis- 
tribution, that is, that in general, the inequality > 1 carries with it the 

inequality Ej^ ^ Ep <, 0* 
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mobile accident, and that the number of deaths constitutes a noi'- 
mal distribution with a number of instances equal to the average 
population of the ten cities, 461,134.2 in each case. Thus, to obtain 
the desired Bernoulli deviation the probability, f, of 

death by automobile accident in each of the cities is computed 
to be 

= .0002565 , 

461,134.2 

q = l-jp = 1 _ .0002565 = .9997435 , 

and n is taken as equal to the average population of the ten cities, 
that is, 461,134.2. Thus, as becomes, 

(tb = V (461,134.2) (.0002565) (.9997435) = V118.26 = 10.87 
From the adjusted data one calculates directly, 

= [ (149— 120.1) " + (154— 120.1) == + (165— 120.1) * 

+ (107-120.1)2-+- (90-120.1)2-1- (108—120.1)2 
-+-(132—120.1)2+ (125—120.1)2+ (83—120.1)2 

+ (88— 120.1)2]/f^==!!!?::®P= 788.29 , 

10 


a=V788.29 = 28.08 . 

Using these two values of the dispersion, one obtains for the 
Lexis ratio. 


28.08 

10.87 


= 2.58 


and for the Charlier coefficient. 


^ __ 100 V788.29 — 118.26 „ 

mi ■ 

These quantities agree with the conclusion reached in section 
2 that there is a significant disturbance in the automobile deaths 
in the cities considered. In other words, the observed variations 
cannot be due merely to random sampling, but there are underly- 
ing causes which make the probability of death in automobile ac- 
cidents differ in an essential manner from city to city. Such a con- 
clusion has statistical importance in directing attention to such 
significant variations. 
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PROBLEMS 

1. .Compute the Lexis ratio and the Charlier coefficient for the data of 
problem 6, section 2. 

2. Compute the Lexis ratio and the Charlier coefficient for the data of 
problem 7, section 2. 

8. Make a selection of data of your own and determine to which of the 
thi’ee series the distribution belongs. 

.4. On a Probability Classification of Distributions. Hatang 
now learned the technique of recognizing disturbance in frequency 
distributions, the reader will find it profitable to examine more 
closely into the probability assumptions which lead to one or the 
other of the variants from the normal. 

In the case of the Bernoulli distribution which was studied 
extensively in earlier pages of this book, the assumption was made 
that the frequencies were derived from events subject to a con- 
stant probability. When this assumption is changed, then either a 
Lexis or a Poisson distribution results. 

In order to form a concrete picture of the problem, consider 
n urns, C7i, ZJa, - • • , ?7«, which contain white and black balls in such 
ratios that the probabilities of drawing a white ball from them are 
P^> Pn) , Pn> respectively. One drawing of n balls, one from each 
urn, will be called a set. Let N sets be drawn and the frequencies 
in the cases where one drew no white ball, one white ball, — , n 
white balls, be recorded. The following table results : 


No, of white halls drawn 

1 

0 

1 

2 

8 

... 

n 

Frequency 

fo 

h 

A 

fz 

... 

fn 


where /o -f- A -f- /2 -f- /s -f~ ~ 


If the ratios of white to black balls in each urn were the 
same, i.e., px ~ p2 = • ■ • = Pn = p, then a Bernonlli distribution 
would be formed with an arithmetic average, Ab, and a standard 
deviation, <tb, equal respectively to. 


As — np, OB = -sjnpq . 

If the ratios of white to black balls were different from urn to 
um, then a Poisson distribution would result with the following 
arithmetic average, A?, and square of its standard deviation <rp : 

■> 1 > 3 - J " r ; » 

Ap = np , ap^ = npq — 'Jf^ iPi — p)^ , 

4 = 1 

where p = {px P2 Pz -{ [■Pn)/‘n , q = 1 — p . 


( 1 ) 



328 


ELEMENTS OF STATISTICS 


If the ratios of white to black balls were the same for each of 
m sets of drawings, but were changed for each subsequent set of m 
drawings, where m = N/t, that is to say, if the ratios Pt, 2 ? 2 , • • • , Vn, 
were all equal to Pi for the first m sets, to for the second m sets, 
and to Pt for the last m sets, then a Lexis distribution would result 
with its arithmetic averages, Ax,, and the a. square of its standard 
deviation, o-x, equal respectively to, 

A, = np , t > <2) 

r {=1 

where p = (Pi + Ps + Ps H \-Pr)/r , q — l—p. 

From this point of view, one would then classify the three 
types of frequency distributions as follows : 

(a.) Bernoulli, or binomial distributions, where the probabil- 
ity is constant through trials and sets, 

(b) Poisson distributions, in which the probability varies 
from trial to trial but is constant from set to set, 

(c) Lexis distributions, in which the probability is constant 
from trial to trial but varies from set to set. 

The difference between Poisson and Lexis distributions may, 
perhaps, be further clarified by two numerical examples.^ 

In order to construct a Poisson distribution, suppose that the 
drawings are to be made from three urns, Ih, U 2 , Ug, in which the 
ratios of white to black balls are respectively 1/3, 1/2, and 2/3. For 
one set of drawings the following eight possibilities present them- 
selves: BBB; WBB, BWB, BBW; WWB, WBW, BWW; WWW. 
The probabilities in these cases are respectively 1/9; 1/18, 1/9, 
2/9 ; 1/18, 1/9, 2/9 ; 1/9. From these values the probability that 
no white ball is drawm is found to be 1/9; one white ball, 7/18; 
two white bails, 7/18; and three white balls, 1/9. Hence, if 72 sets 
are drawn, the following frequency distribution is expected in the 
ideal case : 

No. of wMte balls 0 12 3 

Frecfuencies 8 28 28 8 

iTMs discussion is taken from a paper by H. T. Davis: “Elementary De- 
rivation of the Fundamental Constants in the Poisson and Lexis Frequency 
Distributions,” Amerimn Math. Monthly. Vol. 34 11927), pp. 183-188. 
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For this distribution, the arithmetic average and standard dev- 
iation squared are respectively 3/2 and 25/36, both values check- 
ing with a computation based on the formulas given in (1). 

For the construction of the equivalent Lexis distribution, con- 
sider the same three urns. Suppose that twenty-four drawings of 
three balls each, with replacements each time, are made from each 
of the three urns and the number of white balls recorded. The fol- 
lowing are the probable frequencies (to the nearest integer) for 
each um, since each set of 24 drawings forms a Bernoulli fre- 
quency : 


No. of wMte balls j 

0 

1 

2 

3 


7 1 

11 

5 

1 

Us 

8 

9 

9 

8 

Us 

1 

5 

11 

7 

Totals 

i« 

25 

25 

11 


The arithmetic average and square of the standard deviation 
are found to be respectively 3/2 and 31/36, values which agree with 
those computed directly from formulas (2). 


With these examples in mind, the reader may now proceed to 
the general case of n urns, Ux, Us, ••• , U„, with respective proba- 
bilities Pa, P 2 , ••• , Pn. 

N sets of drawings are now made to form the following Pois- 
son frequency : 

No. of wMte balls 0 1 2 . * • n 

Frequencies /o /g • - • 

where /o + A + A H 1- — W. 

It will be convenient to adopt the following abbreviations : 
So = 1 ) Ei~Pi Pn ; 

Es = PiPst -|- PiPs H — > 

E3==PiP^3 + PiPiPt -\ — ; 

En = PxP2Pz"-Pn , 
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that is to say, Er is the sum of the products of the probabilities 
taken r at a time. 

The following identity from algebra should also be recalled : 

(x — Pi) (x — Ps) ■■■ (x — p„) = EgX” — E^x”-'^ 

+ EzX^^ ± E„ . 

Since fo represents the number of drawings in which no white 
balls are obtained, this frequency may be written, 

fo = N[(l — pO(l — pJ ••• (1 — PJ] 

=mEo — E,-l-E, ±E,] . 

Similarly, one gets 

fl~^[(l — Pl) (1~P2) ■■■ (l — pn-i)Pn 

(1 Pl)(l P 2 ) ••• (1 Pn-i) (1 Pn)Pn--i “1- • • • ] 

= ¥[E^ — 2E,-j-SE, ±nE„] . 

fn — NKl — pi) (1 — Pi) ••• (1 — P„-2)p«-iP»H — ] . 

In order to express in terms of the E’&, observe that there 
are as many terms similar to the first one given as there are combi- 
nations of the p’s taken two at a time, or nCz- Also, for any value 
of r up to » — 2, each product of the form (1 — pi) (1 — P 2 ) ••• 
(1 — p„-j) has B-aCr terms containing r letters each. There are, for 
example, „- 2 C 3 terms of the form PiPzPs. Hence, in there are alto- 
gether nCz-n-iCr teims of r 2 letters each. But E^, which is the 
sum of the products of r -j- 2 letters each, contains „C „2 terms, so 
that the coefficient of Er +2 in U is equal to „C 2 • n-zCr/nCr+z = 
(r-l-2) !/(2!r!). 

It thus follows that 


f 2^ NIEL- 


S'. 


2!1! 


E^ 


4 ! 


2 ! 2 ! 
nl 


E, 


51 


2 ! 3 ! 


E, + - 


2l{7lr-2} 


Enl . 


By a similar argument, the other frequencies can be expressed 
in terms of the E’s. Thus one gets 


A = NIE2 


4 ! 


SIl! 


■E, 


5 ! 


3 ! 2 ! 


■E, 


nl 


3 !(«— 3 )! 


E„} 
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From these values the arithmetic average is readily computed. 

Ap = (/o ■ 0 -j- /a • 1 /a • 2 -j- •• • -\-fn • n) / N , 

= Si4-2(l— 1) 1) = F3-^ , 

= (2 Jx + 2>2H \-Pn)/n = np . 


Since the arithmetic average is equal to E^, the square of the 
standard deviation is then computed as follows ; 

Tp’ = [/o (E^—O) ^ + A iE,—iy i H /» (E^—n) /N 

= [ (/o + /i + - • +/») E,- — 2F.W 

+ (/o•0^ + /l•P^ \-fn-n^n/N 

= Ei^ -|- ifo • 0® -j- /i • P -j- • • • /n • • 


But from the explicit values of the frequencies, one derives, 

(/o-0^ + A•l"^ \-fn-n^)/N 

= E^~ (2—4) E^ 4- ( 3—3 . 22 + 34 . 


to 


It will now be seen that for r > 2, the coefficient of Er is equal 


^ r(r— 1) ^^ r(r— l)(r— 2) ^^ 


2! 

:r[l — (r — 1) 


3! 

(r— 1) (r— 2) 


2! 


,> 

^ 7*2 

r! 

(r— 1) ! 
" (r— 1) ! 


] 


■r(r — 1) [1 — (r — ^2) 


(r— 2) (r— 3) 
2! 


Jr-2) ! 
(r — ^2) ! 


: r (1— 1) ’•-2 — r (r— 1) (1—1) ^ = 0 


The square of the standard deviation thus reduces to 

crp^ = --E^^ Et-\-2Ei — np — 2 pi^ — npq— {pi — pY . 

«=1 4=1 

The derivation of formulas (2) for the Lexis distribution is 
similarly accomplished. Consider first the following frequency dis- 
tribution: 
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No. of white balls 

0 

1 

2 

n 

A 

0-2 

Ux 


/l<» 

/2<"> ... 

f 

j n 

np^ 

np^q^ 

U2 


A<=> 





• • • 

. 

. 

• 

• 

• 

• 

Ur 



/,(r) ... 


nPr 

Ifl-Pr^r 

Total (Lexis dis- 
tribution) 

fo 

h 

h 

/n 




Since each group of drawings made from a single urn is a 
Bernoulli distribution, the arithmetic average and standard devia- 
tion squared is at once known. These are recorded above under the 
captions A and o-K 

The arithmetic average of the Lexis distribution is immediate- 
ly computed as follows : 

= (.Ax A2 -j- .As -|- • • • — Af^ Jt 

= n(px + P2 + Pi-] hPr)/r = «p . 

For the calculation of the square of the standard deviation, 
consider the expression : 

o-i" = [/o (np — 0) ® -f fx (np — 1) 2 -! \-f„ (np—n) 2 ] / (rN) 

«= in^pHfo + h-\ hfn)/(rN)2 

— i2np(0-fo~{-l-fx-\ \-n-f„)/(rN)} 

+ [ (0^ /o -f P 4- 2^ A + • • • + / (rN) ] , 

r 

= _ n^p^ -f- 2^ (0= /o<*> -h V 

i = l 

+ \-n^U^^)/(rN) . 


From the fact that 

n 

L U^Hnp~3)^==Nnpiqx , 

i=o 

one obtains after squaring and collecting terms, 

t + 

i=l 

— NnpiQi-^-Nn^pi^ . 
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Hence, there is derived 




[0^/o<*> + p/i'*’ H /»'*>] /(riV) = (E 

4 = 1 


+«= 2^ Pi") A = E 

i = l i=rl i = i 


^np 



Pi 


Substituting this above, one obtains the formula, 

Or/" = — »"P+ wp^ y p.S . 

^ “ 

If one replaces pi by ( pi—p) -f p in the last term of the above 
expression, he will immediately obtain the form o-i® given in for- 
mula (2). 


PROBLEMS 

1. Make a Poisson distribution of total frequency 120 from sets dra'wn 
from four urns with probabilities 1/2, 1/3, 1/4, 1/5. 

2. Make a Lexis distribution by adding the frequencies of tbe binomial 
distributions formed from tbe expansions of the following: 

144 (1/2 + 1/2)3 and 144 (1/3 *+ 2/3)3 . 

3. Compute directly tbe arithmetic average and tbe standard deviation 
for tbe distribution of problem 1 and compare witb tbe values computed from 
tbe formulas (1). 

4. Compute directly tbe arithmetic average and tbe standard deviation 
for tbe distribution of problem 2 and compare witb tbe values computed from 
tbe formulas (2), 

5. Tbe following is a Poisson distribution: 


Class marks 

I ^ 

1 

2 

S 

Frequency 

24 

44 

24 

4 


Noting that — E, + E^), - N{E, — 2E^ + 3E^), 

z=: N(E^ — SEg), /., = NEp, N = 95, compute tbe numerical values of 
tbe E's. Then from tbe fact tbat tbe probabilities wMcb entered into the con- 
struction of tbe distribution satisfy tbe equation: 

E^ajS-^E^arS + Ega? — ^3 = 0 , 
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compute the values of these probabilities. (Note; the cubic equation has been 
so devised that the roots are rational fractions. The E’& should be kept in 
fractional form and not reduced to decimals). 

5. Testing the Series When the Items are Not of Uniform Size. 
In sections 2 and 3 the disturbance in the series of automobile 
deaths for a set of ten cities with populations of approximately 
the same size was considered. It is clear, however, that most sta- 
tistical series will show considerable variation in individual items, 
and thus the scope of the theory will be severely limited without 
a method for studying the variation in series the items of which 
are not of uniform size. 

In the example of section 2, the ten cities, while of approxi- 
mately the same size, varied somew’’hat in total population. The 
present theory will be applied to find corrected values for the Lexis 
ratio and the Charlier coefficient. When there is a wide variation 
in the size of the items compared, the device of adjusting the data 
to a fixed base cannot be employed, although in the example under 
discussion, where the variation is essentially small, the Lexis ratio 
of this section should agree closely with that obtained previously. 

Ame Fisher^ gives weighty arguments in favor of the follow- 
ing adjustment : Designate by s*, the number of persons or things 
involved in each item of the series, by ms the number of persons or 
things affected by the phenomenon studied, by s some convenient 
base to which the items may be referred, and by N the total num- 
ber of items in the series. 

In the example under discussion, one means by Ss the popu- 
lation, by mie the number of deaths, by s some base number such as 
100,000, and by N the number of items, namely, 10. 

For the calculation of the standard deviation, the following 
formula is then employed : 

= — — V (m& — SfcP)* , 

2 Sk ^ Sfc 

where 


V 


2 nijc 


and the summations are taken over the N items of the series. 


'^Theory of ProbahiKties, New York, 1923, pp. 157-161. 
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For the Bernoulli deviation one has, 

■> o 

<TB- = spq , 


and for the arithmetic mean, the value 

A — . 


The application of these formulas is illustrated in the follow- 
ing calculation based upon the data of section 2. 


It is convenient to make an arbitrary choice of s = 100,000. 
The value 


V 


S mie 


1183 

4,611,342 


.0002565 


is then calculated and the following table formed: 


(No. of Deaths) 

(Population) 




s 

8 

— (m;g — s, 

h 

184 

573,076 

147 

37 

1369 

.17450 

239 

150 

451,160 

116 

34 

1156 

.22165 

256 

129 

364,161 

93 

36 

1296 

.27460 

356 

73 

316,715 

81 

~ 8 

64 

.31574 

20 

112 

578,249 

148 

-36 

1296 

.17294 

224, 

108 

464,356 

119 

; -11 

121 

.21535 ! 

26 

126 

442,337 1 

113 

! 13 

' 169 

'.22607 

38 

124 ; 

: 458,762 

118 

! 6 

36 1 

1.21798 

8 

58 

1 328,132 

84 

; -26 

676 1 

.30476 

206 

119 

634,394 

i 

1 163 

1 -44 

1936 

.15763 

305! 

1183 

4.611,342 I ' ■ 

* 1 1 


167S 


The two standard deviations are readily calculated to be, 

, 100,000 


4,611,342 


(1678) (.021686) (1678) = 36.39 




<r=V36.39 = 6.03 ; 

(10) (100>£0^^qq QQQ) (.0002565) (.9997435) 


4,611,342 
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, 25,643,400 _ . . 

cr^- = n= 0.00 > 

4,611,342 


<rs = V 5.56 = 2.36 


The Lexis ratio is then found to be, 

L = .^ = 2.55 , 

2.36 

which is in close agreement with the former calculation. 

Using the formula for the arithmetic mean, one finds that 

, 100,000 

A = (1183) =25.65 . 

4,611,342 


Substituting this value and the standard deviations in the for- 
mula for the Charlier coefficient, one obtains, 

^ 100V36.39~5.56 555.25 

(7 = = = Zl-bo , 

25-65 25.65 

which is in unusually close agreement with the previously calcu- 
lated value. 


PROBLEMS 

1. Find the Lexis ratio and the Charlier coefficient for the complete 
table of automobile deaths in cities, section 2, by using the method of this 
section. 

2. Apply the theory of this section to the data of problem 6 of section 2 
and compare your result -with the results reached in problem 1 of section 3. 


&. The Poisson-Borthewitsch ‘'Law of Small Numbers.” The 
“law of small numbers” or, as it is sometimes more properly called, 
“the law of small probabilities,” assumes that in a group of quan- 
titative phenomena selected without bias, a small proportion of 
the group will be found to deviate sharply from the characteristics 
of the remainder of the group, and this tendency will persist no 
matter how large the group may be made and irrespective of the 
number of samples selected. Thus, if an analysis were made of 
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balances of savings accounts in a large number of banks located 
in different sections of the country, the analysis would reveal that 
each bank had a small number of savings accounts in which the 
balances were more than $10,000. Similar experiences may be 
found in other economic data, such, for example, as the number of 
days in each year in which the volume of trading on the New York 
Stock Exchange exceeded 5,000,000 shares, or the few large devia- 
tions from trend of some series such as the Dow Jones Industrial 
Averages- 

The law of small numbers is applied only to events which hap- 
pen rarely, that is, events in which the probability of their occur- 
rence is very small. Small frequency distributions of this type can 
best be fitted by the so-called Poisson exponential function, 


y = N — — - 
x\ 


m 


where N is the total frequency, x the class mark measured by in- 
tegers from 0, and A the arithmetic average. Formula (3) was 
first derived by S. D. Poisson in 1837, but L. von Bortkewitsch 
pointed out its statistical importance and formulated his ideas in 
the “law of small numbers” in 1898. 

As an example, consider the following frequency distribution 
in which is recorded the number of times ten tails appeared in 
100 samples of 1024 tosses of ten coins: 


Number of times ten 
tails appeared in 

1024 tosses 
(jr) 

Number of samples 

(y) 

0 

35 

1 

36 

2 

19 

3 

7 

4 i 

2 

5 1 

1 

Total 

100 


The average is easily found to be A == 1.08, Hence the Pois- 
son exponential becomes, 


y = 100 


1.08* 


xl 
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When the values of s; from 0 to 5 are substituted in the above 
equation, the corresponding values of y are readily calculated and 
the graduated frequencies found to be, 


Number of times ten 
tails appeared in 
1024 tosses 

Frequency 
j (observed) 

1 Frequency 

(calculated) 

0 

85 j 

33.96 

1 

36 

36.68 

2 

19 i 

19.81 

S 

7 1 

7.13 

4 

2 

i 1.93 

5 

1 

' .43 


The problem of the graduation of Lexis and Poisson series is 
left an open one in this book because of the mathematical difficul- 
ties that bar the way. The reader is now upon the threshold of mod- 
ern mathematical statistics and the problems are both numerous 
and difficult. 


PEOBLEMS 

1. In the penny tossing experiment cited in the illnstrative example the 
following distribution was obtained for the number of times ten heads ap- 
peared in 100 samples of 1024 tosses of ten coins: 


Number of times ten ! 

0 1 2 3 4 6 

heads appeared 


Number of samples 

29 37 20 9 4 1 


Graduate these data by the Poisson exponential fomnula. 

2. Both in the illustrative example and in problem 1 the average should 
ideally have equalled 1. Compute the ideal graduation and compare with the 
observed distributions. 

3. The following data give the frequency distribution of commercial 
paper rates in the United States which were 15% or over for the one hundred 
years, 1881-1980 inclusive: 
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Number of montbs in wbicli ; 

commercial paper rates were ' 
15% or over 

0 12 

3 4 

5 6 7 

Frequency in years < 

90 4 1 

1 1 

1 1 1 

Graduate these data by the Poisson exponential formula. 


4. Show from the sum, 




y 

A3 

4 + J 2 4- 4- . . 

. 4 - 


^ xl 

2! 

a! 



where s is a large number, that the arithmetic average of the frequency dis- 
tribution equals A. Hint: Use formula 7, section 5, Appendix II. 

5. Show from the summation, 


1 i|p A^& 


-A2 , 


wliere s is a large number, that the standard deviation for the “small num- 
ber” distribution is equal to V A” . 


7. Conckision. By way of conclusion, some words of counsel 
may be offered. The student is now equipped with some mastery 
of at least elementary statistical methodology. The danger is that 
he will over-estimate rather than under-estimate the value of this 
equipment. Statistical methodology is no magical, or even mechan- 
ical, instrument that automatically grinds out valid conclusions 
and allows the suspension or avoidance of personal judgment. In- 
deed, it may be said flatly that a statistical conclusion is no better 
than the judgment of the statistician who produced it. Knowing 
what tool to employ is just as important as knowing how to em- 
ploy it. The second can be taught, but the first must be learned. 
The novice will tend to think that the more high-powered his meth- 
ods the more cogent his analysis. This is not at all necessarily true. 
A scatter diagram may well yield more information than a corre- 
lation coefficient. The fact that the latter may be carried to sev- 
eral decimal places gives a spurious appearance of accuracy, while 
it may really be concealing such facts as that the relationship is 
curvilinear or that some of the observations are evidently grossly 
distorted. In such a case, the apparently crude method is really en- 
lightening, the apparently precise method is really deceptive. "Very 
often a free hand curve drawn through a graph will tell as much 
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about the trend as will ever be revealed by logistics or quintics. 
Again, the methods may be too refined for the data. Using a jewel- 
ler’s instruments on a locomotive doesn’t give the latter the pre- 
cision of a chronometer. Very often the student may be misled by 
talk of “first and second approximations” into thinking he is at- 
taining an accuracy he really is not getting at all. Finally, good 
statisticians are not made by studying textbooks but by working on 
statistical problems. There is a world of wisdom to be gained by 
wrestling with the hard figures instead of manipulating the ideal 
situations of the theorist. One soon learns in actual statistical work 
that the facts are often unyielding and intractable and the precision 
instruments of methodologj’', instead of reducing them to ideal 
shapes and forms, are merely blunted in the attempt. It is in 
wrestling wiih, such difficulties that one becomes a statistician, for 
the final mastery of statistical methodology comes only from han- 
dling statistics. 
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Biogeaphical Notes on Mathematical Economists 

Antoine-Augv^tin Cournot^ (1801-1877), was born in Gray, in 
Haute-Saone, France, and educated at the Lycee de Besangon and 
the Ecole Normale in Paris. He was successively Professor of 
mathematics at Lyons, Rector of the Academy at Grenoble, In- 
specteur General des Etudes, and Rector of the Academy at Dijon. 
Despite the existence of earlier, though much less competent, work 
by others, his Recherches sur les Prinevpes Mathematiques de la 
theorie des riehesses, published in 1838, may be pronounced the 
first notable success in the application of mathematics to econo- 
mics. Of this book Edgeworth wrote : “It is still the best statement 
in mathematical form of some of the highest generalizations of 
economic science.” “Cournot’s genius,” said Alfred Marshall, “must 
give a new mental activity to everyone who passes through his 
hands.” Cournot employed mathematics, not merely as a trans- 
lating device to express tersely conclusions that might as readily 
and adequately be expressed in words, but as an instrument of re- 
search through the use of which he might arrive at hitherto un- 
discovered conclusions. Briefly, he proposed to elaborate a theory 
of value, or of the determination of prices. He started with the 
case of pure monopoly, for which the solution is most easily acces- 
sible to a mathematical approach. When the cost of production is 
zero, monopoly price is, of course, that price which will yield the 
largest gross return, that is, where the product of price and quan- 
tity is a maximum. Where there are costs of production, monopoly 
price is that which yields the maximum net return. Cournot then 
expanded his analysis by the introduction first of one, then of more 
competitors, and by extension came, if the expression may be per- 
mitted, to an i n finite number of monopolists, that is to say, to a 
regime of absolutely free competition. However masterly his treat- 
ment of the initial condition of monopoly, he was unable to avoid 
pitfalls in his expansion of his analysis. Cournot’s approach was 
based on the law of demand, that the demand for any commodity 
is a continuous decreasing function of its price. The first geomet- 

1 See Rei^ Eoy: “Cournot et I’ecole mathematique”, Eoonometrica., Vol. 
I (1983), pp. 13-22. 
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rical figures descriptive of the demand function appeared in Cour- 
not’s epochal treatise, and he pioneered in a field which is now as 
intensively worked as any in economics. Unfortunately, it must 
be recorded of Cournot’s Recherches that it met with a signal lack 
of recognition. The author was not mentioned in the bibliogra- 
phies of the day, his name faded, his book passed even from li- 
braries. A generation elapsed before the name of the first great 
mathematical economist was rescued from oblivion by the glowing 
tributes of Walras and Jevons. In a peculiar measure, the English- 
speaking peoples may be said to have established his fame, through 
Edgeworth’s article in Palgrave’s Dictionary of Political Economy, 
and by N. T, Bacon’s English translation of his work in 1897. 

William Stanley Jevons'^ (1835-1882), one of the next notable 
figures in econometrics, was an example of many-sided genius. He 
was marked from earliest youth by the sense that he would write 
something which, in Milton’s words, “the world would not willingly 
let die.” Born in England, before he was 19 he was assayer to the 
mint in Sydney, Australia. After five years of this work, which 
trained him to habits of scientific precision, he returned to Eng- 
land to continue his studies. After taking his degrees at the Uni- 
versity of London, he taught Logic, Moral and Mental Philosophy, 
and Political Economy, at Owens College, Manchester, and later 
Political Economy at University College, London. He was an ac- 
complished musician, built his own organ, conversed “like an early 
Greek philosopher, rather than a contemporary,” and his work 
served to make him a figure of exceptional distinction, equally in 
logic, applied economics, pure economics, and statistics. He wrote 
on many subjects, including currency, bimetallism, social reform, 
and scientific method. His study of the Coal Question, it is said, 
served to reverse the government’s fiscal policy, and led to an at- 
tempt to discharge the English national debt. He discovered the 
principle of marginal utility independently, though it had previous- 
ly been set forth, unknown to him, in Gossen’s work. However, the 
clarity and force of Jevons’ exposition were such as to give the prin- 
ciple wide acceptance, and possibly to date the birth of pure econom- 
ics. Ignoring tide dictum of John Stuart Mill (1806-1873) that every- 
thing had been said about value, he set out to reconstruct econom- 
ics as a calculus of satisfactions. While his contemporaries held 
that cost of production was the principal element in determining 


1 See “William Stanley Jevons”, by H. Stanley and H., Winefrid Jevons, 
Econormtnea, Vol. 11 (19S8) , pp. 225-237. 
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value, Jevons held that production took its significance entirely 
from consumption, that is, from the satisfactions to which it minis- 
ters, and that the significance of any special unit of production is 
due to the increment of satisfaction it is capable of producing. 
Hence, the scale of equivalence of any two commodities is deter- 
mined by the scale of equivalence of the increments of satisfaction 
they are capable of producing and exchange value is determined 
by incremental efficiency as a producer of satisfactions. In other 
words, marginal utility governs prices. Just as the demand curves 
started by Cournot have been a constant and fruitful source of 
economic speculation and research, so has Jevons’ marginal utility 
provoked numerous attempts at its measurement. In any considera- 
tion of the fecundity of Jevons’ labors in so many fields, it should 
be remembered that he was drowned at the age of 47. 

Marie Esprit Leon Walras^ (1834-1910) , professor at the Uni- 
versity of Lausanne from 1870 to 1892 and founder of the “Lau- 
sanne School,” first established the general conditions of economic 
equilibrium, and this achievement the inscription on his memorial 
at Lausanne cites as his peculiar claim to fame. Walras wrote on 
social economy and applied economics, but the definitive exposition 
of his pure economics is found in the fourth edition (published 
in 1900) of his Elements d’economie politique pure ou theorie de la 
richesse sociale. Pure economics he defined as “the theory of the 
determination of prices under a hypothetical system of absolutely 
free competition.” In dealing with the exchange of two com- 
modities, he concluded that “the equilibrium prices are 
equal to the ratios of ‘rarity^ ” (i.e., the marginal utility of Jevons’ 
work) . His point of departure was his desire to apply the calculus 
of functions, indicated by Cournot, to a theory of exchange value 
set forth by his father, A. A. Walras. His work on pure economics 
is, therefore, really a monument of filial piety. Though his point 
of departure was different, he arrived at Jevons' conclusions, of 
which, however, he had not known. When they were called to his 
attention he was the first to proclaim Jevons’ priority. Walras, 
therefore, like Gossen and Jevons, was an independent discoverer 
of this keystone of the economic arch. From the exchange of two 
commodities, as determined by their marginal utilities, he advanced 
to a theorj'- of exchange of any number of commodities. His theory 
sets forth the conditions which the quantities of goods exchanged 

^See “Ijeon Walras,” by J. E. Hicks, Eeonometrica, Vol. II (1934), pp. 
388-348. 
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in a market and the corresponding prices must satisfy to establish 
equilibrium. The conditions are (1) the realization of maximum 
satisfaction for each individual, (2) balance of receipts and ex- 
penditures for each individual, (3) equivalence between the quan- 
tities of producer services offered and asked, and (4) equality be- 
tween net cost and sale price. 

Walras was a particularly prolific VTiter, and those who con- 
ceive of mathematical economists as entirely abstracted from the 
actual concerns of life may note that he wrote voluminously for 
newspapers. He was himself for several years editor of a paper 
devoted to the advancement of the cooperative movement. He 
wrote extensively on the land question and favored nationalization 
as a solution of the tax problem. To solve the monetary problem, 
Walras advocated a gold currency supplemented by a token cur- 
rency of silver, which would serve to keep prices stable. In gen- 
eral, he was a man of wide interest in social problems. His ap- 
proach may best be indicated by a quotation. “We count today,” 
he said, “many schools of political economy. For me, I recognize 
but two: the school of those who do not demonstrate, and the school 
— which I hope to see founded — of those who demonstrate, their 
conclusions.” 

Vilfredo Pareto (1848-1923) was a disciple of Walras and his 
successor in the chair of Political Economy at the University of 
Lausanne. His principal works bearing on pure economic theory 
are Cours d’economie 'politique, published in 1896 at Lausanne, 
Manujole di economia poKtica con una introduzione alia scienza so- 
ciole, published in Milan (1906), and Manuel d’economie politique, 
published in Paris (1909). For twenty-seven years after gradua- 
tion from the Polytechnical Institute at Turin, Pareto practiced 
his profession as engineer. His thesis had been a study of the 
mathematical theory of the equilibrium of elastic bodies and his 
economic contribution was, in effect, an efifort to expand this sub- 
ject in the social sciences. Pareto proposed to treat economics from 
a purely scientific point of view, so that he was led to examine, in 
addition to a regime of free competition, the various types of mo- 
nopoly, among which, of course, are the socialist regimes. Further, 
he strove to take as objective a position as possible, to make pure 
economics the first approximation in the study of concrete eco- 
nomic phenomena. He introduced certain fresh conceptions be- 
yond those of Walras, which assured wider generality for his the- 
ory of economic equilibrium, while his method of analysis per- 
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mitted him greater profundity, for Walras had employed no mathe- 
matics other than algebra and analytical geometry. Following 
Edgeworth’s and Fisher’s lead that the utility produced by con- 
sumption of a commodity frequently depends on the consumption 
of other commodities, he was led to distinguish other kinds of de- 
pendence, such as those that rise because certain things give more 
pleasure united than separated, because they supplement each 
other, or because a total of several consumptions may be influenced 
by their order, as a dinner seiwed from soup to dessert presumably 
occasions greater satisfaction to the diner than if it started with 
the dessert and ended with the soup. His study of the dependence 
of consumption allowed Pareto to explain why bread-eating in- 
creased in famine years despite the impediment of higher prices. 
Malthus had explained this paradox on the assumption of the stu- 
pid obstinacy of consumers, who were determined to have bread 
at any price. The more reasonable solution of Pareto was that 
consumers are deprived of superior foods and must concentrate on 
bread despite its higher price. Like Marshall and others, Pareto 
was led to economics through mathematics. His reputation as a so- 
ciologist is certainly not inferior to his reputation as an economist. 

Francis Ysidro Edgeworth^ (1845-1926) was born in Ireland 
of mixed Irish-Spanish-French descent, and educated at Trinity 
College, Dublin and Balliol College, Oxford. After being called to 
the Bar, he pursued a desultory legal career for several years be- 
fore becoming a lecturer in Logic, and afterwards Tooke Professor 
of Political Economy, at King’s College, London. In 1891 he ac- 
cepted the Drummond Professorship of Political Economy at Ox- 
ford and held this chair till 1922. In 1891 he also founded the 
Economic Journal, of which he was at first Editor-in-Chief , and lat- 
er Joint-Editor, till his death in 1926. His views on pure economics 
are set forth in Mathematical Psychics (1881) and in the many 
articles published in the journal which he edited. These articles 
were collected in 1925 into three volumes of Payers Relating to 
Political Economy. His Mathematical Psychics justifies the use of 
mathematics in the moral sciences and applies the calculus of 
hedonism, the economic calculus, and the utilitarian calculus, the 
economic calculus having as its object the determination of condi- 
tions permitting certain individuals or groups to obtain for them- 


iSee “P. Y. Edgeworth”, in Essays in Biography, by J. M. Keynes, pp. 
267-29'3, New York, 1933; “Francis Ysidro Edgeworth”, by A. L. Bowley, 
Eeonometrica, Vol. II (1934), pp. 113-124. 
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selves the maximum of utility, the utilitarian calculus relating to 
the realization of the greatest possible sum of utility by a com- 
munity. Edgeworth introduced into pure economics certain ideas 
which underlie many modern works on the subject, notably the 
idea of dependence of consumption, where the curve of utility is 
replaced by a surface in the case of two goods, and by hypersur- 
faces in the case of a number of goods. He also set up equations 
similar to those of Walras, but whereas Walras had studied com- 
mercial competition only, Edgeworth added another type we may 
call industrial competition. In commercial competition, disutilities 
are necessarily equal to the utilities of the products received in ex- 
change but, as Edgeworth showed, in industrial competition the 
disutility of a labor is not necessarily measured by the utility of a 
service rendered. This introduced new factors into the conditions 
of general equilibrium. When we pass, he said, to the complexities 
introduced by the division of labor, the problem of economic equi- 
librium ceases to be a simple one of algebra or geometry. Even 
were we in possessibn of the numerous data relative to the motives 
acting on each individual, one can hardly conceive that it would be 
possible to deduce a priori the state of equilibrium which a compli- 
cated system would reach. “I will never,” said Edgeworth, “re- 
proach mathematical economists for not having formulated the 
problem of industrial competition. Abstract symbols must often 
fail to represent reality fully.” Edgeworth also took up and com- 
pleted certain of the theories of Cournot. He also advanced the 
notion, which met with little appi'obation, that pleasure is meas- 
urable, that all pleasures are commensurable, and that the proper 
unit of measurement is the least possible assimilable quantity of 
pleasure. This venture of Edgeworth’s into psychology met with 
general disfavor as tending to make economics restore long dis- 
credited metaphysical concepts. Edgeworth also wrote on prob- 
ability and statistical theory, dealing especially with the law of 
error. “The connecting line between Edgeworth’s different works,” 
writes J. M. Keynes, “is to be found in his interest in the prob- 
lem of measurement applied to the so-called moral sciences or, as 
he called it, 'mathematical psychics.’ To him it had five branches, 
the measurement of utility, or ethical value; the algebraic or dia- 
grammatic determination of economic equilibrium; the measure- 
ment of belief, probability; the measurement of evidence, or 
statistics; and the measurement of economic value, or index num- 
bers. His worK on index numbers was particularly important.” 
Again, Keynes says, “Most present day students of mathematical 
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sconomics would probably consider Edgeworth the most eminent 
of nineteenth century pioneers in this subject.” 

This necessarily sketchy notice of some of the historic leaders 
in econometrics is given so that the student may at least be ac- 
quainted with some of the more famous names associated with the 
econometric movement in the past. In a textbook on statistical 
technique it is not amiss to emphasize that Cournot was a notable 
writer on probability, which underlies all statistical reasoning, and, 
as Edgeworth has indicatedi did statistics a signal service by point- 
ing out the application of the calculus of variations. Cournot’s also 
was the first casual suggestion that the investigator must distin- 
guish between secular trend and periodic fluctuations, a distinction 
that is now a commonplace in analysis of economic time series. 
Jevons’ statistical work, especially on prices, was of the first order. 
He segregated seasonal movements, secular trends, and cycles, 
much as modern writers have done. He has been accorded the title 
of “the father of index numbers,” and may be said to have put sta- 
tistics into economics once and forever. Of Pareto’s Cowrs d’Eco- 
nomie Politique, Irving Fisher said, “No other book contains such 
a compact, varied, and comprehensive collection of statistical data.” 
Statistics was of major interest to Edgeworth and his studies of 
index numbers and correlations were especially notable. In speak- 
ing of the mathematical interests of these leaders of econometrics, 
it should not be thought that they were negligent of, or incompe- 
tent in, the statistical field. 
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1. A Note on Computation. The manipulation and analysis of 
statistical data must sooner or later lead to numerical calculations. 
In well-equipped statistical laboratories, the burden of this work 
has been greatly lessened by a number of mechanical devices, such 
as adding and multiplying machines, slide-rules, card-sorting ma- 
chines, and correlation calculators. 

Since these useful devices are not always available to many 
who must study statistical materials, it is necessary to have re- 
course to more easily accessible tools, such as tables of logarithms, 
tables of square roots, cube roots, reciprocals, and so forth. In 
this appendix the employment of a table of logarithms in making 
calculations will be explained, and also some of the properties of 
logarithms which are used in various parts of the book will 
be developed. 

It will be assumed that the student is already familiar with 
the theory of exponents, the laws of which will merely be restated 
for convenience in reference. 

2. The Laws of Exponents. In arithmetic, one learns that 
2X2X2 multiplied by 2 X 2 equals 2® X 2^ = 2®. The theory of 
exponents is a generalization of this simple arithmetic fact. Thus, 
if a is a positive number, and m and n are any numbers whatso- 
ever, it will be assumed that the following law, called the index law, 
holds between the hose, a, and the exponents, m and n: 

= , o>0 . (1) 

If m and n are positive integers, this law is self-evident, but 
if m and n are not positive integers, the meaning of the law is not 
immediately clear. The student is referred to a textbook on alge- 
bra for proofs of the following three theorems derived as imme- 
diate consequences from the index law: 

I. a“ =1 , 

II. a-” — l/a’* , 

— 348 —- 
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III. = \y aP = ( t/a ) ^ , 
where p and q are integers. 

If, in the index law, n is replaced by — n, as may be done 
since is a wholly arbitrary number, and then use is made of 
theorem II, another useful identity in the theory of exponents is 
obtained, i.e., 

a™ a-» = . (2) 

A third identity, 

(a“) » = , (S) 

is readily obtained from the index law in case n is an integer, but 
involves an assumption whose justification is proved only in books 
on advanced algebra when n is not an integer. 

"VPien more than one base is employed, the following two iden- 
tities are fundamental : 

a" b” = (a b)” , (4) 

a»/b»= {a/b)» . (5) 

Example 1. Find the value of (64/27)®^® -f ( 81/16) . 

By theorems II and III, this can be written in the form 
(64/27)2/®+ (16/81)®/^=: (^64/27 )®+ (-^16/81)® 

= (4/3)2+ (2/3)3 
= 16/9 + 8/27 = 56/27 . 

Example 2. 

2-3 -I- 8V3 1/8 2 

( 1 / 2 )-"+ (4)-®/2^2 + 1/8~ 


Example S. 

0)«-» ygp 2;-2J 

_ a;0 _ 1 ^ 

3. LogarithTos. Logarithms were invented by John Napier, 
(1550-1617), Baron of Merchiston in Scotland, as a calculating de- 
vice. They have since appeared in many theoretical connections 
and have numerous uses in applied mathematics besides that of 
affording a powerful aid in numerical calculations. 
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A logarithm is customarily defined in terms of the theory of 
exponents as follows : By a logarithm to the base a of a number N, 
is meant a number y to which power the base a must be raised in 
order to produce the number N. This definition is expressed in 
symbols thus: 

If «•' = iV , then log,, N = y . 

From this definition one obtains the following theorems re- 
garding logarithms: 

I. log-l = 0 , since a® = 1 , 

II. log,a:y = log„.r -{- log„?/ , 

Proof: Let loga® = n and logaV — m. From the definition of a 
logarithm, one has a" = x and a“ = y. Therefore, from the index 
law, xy = ■ a”’ = a™*", and from the definition again one gets 

\oga.xy = m -f- « — \OgaX -f logaV . 

III. \ogaX/y = log„a: — log^i/ . 

Proof,: Letting logao; = m and logay = n, one has from the 
definition a”^ = x and = y. Then, by (2) in the theory of ex- 
ponents, x/y = 0.™/®" = and, consequently, 

logaX/y = m — n = logaX — logay ■ 

IV. lOgaX^ = n lOgaO; . 

Proof: If one lets loga* = m, it follows by definition that 
= X. Therefore, raising both sides to the power n and referring 
to the theory of exponents, one has a:” = (a™)” = Consequent- 
ly, logo®" = mn = n log^x. 

Sometimes it is necessary to transfer from one base a to a 
second base b. For example, common or Briggsian^ logarithms are 
computed to the base 10, and natural logarithms are computed to 

the base designated by the symbol e, where e = 2.71828 . This 

number, often called Napier’s number, is one of the most impor- 
tant in mathematics and it is particularly useful in statistics. Its 


^ISTamed after Henry Briggs (1556-1630), wBo was the first to calculate 
a table of logarithms to the base 10. 
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significance has appeared elsewhere. The following formula al- 
lows one to change from one system of logarithms to another; 

V. iog„iV = -i— logihT . 

lOgitt 

Proof : Let logoN = y ; then, by the definition of a logarithm, 
= N. Taking logarithms to the base b of both sides of this equa- 
tion, one has 

log^a’' = logsA" . 


Applying IV, it is found that 

logsft*' = logsV , 
y log^a = logsA’’ ; 

substituting y = log^N, then 

loga V logbO. = logj V , 

and hence 

log„V == — ^ logb V • 
logsft 


It is useful to specialize this theorem for the case of common 
and natural logarithms. Thus, to go from the common to the natural 
system, one uses 

V (a) . logeV = 2.30259 logioV , 
and from the natural to the common system, 

V (b) . log,,^ = .43429 logeN . 


Example 1. Calculate the value of 


X = 10g2 


§3/2 

(4)®/® ’ 


Making use of the properties above, one finds that 

a: = log28®^^ — logs-f/ie — logoi®/® (by II and III), 

= (3/2)log28— (l/3)Iog2l6— (8/5)log24 (by IV), 
= (3/2) • 3 — (1/3) - 4 — (3/5) • 2 = 59/30 . 
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Example 2. Given logio2 = .301, calculate the value of 
a: = logio 1/625 . 

By the properties of logarithnis, one has 
X — logic 1 — logic 625 , (by III) , 

= 0 — logic 5^ , (by I), 

= — logic (10/2) ^ = — 4 logic 10/2 , (by IV) , 

= __4 (logic 10 — logic 2) = — 4 (1 — .301) = —2.796 . 

Example 3. Given logio2 = .301 and logio6 = .778, calculate 
the value of log26. 


By V, one has 
logcO 


logic2 


10gic6 : 


.778 


.301 


2.585 . 


Example A- Calculate iog^lOO. 

By V(a), one has 

logelOO = 2.30259 logiclOO = 2.30259 X 2 = 4.60518 . 


PROBLEMS 

Express the following in terms of the logarithms of prime numbers : 

1. log 15-2. V"^) . 

2. Iogf49/(45){20) . 

3. log[(21) (f25) (V’82)] . 

4. log[77-i/2/ (752/5) ( 56 - 2 )] . 

5. log[ V26/ (39- V2) (622/3)] . 

Using the values logi„2 = .SOlO and logigS = .4771, calculate the fol- 
lowing logarithms: 

6. login f9/Vl25 . logics = loginl0 — logio2 . 

7. login -^T. -^125 . • 

8. login626. V8/V15 . 

9. login V^. V72/V45 . 

10. login22.S".6-i . 
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11. Prove that log 36 = l/logj,a . 

12. Given log^uS = .4771 and logiij9 = .9542, what is log^Q? 

13. Given log^jS = .4771 and logjjS = .6990, what is loggB? 

14. Given logio2 = .801 and logj„5 = .699, calculate the value of x for 

which 2® = 6 . Hint: a: logio 2 = logj^S . 

15. From the fact that 2^^ = 2, 2 ^ = 4, 2^ = 8 , 2-* = 16, estimate logjS 
and logjlO . 

16. Given logiQ2 = .301, for what value of x does 2 ® = 100? What is 
the value of logjlOO? 

17. Given logg 2 = .6931 and logg27 = 3.2958, for what value of x does 
2® = 27? 

18. Calculate loggl25, given logm 2 = .30103 . 

19. Calculate x where log^x = 6.90776. Hint: Convert log^a: to log^^x . 

20. Calculate logi„65, given logg65 = 4.1744 . 


4. Calcvlation by Logarithms. Logarithms to the base 10 are 
adapted to numerical computation. Because of their frequent oc- 
currence, the base need not be repeated in each symbol, but log x 
may stand for logiox. A table of common logarithms is easily con- 
structed for special values of x. Thus one has : 


10 “ = 1 
10 ^ = 10 
10 = = 100 
10 = = 1000 

and for negative exponents : 

lO-’- = .1 
10 -= = .01 
10 -= = .001 


log 1 == 0 

log 10 = 1 

log 100 = 2 
log 1000 = 3 


log .1 = — 1 

log .01 = — 2 
log .001 = — 3 


It will be seen that the integral part of the logarithm of any 
number can be determined from the above table and its extension. 
Thus, log 643.2 lies between 2 and 3, since 643.2 lies between 100 
and 1000; similarly, log .06432 lies bet%veen — 1 and — 2, since 
.06432 lies between .1 and .01, Hence, one may write 

log 643.2 = 2 a, 
and log .06432 = — 2 -j- a , 

where a is a positive number less than one. The numbers 2 and — 2 
are called the characteristics of the logarithms and a the mantissa. 
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Definition: The integral part of a logarithm is called the 
characteristic and the decimal part, when it is written as a positive 
number, is called the mantissa. 

The characteristic of a number may be found from the follow- 
ing rule : 

The charaeteristie of a number greater than unity is one less 
than the number of digits to the left of the decimal point; the 
characteristic of a positive number less than unity is negative and 
numerically equal to the place of the first digit of the number. 

For example, the characteristic of 57.6 is 1 ; of 8543.2 is 8 ; of 
768 is 2 ; of .623 is —1 ; of .000243 is —4. 

The mantissa of a number is found from a table of logarithms. 
Table I at the end of this book gives the mantissas of logarithms 
from 1 to 10,000, computed to five significant figures. 

The following examples sufficiently illustrate how the logarithm 
of a given number is found and, conversely, how a number is found 
which corresponds to a given logarithm. 

To find the logarithm of a given number. 

Example 1. Find log 864.2 . 

The characteristic is 2. To find the mantissa, enter the table 
with the first three digits 864. Then under the column headed 2 
find the required mantissa, i.e., 93661. Hence log 864.2 = 2.93661. 

Example 2. Find log .08642. 

The characteristic in this case is — 2, and the mantissa, as in 
the first example, is 93661. We thus have log .08642 = — 2 -j- .93661. 
This logarithm may be written in either of the following ways : 

log .08642 = 2.93661 , 
or, log .08642 = 8.93661 — 10 

In the first case the minus sign is written above the 2 to indi- 
cate that it pertains to that number alone. The advantage of the 
second case lies in the fact that the logarithm is written as the 
difference of two positive numbers. 
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Example 3. Find log 86.426 . 

Since the logarithm of a number of five figures cannot be looked 
up directly in the table, one must use interpolation. The mantissa 
corresponding to 86426 lies between the mantissas of 8642 and 8643, 
i.e., between 93661 and 93666. If to the former is added 6/10 of the 
diiference between the two numbers, one will have the mantissa of 
86426. Thus, 


mantissa of log 86.43 = 93666 
mantissa of log 86.42 = 93661 


tabular difference = 5 . 

Therefore, the mantissa of log 86.426 = 93661 (6/10) • 5 = 

93664; hence, log 86.426 = 1.93664 . 

To find the mimber corresponding to a given logarithm. 

Example 1. Find x, where log x = 2.71139 . 

Entering the table of mantissas with the number 71139, one 
sees that this corresponds to the number 5145. Since the character- 
istic is 2, a: = 514.5 . 

Example 2. Find x, where log x — 8.71139 — 10 . 

Since the mantissa is the same as in the first example, the prob- 
lem is merely in the placing of the decimal point. Hence x = .05145 . 

Example 2 . Find x, where log x = 0.51371 . 

The table of mantissas does not include the number 51371, so 
one must interpolate ; thus, one has 

mantissa of log 3264 = 51375 mantissa of log x <== 51371 
mantissa of log 3263 — 51362 mantissa of log 3263 = 51362 


tabular difference = 13 difference = 9 

Hence, the number corresponding to the mantissa 51371 is 
3263 4* 9/13 = 8263.7 . Since the characteristic of log a; = is 0, 
one finds x = 3.2637 . 
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PROBLEMS 

Find the logarithms of the following numbers : 


1. 

-irzir 3.1416 

2. 

16.2715 


3. 

e = 2.7183 

4. 

561.83 


5. 

1/^ = .31831 

6. 

.0081235 


7. 

log^lO = 2.3026 

8. 

.12345 


9. 

= .43429 

10. 

.076541 


11. 

C (EuleFs number) =.57722 

12. 

3443.4 


Find the values of x : 




13. 

log X = 1.49145 

14. 

log a; = 8.56317 — 

10 

16. 

log a? = 1.90633 

16. 

log X = 6.13542 


17. 

log X = 2.98860 

18. 

log X = 4.42412 


19. 

log X = 0.50000 

20. 

log X = 7.17244 — 

10 

21. 

log X = 8.01140 — 10 

22. 

log x = 0.12174 



The use of logarithms as a calculating device depends upon 
the properties discussed in the preceding section. It may be re- 
marked here that much computation, where expensive machines 
are not available, is greatly facilitated by the use of the slide rule, 
an instrument which is based, of course, on logarithms. The follow- 
ing examples will sufficiently illustrate the various types of prob- 
lems that can be handled by logarithms : 

„ . (1257) (.4277) 

Example 1. Find the value of x == • 

2.6431 

Taking logarithms of both sides and applying the rules of 
section 3, it is found that 

log X = log 1257 + log .4277 — log 2.6431 . 

Considerable simplification in actual computation is obtained 
by making an outline of the problem first and then filling in with 
the values of the logarithms. The finished work should look like this : 

log 1257 = 3.09934 
log .4277 = 9.63114 — 10 


sum = 2.73048 
—log 2.6431 = 0.42212 


log X = 2.30836 
X = 203.40 
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/7T 7 « -o- ^ 7 ^ t^62.173V84.19 

Example 2. Find the value of a; = • 

V3.429 

By the rules of section 3, one has 
loga;t= (1/3) log 62.173+ (1/2) log 84.19— (1/2) log 3.429 . 

The actual calculation is shown below : 

(1/3) log 62.173= .59787 
(1/2) log84.19 = .96268 


sum = 1.56050 
—(1/2) log 3.429 = .26758 


log X = 1.29292 
X = 19.630 . 

Example 3. Find the value of a; = -^.00064172 . 
loga;= (1/3) log.00064172 , 
log .00064172 = 4.80734 = 6.80734 — 10 . 

Since this logarithm must be divided by 3, it is obviously more 
convenient to write it in the equivalent form 26.80734 — 30. One 
thus gets 

(1/3) log. 00064172= (1/3) (26.80734 — 30) , 
log x = 8.93578 — 10 , 

X = .086254 . 


PROBLEMS 

Find the values of the following: 


763.12 V 863.1 

1 . = - — - 

V43414 

2. (1.0632) (1.0754)-s-2 , 


S. 0? = 1^62139 . 


V. 001234 

4. = — rzrzrr • 

V 15326 
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5. A formula much used in statistics is 

N 

y = 

or 

where tt = 3.1416 and e = 2.7183. If (read '‘sigma squared”) == 2.5, 
X = 2, N = 1024, calculate the value of y. 

0. Find the value of the standard deviation of the binomial series, cr = 
Vnpq , where n = 72, p = .3162, q = .6838 . 


7. A common statistical formula is (? = -^ • If % = 5 

and the a;'s have the values 1.04, 1.05, 1.09, 1.11, and 1.15, calculate G. 


a 

8. The probable error of the mean is 0.6745 

^In 


n = 1987, calculate the probable error. 


If cr = 56.324 and 


9. The value of factorial n, i.e., nl = 1-2.3 it, is given approximately 

by the expression o^w+l/2 ■\/2v, where w = 3.1416 and e = 2.7183. By how 

much does this approximate value of 6! differ from the true value? 

10. Calculate the value of y = 87699 (2/3) loo . (i/3)5o . 

11. Calculate the value of (l/V2'7r)e-“%^^, where = 3.1416, e = 2.7183, 
and t = 2.45. 

12. The following coefficient occurs in the theory of curve fitting: 

12(2p+ 1) (Sp + ll) 

- ■ - — - - - - - - - - ^YYl , 

p(p — l)-(p — 2) (p + 1) (p + 2) 


Calculate its value for p = 15, = 15,8i28 . 

13, If a frugal Eoman of Augustus’ time had put by one cent to com- 
pound at 6 per cent over the centuries, and his Italian descendants of today 
wished to convert their fortune into a gold sphere, what would the radius of 
the gold sphere be? (Use tz. = 1932.) 

When one approiaches the problem presented by the study of an economic 
state into which enter (1) rates of interest and (2) a fixed monetary gold 
standard, the following formula is relevant: 


Bin) == . 0000003548494 ^ 

where B (n) is the radius in miles of a ball of gold equivalent to the compound 
amount of one cent put out at 6 per cent for n years. The formula is com- 
puted from the following values: 

or (specific gravity of gold) = 19.27 , 

(price of gold per Troy ounce) = $20.671834621 , 

12 Troy ounces === 1 Troy pound = .8228571429 avoirdupois pounds , 
s (weight of cubic foot of water) = 62.5 pounds . 


lAs the events of 1933 instruct us, this is not a constant but is subject 
to abrupt changes. 
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Let the student show that for n = 1932, 

B(1932) = 7.0809 X 10® miles = 75 times the distance from the earth 
to the sun. 

In reflecting upon the significance of this result, one immediately specu- 
lates on whether the periodic fluctuations of financial and business phenomena 
do not rise from the necessity of periodically repudiating an intolerable bur- 
den of accumulated interest. 

5. The Number “e” — The Exponential Series. In section 3, 
it was stated that tables of logarithms have been computed to two 
bases, one of these being 10, the radix of our own number system, 
and the other the interesting number e = 2.71828 .... Since this 
number plays an important part throughout statistics, it is well 
to acquire some familiarity with it. 

The number e is most conveniently defined by means of a limit- 
ing process. With this in mind, consider the expression (1 -|- , 

and see what values are assumed as r is given successively smaller 
values. For r = 1, one finds the value (1 -j- 1) ^ = 2 ; when r = .5, 
one has (1 -j- .5)^ = 2.25. Replacing r by still smaller values, the 
numbers recorded in the following table are obtained : 


r 

(l_l_^)l/r 

.1 

2.5937 

.05 

2.6533 

.01 

2.7048 

.005 

2.7115 

.001 

2.7169 


It appears plausible from the table that a finite limit exists for 
the expression: lim (1 + This limit is, in fact, the number e. 

Its value to six significant figures, i.e., 2.71828, is seen to be only 
slightly larger than the last value in the table. 

A series expansion for e® is readily obtained from the limiting 
form of (1 -j- ?•)*/*■ if this expression is first expanded by means of 
the binomial theorem and r is then set equal to zero. 

Referring to equation (2) of section 12, Chapter I, one replaces 
a: by r and n by x/r. Then 

r 2! 

, {.x/r){x/r—l)(z/r — 2), . 


8! 
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1 + X- 


jl—r/x) 

2! 


(6) 


(1 — r/x) (1 — 2r/x) 


+ • 


Letting r approach zero in the series which forms the right 
hand member of this equation, and recalling the definition just 
given for e®, there is obtained what is called the exponential series : 

lim (l + r)*/’-=e® = l + a;-l-a:V2! + «V3! + (7) 

r=o 


This series has the important property of converging for all 
values of x, that is to say, the value of e® can be calculated by 
means of the series for any given x. 

Values of o® and e-® are given in Table II at the end of this 
book. 

Example 1. Calculate to four decimals the value of e® and 
e-® and show that their product equals 1. 

e® = 1 + .2 + .04/2 + .008/6 + .0016/24 + 

= 1 + .2 + .02 + .0013 + .0001 = 1.2214 , 
and 

e-2 = 1 — .2 4- .02 — .0013 + .0001 = .8188 . 

Multiplying these values together, one has 1.2214 X -8188 

= 1.0001 . 

Example 2. From Table II calculate the values of e-^ ®® and 

gs.ta 


Since one has from the theory of exponents e-* ®® = er* • e-®®, 
one finds from the table 

e-4.s2 ^ e-* • e- ®® = (.01832) (.72616) = .013303 . 
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By logarithms, 

log e-* = 8.26293 — 10 
loge-.32 =9.86103 — 10 

log =r. 8.12396 — 10 

g-4.32^ .013303 . 

Similarly = (20.08554) (1.53726) = 30.87670 . 

By logarithms, 

logo’ = 1.30288 
log 6-43 _ 0.18675 


loges.43^ 1.48963 
= 30.8767 . 

PROBLEMS 

1. Ckanpute the values of e, e-i, and a--^, by substituting at = 1, as = .1, 
and as = — .1, in series (7) , using enough terras to have the answer correct to 
four places of decimals. 

2. Using Table II, calculate the values of e-’-es and a-2-i4 . 

S. Using Table II, calculate the values of a’-®® and . 

4. Prove that the expansion of a* is 

a® = 1 4- as logjffi + {x^ (log^a) V2 !] + [as® (loggO) ®/3 !] + 

log„a 

Hint : Write a in the form a = e . Explain. 

5. Given log^a = .5, calculate the value of a. by means of the series of 
problem 4. Show that the answer equals V2.7188 . 

6. Show that e-t = 2/3! + 4/5! + 6/7! + 

Hint: Combine in pairs the terms in the expansion e-^ . 

7. Show by direct multiplication that 

(1 + as/1! + asV2! + as®/3! + ) (1 — as/1! + asV2! 

— asV3! +....)=!. 

0!S 0-X 

8. Prove that lim = 2. Hint: Replace c» and e-® by their ex- 

*=o as 

pansions and then remove the factor common to both numerator and denomi- 
nator. 

6. The Logarithmic Series. Another series often encountered 
in statistical work is the logarithmic series. In its derivation one 
may make use of the following device. Let a relationship between 
X and y be defined by means of the equation 

{1 myY'”^ —1 X . 


(8) 
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From the discussion of the last section, it will be seen that 
lim ( 1 + mi/) = lim [ ( 1 + m 2 /) *' = lim [ ( 1 + r ) ’/*•] s' = e*' . 

Wl=iO '^-0 

Therefore, for the limiting value m — 0, equation (8) becomes 
e” — 1 X, or y — loge(l+a:) . Solving for y in (8), one has 

(1/w) [(1-f a;)’" — 1] . 

Expanding (1+*)’’^ by the binomial series (section 12, Chap- 
ter I) , one obtains 

y t= (1/m) [mx -)- m (m — 1) x^/2 ! m (m — 1) (m — ^2) x^/Z I 

+ ••• ] > 

1 = X -j- (m — l)x^/2 ! -|- (m — 1) (m — 2) x^/3 ! -j . 

As m approaches zero as a limiting value, y approaches 
loge (l-fx) , and one has the logarithmic series, 

y = loge (l-j-a;) =x — xV2 -j- xV3 — x*/4 -|- (9) 

This series is not very well adapted for calculating purposes 
since it converges slowly, that is to say, a comparatively large 
number of terms must be taken to obtain reasonable accuracy in 
the value of the logarithm. 

Since, however, by replacing x by — x one also has 

loge (1 — x) = — [.r -f- xV2 + xyS -j- ] » 

this expansion can be combined with the one for loge(l-f-x), thus 
obtaining 

l 0 ge( 14 -x) — 10 ge(l — x) =loge[(l-l-x)/(l — x)] 

= 2(x + xV3-f xV5-f ) , (10) 

which converges much more rapidly than (9) . 

Example 1. Calculate the value of loge2 . 

In order to use (10), set 
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Hence 

10ge2 : 


[3 3 27 5 243 7 2187 

: 2 (.3333 + .0123 + .0008 + .0001) 
^2 (.3465) = .6930 . 


Example 2. Given log«2 = .6931, logeS = 1.6094, logelO 
= 2.3026, loge20 = 2.9957, calculate the value of C„ = 1 + 1/2 
+ 1/3 1- 1/n — loge« . 


Using the table of reciprocals. Table V, one has 
=1 + . 5000 — .69.31 = .8069 , 

Cs = 1 + .5000 + .3333 + .2500 + .2000 — 1.6094 
= 2.2833 — 1.6094 = .6739 , 

Cio = 2.9290 — 2.3026 = .6264 , 

020 = 3.5977 — 2.9957 = .6020 . 

The limit of Cn, as n assumes successively larger values, is 
called Euler's number, 

limC„ = 0 = .5772 , 

n=co 

and will be met elsewhere in the book. 


PROBLEMS 


1. Calculate loggl.l and loggl.02 by substituting ic = .1 and x = .02 in 
tbe logarithmic series. 

2. Calculate (1/m) [ (1.02) — 1] for values of 7n equal to 1, .2, .1, .01, 

and compare with, the value of log^l.02= .0198 . 

3. Calculate log^S. Hint: let (1 + a;)/(l — (r) =8 and use series (10). 

4. The following formula is used to convert logarithms from the tase 
10 to the base e [see formula V (a) , section 3], 

log^l/ = log^lO = 2.3026 log^^y . 

Calculate log^lO == 2.3026, Hint: Since log^lO = logg2 + loggS, let 
(1 4- «;)/(l — ir) = 5, use series (10), and make use of the calculation of the 
first illustrative example above. 


5. 


6 . 


Derive the series 

a a — b 

loge- = — — - 




Calculate the value of for = 30, given log^BO = 8.4012 . 
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THE USE OF TABLES 

1. Interpolation. The use of tables is greatly aided by means 
of interpolation formulas. An elementary form of interpolation 
has already been used in connection with logarithms, but the the- 
ory has an elegant and useful generalization. 

Suppose that one has the tabular values of a function, fix), 
beginning with a and proceeding by d units of the argument. This 
table can be represented symbolically as follows : 


Argument 

X 

Tabular 

Value 

fix) 

j 

a 

fia) 

a + d 

f(a + d) 

a 2d 

fia + 2d) 

a + Zd 

fia + Bd) 


fia + M) 


First 

Second 

Third 

Difference 

Difference 

Difference 

A 

A2 

A3 


V 




V 






A,3 





where, by definition, Ao — /(«-{- d) — /(a), Ai = fia-\-2d) 
— /(a-j-d), etc., and Ao^ — At — Ao, Ao^ — zli“ — Ao^ etc. 


By means of Newton’s formula of interpolation, fix) can be 
expressed in terms of these differences, as follows : 


fia-{-xd) 


/(a) -f .r zl, -f 
1) (a;— -2) 

4 gj ^0* + 


( 1 ) • 


In order to illustrate the use of iliis formula, consider the fol- 
lowing examples. 
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Example 1. Calculate the cube of 2.4 from the following table: 


X 

f(x) = 

1 

i A 

! A2 

1 

AS 

I 

1 1 

1 

26 

1 

! 

1 

1 

i 

1 

3 

27 

i 98 

1 Z? 

1 

j i§. 

5 I 

125 

218 

1 120 

j 48 

7 

343 

; 386 

1 168 

I 

48 

9 1 

1 

729 

602 

1 216 


11 

1331 


1 

1 



( 


Since it is required to find the cube of 2.4, it is clear that one 
must choose a = 1 and use the difference Ao — 26, Jo® = 72, 
Jo^ = 48. Moreover, it is known that d = 2, xd — 1.4, and conse- 
quently, X = .7. 


When these values are substituted in formula (1) , one obtains. 


(2.4) = = l + .7(26) 


.7(.7 — 1) 


72- 


.7(.7 — 1)(.7 — 2) 


48 


: 1 -f 18.2 — 7.56 -f 2.184 = 13.824 


Example 2. Calculate the reciprocal of 1/1.56 from the table : 


X i 

1 

11 

A 

; 1 

A2 

1 

1.4 ! 

0.7143 

i -.0476 


1.5 : 

0.6667 

1 , 

-.0417 i 

.0059 

1.6 i 

i 0.6250 

-.0368 ^ 

.0049 

1.7 

0.5882 

-.0326 

.0042 

1.8 ' 

0.5556 1 

-.0293 

! .0033 

1.9 

0.5263 

1 

1 


It should be especially noticed in this example that the first 
differences are negative. Since it is required to find 1/1.56, one 
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must choose a — 1.5, and f{a-{-xd) becomes /(1.5 + .06), 
from which it is seen that xd = .06. Since d ~ .1, x = .6. Sub- 
stituting in formula (1), one has 

-i_ = .6667 — .6 (.0417) -F (.0049) 

1.66 2 

= .6667 — .0250 — .0006 = .6411. 


2. Inverse Interpolation. It is sometimes important to be able 
to reverse the process explained in the preceding section and find 
the value of the argument corresponding to a given value of the 
function. The problem is this; Given a value, f{ar\-xd), to calcu- 
late X. 

It is at once seen that an approximate answer may be ob- 
tained by calculating x from the formula, 

f{a-\-xd) =f{a) -{-X Ao , 

which is merely (1) with all terms except the first two omitted. 

In order to indicate that x so obtained is merely a first ap- 
proximation, it is given a subscript 1, and one calculates, 

Aq 


It will usually happen that the value Xi is not in error by a 
large amount, so it may be used to obtain a second approximation. 
In order to do this the following formula is employed, 


Xi- 


f{a-\-xd) — /(a) 


Aq ' 


(Xi — 1) 
2! 


(a;i — 1) (ail — 2) 


31 


■Ao^ 


(3) 


which is obtained from (1) by replacing all of the x’s except the 
first in each term by the approximate value Xi. 


This value, Xi, is in turn substituted in (3) in place of aji to 
obtain a third approximation, and the process thus continued to 
any desired accuracy. 
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Example : Calculate the square root of 2.4 from the foltowing 
table: 


f(x) = 


1 

4 

9 

16 

25 


A2 


2 

2 

2 


Since /(a + icci) = 2.4, f(a) = 1, x = 1, and Ao — 3, one 
reaches as a first approximation. 


Xi 


2.4 — 1 


3 


.4667 . 


Using this value in formula (S) , one finds as the second ap- 
proximation. 


X2 


2.4 — 1 


.4667 — 1 

3-1 2 

2 


1.4 

- = .5676 . 
2.4667 


Similarly, using this value in (3) one reaches as the third ap- 
proximation. 


£C3 = 1.4/2.5676 = .5453 , 


and for other approximations, 

Xi = .5500 , 
a;5 = .5490 , 
a;6==.5492 , 

the last being correct to four places. Hence the desired square root 
is equal to 1.5492. 

S. The Calculation of Areas. A third problem easily solved 
by the use of differences is the calculation of the area under a 
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function from a table of numerical values. In order to understand 
the symbols used, consider the following table : 


a: 

f(x) 

\ 

A 

A2 

a 

fo 



a + d : 

1 

h 



a + 2d 

/2 

^2 

V 

a 4- 3d 

. /s 

1 

A 



• • • 



a + rd 

fr 




In terms of this notation, the area lit) from a; = a to a; = t 
= tt -|- rd is given by the formula, 

lit) = (/o + /x + /. + /a + • • • • + /V) — I ifo + fr) 


Example 1 : Calculate the area under the parabola 1 / = aj® from 
^ = 0 to a; = 5, by means of the following table : 


X 

II 

A 1 

A2 

0 

] 

0 

1 i 


1 

1 


2 



3 


2 

4 

j 


2 

3 

9 

7 

2 

4 

16 i 


2 



9 

•f* 

5 

25 




Since d = 1, ,do = 1, A\ — 2, Ar-i = 9, andJr-a = 2, we 
•easily calculate the area to be, 
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7= (0 + 1 + 4 + 9 + 16 + 25) — ^ (0 + 25) — ^ (9 — 1) 

— — (2 + 2) =41- . 

24 3 

Exam-pie 2 : Calculate the area under the normal probability 
curve from a; = 0 to a; = .4. 


From Table VI the following values are obtained : 


X 

y 

A 

A2 

0 

*89894 

-.00199 


.1 

,39695 

-.00591 

-.00392 

.2 

*39104 

-.00965 

-.00374 

.3 

.38139 

-.01312 

-.00347 

j 

.4 

.36827 ! 




Since d = .1, one easily finds the value of the area to be, 
I = .1{ (.39894 + .39695 + .39104 + .38139 + .36827) 

— i(.39894 + .36827) _i(— .01312+ .00199) 

21 1.21 


— — (—.00347 — .00392) } 

24 

= .1( (1.93659 — .38361 + .00093 + .00031) } = .15542 . 

This value is seen from Table VII to be correct to five places. 

4. References. In this section only the briefest exposition of 
the use of tables has been possible. The reader will find the fol- 
lowing works useful in a further exploration of this subject: 

E. T. Whittaker and G. Robinson: The Ccdeiil-iis of Observa- 
tions, London, 1924, 395 pp. 
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Karl Pearson : On the Construction of Tables and on Interpo- 
lation. Tracts for Computers, No. 2, London, 1920, Uni-variate 
Tables, 70 pp.. No. 3, London 1920, Bi-variate Tables, 54 pp. 

J. F. Steifensen: Interpolation, Baltimore, 1927, 248 pp. 

H. L. Bice : The Theory and Practice of Interpolation, Lynn, 
Mass., 1899, 234 pp. 

J. B. Scarborough: Numerical Mathematical Analysis, Balti- 
more 1930, 416 pp. 

H. T. Davis: Tables of the Higher Mathematical Functions, 
Vol. 1, Bloomington, Ind., 1933, Part 3. 

Max Sasuly : Trend Analysis of Statistics, Washington, D. C., 
1934, 421 pp. 

Milne-Thomson, L. M. : The Calculus of Finite Differences, 
London, 1933, 558 pp. 



TABLES 



SOME USEFUL CONSTANTS 


-TT = 3.14159 26536 
e = 2.71828 18286 
logio'^ = 0.49714 98727 
M = logn,e = 0.48429 44819 
1/M = log^lO = 2.80258 60930 

logjoM = 9.63778 43113-10 
V'^ = 1.77245 38509 
logio = 0.24857 49363 


1/^"^- = 0.66418 95835 
login (l/\^) = 9.75142 50637-10 
1/^ = 0.31830 98862 
login(l/':r) =9.60285 01273-10 
V^= 2.60662 82746 
login V2F= 0.39908 99342 
1/V^ = 0.39894 22803 


login (^2^) =9.6009100668-10 


TABLE I 

The Common or Briggs Logarithms op the Natural Numbers 

FROM 1 TO 10,000 


No. 

Log. 

No. 

Log, 

No, 

Log. 

No. 

Log. 

No. 

Log. 

0 


20 

1.80 103 

40 

1.60 206 

60 

1.77 815 

80 

1.90 309 

1 

0.00 000 

21 

1.32 222 

41 

1.61 278 

61 

1.78 533 

81 

1.90 849 

2 

0.30 103 

22 

1,34 242 

42 

1.62 325 

62 

1.79 239 

82 

1.91 3^1 

3 

0.47 712 

23 

1.36 173 

43 

1.63 347 

63 

1.79 934 

83 

1.91 908 

4 

0,60 206 

24 

1.38 021 

44 

1.64 345 

64 

1.80 618 

84 

1.92 428 

5 

0.69 897 

25 

1.39 794 

45 

1.65 321 

65 

1.81 291 

85 

1.92 942 

6 

0.77 815 

26 

1.41 497 

46 

1.66 276 

66 

1.81 954 

86 

1.93 450 

n 

0.84 510 

27 

1.43 136 

47 

1.67 210 

67 

1.82 607 

87 

1.93 962 

8 

0.90 309 

28 

1.44 716 

48 

1.68 124 

68 

1.83 251 

88 

1.94 448 

9 

0.95 424 

29 

1.46 240 

49 

1.69 020 

69 

1.83 885 

89 

1.94 939 

10 

1.00 000 

30 

1.47 712 

50 

1.69 897 

70 

1.84 510 

90 

1.95 424 

11 

1.04 139 

31 

1.49136 

51 

1.70 757 

i 71 

1.85126 ! 

91 

1.95 904 

12 

1.07 918 

82 

1.50 515 

52 

1.71 600 

i 72 

1.85 733 

92 

1.96 379 

13 

1.11394 

33 

1.51851 

53 

1.72 428 

73 

1.86 332 1 

93 

1.96 848 

14 

1.14 613 

34 

1.53 148 

54 

1.73 239 

74 

1.86 923 

94 

1.97 313 

15 

1.17 609 

35 

1.54 407 

55 

1.74 086 

75 

1.87 506 i 

95 

1.97 772 

16 

1.20 412 

36 

1.56 630 

56 

1.74 819 

76 

1.88 081 

96 

1.98 227 

17 

1.23 045 

37 

1.56 820 

57 

1.75 587 

77 

1.88649 

97 

1.98 677 

18 

1.25 527 

38 

1.57 978 

58 

1.76 343 

78 

1.89 209 

98 

1.99 123 

19 

1.27875 

39 

1.59 106 

59 

1.77 085 

79 

1.89 763 

99 

1.99 564 

20 

1.30 103 

40 

1.60 206 

60 

1.77 815 

80 

1.90 309 

100 

2.00 000 
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No, 

0 


1 

i 

2 


3 



! 

n 

s 

6 

1 

r 

8 

9 

100 

00 

000 

00 

043 

00 

087 

00 

130 

00 

173 

00 

217 

00 

260 

00 

303 

00 

346 

oo 

389 

101 

00 

432 

00 

475 

00 

518 

00 

561 

00 

604 

00 

647 

00 

689 

00 

732 

00 

775 

00 

817 

102 

00 

860 

00 

903 

00 

945 

00 

988 

01 

030 

01 

072 

01 

115 

01 

167 

01 

199 

01 

242 

103 

01 

284 

01 

326 

01 

368 

01 

410 

01 

452 

01 

494 

01 

536 

01 

578 

01 

620 

01 

662 

104 

01 

70S 

01 

745 

01 

787 

01 

828 

01 

870 

01 

912 

01 

953 

01 

995 

02 

036 

02 

078 

105 

02 

119 

02 

160 

02 

202 

02 

243 

02 

284 

02 

325 

02 

366 

02 

407 

02 

449 

02 

490 

106 

02 

531 

02 

572 

02 

612 

02 

653 

02 

694 

02 

735 

02 

776 

02 

816 

02 

857 

02 

898 

107 

02 

938 

02 

979 

03 

019 

03 

060 

03 

100 

03 

141 

03 

181 

03 

222 

03 

262 

03 

302 

108 

03 

342 

03 

383 

03 

423 

03 

463 

03 

503 

03 

543 

03 

583 

03 

623 

03 

663 

03 

703 

109 

03 

743 

03 

782 

03 

822 

03 

862 

03 

902 

03 

941 

03 

981 

04 

021 

04 

060 

04 

100 

110 

04 

139 

04 

179 

04 

218 

04 

258 

04 

297 

04 

336 

04 

376 

04 

415 

04 

454 

04493 

111 

04 

532 

04 

571 

04 

610 

04 

650 

04 

689 

04 

727 

04 

766 

04 

805 

04 

844 

04 

883 

112 

04 

922 

04 

961 

04 

999 

05 

038 

05 

077 

05 

115 

05 

154 

05 

192 

05 

231 

05 

269 

113 

105 

308 

05 

346 

05 

885 

05 

423 

05 

461 

05 

500 

05 

538 

05 

576 

05 

614 

05 

652 

114 

05 

690 

05 

729 

05 

767 

05 

805 

05 

843 

05 

881 

05 

918 

05 

956 

05 

994 

06 

032 

115 

06 

070 

06 

108 

06 

145 

06 

183 

06 

221 

06 

258 

06 

296 

06 

333 

06 

371 

06 408 

116 

06 

446 

06 

483 

06 

521 

06 

558 

06 

595 

06 

633 

06 

670 

06 

707 

06 

744 

06 

781 

117 

06 

819 

06 

856 

06 

893 

06 

930 

06 

967 

07 

004 

07 

041 

07 

078 

07 

115 

07 

151 

118 

07 

188 

07 

225 

07 

262 

07 

298 

07 

385 

07 372 

07 

408 

07 

445 

07 

482 

07 

518 

119 

07 

555 

07 

591 

07 

628 

07 

664 

07 

700 

07 

737 

07 

773 

07 

809 

07 

846 

07 882 

120 

07 

918 

07 

954 

07 

990 

08 

027 

08 

063 

08 

099 

08 

135 

08 

171 

08 

207 

08243 

121 

08 

279 

08 314 

08 

350 

08 

386 

08 

422 

08 

458 

08 

493 

08 

629 

08 

565 

08 600 

122 

08 

636 

08 

672 

08 

707 

08 

743 

08 

778 

08 

814 

08 

849 

08 

884 

08 

920 

08 

955 

123 

08 

991 

09 

026 

09 

061 

09 

096 

09 

132 

09 

167 

09 

202 

09 

237 

09 

272 

09307 

124 

09 

342 

09 

377 

09 

412 

09 

447 

09 

482 

09 

517 

09 

552 

09 

587 

09 

621 

09 656 

125 

09 

691 

09 

726 

09 

760 

09 

795 

09 

830 

09 

864 

09 

899 

09 

934 

09 

968 

10 

008 

126 

10 

037 

10 

072 

10 

106 

10 

140 

10 

175 

10 

209 

10 

243 

10 

278 

10 

312 

10 346 

127 

10 380 

10 

415 

10 

449 

10 

483 

10 

517 

10 

551 

10 

585 

10 

619 

10 

653 

10 

687 

128 

10 

721 

10 

755 

10 

789 

10 

823 

10 

857 

10 

890 

10 

924 

10 

958 

10 

992 

11 

025 

129 

11 

059 

11 

093 

11 

126 

11 

160 

11 

193 

11 

227 

11 

261 

11 

294 

11 

327 

11 

361 

130 

11 

394 

11 

428 

11 

461 

11 

494 

11 

528 

11 

561 

11 

594 

11 

628 

11 

661 

11 

694 

131 

11 

727 

11 

760 

11 

793 

11 

826 

11 

860 

11 

893 

11 

926 

11 

959 

11 

992 

12 024 

132 

12 

057 

12 

090 

12 

123 

12 

156 

12 

189 

12 

222 

12 

254 

12 

287 

12 

320 

12 

352 

133 

12 

385 

12 

418 

12 

450 

12 

483 

12 

516 

12 

548 

12 

581 

12 

613 

12 

646 

12 

678 

134 

12 

710 

12 

743 

12 

775 

12 

808 

12 

840 

12 

872 

12 

905 

12 

937 

12 

969 

13 

001 

135 

13 

033 

IS 

066 

13 

098 

18 

130 

18 

162 

13 

194 

13 

226 

13 

258 

IS 

290 

13 

322 

136 

13 

354 

13 

386 

13 

418 

13 

450 

13 

481 

13 

513 

13 

545 

13 

577 

13 

609 

13 

640 

137 

13 

672 

13 

704 

13 

735 

18 

767 

13 

799 

13 

880 

13 

862 

IS 

893 

IS 

925 

13 

956 

138 

13 

988 

14 

019 

14 

051 

14 

082 

14 

114 

14 

145 

14 

176 

14 

208 

14 

239 

14 

270 

139 

14 301 

14 

333 

14 

364 

14 

395 

14 

426 

14 

457 

14 

489 

14 

520 

14 

561 

14 

582 

140 

14 

613 

14 

644 

14 

675 

14 

706 

14 

737 

14 

768 

14 

799 

14 829 

14 

860 

14 

891 

141 

14 

922 

14 

953 

14 

983 

15 

014 

15 

045 

15 

076 

15 

106 

15 

137 

15 

168 

15 

198 

142 

15 

229 

15 

259 

15 

290 

15 

320 

15 

351 

15 

381 

15 

412 

16442 

15 

473 

15 

503 

143 

15 

534 

15 

564 

15 

594 

15 

625 

15 

655 

15 

685 

15 

715 

15 

746 

16 

776 

15 

806 

144 

15 

836 

15 

866 

15 

897 

15 

927 

15 

957 

15 

987 

16 

017 

16 

047 

16 077 

16 

107 

145 

16 

137 

16 

167 

16 

197 

16 

227 

16 256 

16 

286 

16 

316 

16 

346 

16 

376 

16 

406 

146 

16 

435 

16 

465 

16 

495 

16 

524 

16 

554 

16 

584 

16 

613 

16 

643 

16 

673 

16 

702 

147 

16 

732 

16 

761 

16 

791 

16 

820 

16 

850 

16 

879 

16 

909 

16 938 

16 

967 

16 

997 

148 

17 

026 

17 

056 

17 

085 

17 

114 

17 

148 

17 

173 

17 202 

17231 

17 

260 

17 

289 

149 

17 

319 

17 

848 

17 

377 

17 

406 

X7435 

17 

464 

17 m 

17 

522 

17 

551' 


580 

No. 

0 


L 


3 


3 


1 

1 

<1 


6 


7 

8 


9 




374 


TABLE I — LOGARITHMS 


No. 

0 

1 

2 

4 

« 

5 


i 

5 

6 

1 

r 

8 

9 

150 i 

17 

609 

17 

638 

17 

667 

17 

696 

17 

725 

17 

754 

17 

782 

17 

811 

17 

840 

17 

869 

151 1 

17 

898 

17 

926 

17 

955 

17 

984 

18 

013 

18 

041 

18 

070 

18 

099 

18 

127 

18 

156 

152 i 

18 

184 

18 

213 

18 

241 

18 

270 

18 

29S 

18 

327 

18 

355 

IS 

384 

18 

412 

18 

441 

153 ! 

18 

469 

18 

498 

18 

526 

18 

554 

18 

583 

18 

611 

18 

639 

18 

667 

18 

696 

18 

724 

154 

18 

752 

18 

780 

18 

808 

18 

837 

18 

865 

18 

893 

18 

921 

18 

949 

18 

977 

19 

005 

155 1 

19 

033 

19 

061 

19 

089 

19 

117 

19 

145 

19 

173 

19 

201 

19 

229 

19 

257 

19 

285 

156 

19 

312 

19 

340 

19 

368 

19 

396 

19 

424 

19 

451 

19 

479 

19 

507 

19 

535 

19 

562 

157 

19 

590 

19 

618 

19 

645 

19 

678 

19 

700 

19 

728 

19 

756 

19 

783 

19 

811 

19 

888 

158 

19 

866 

19 

893 

19 

921 

19 

948 

19 

976 

20 

003 

20 

030 

20 

058 

20 

085 

20 

112 

159 

20 

140 

20 

167 

20 

194 

20 

222 

20 

249 

20 

276 

20 

303 

20 

330 

20 

358 

20 

385 

160 

20 

412 

20 

439 

20 

466 

20 

493 

20 

520 

20 

548 

20 

575 

20 

602 

20 

629 

20 

656 

161 

20 

683 

20 

710 

20 

737 

20 

763 

20 

790 

20 

817 

20 

844 

20 

871 

20 

898 

20 

925 

162 

20 

952 

20 

978 

21 

005 

21 

032 

21 

059 

21 

085 

21 

112 

21 

139 

21 

165 

21 

192 

163 

21 

219 

21 

245 

21 

272 

21 

299 

21 

325 

21 

852 

21 

378 

21 

405 

21 

431 

21 

458 

164 

21 

484 

21 

511 

21 

537 

21 

564 

21 

590 

21 

617 

21 

643 

21 

669 

21 

696 

21 

722 

165 

21 

748 

21 

775 

21 

801 

21 

827 

21 

854 

21 

880 

21 

906 

21 

932 

21 

958 

21 

985 

166 

22 

Oil 

22 

037 

22 

063 

22 

089 

22 

115 

22 

141 

22 

167 

22 

194 

22 

220 

22 

246 

167 

22 

272 

22 

298 

22 

324 

22 

850 

22 

376 

22 

401 

22 

427 

22 

453 

22 

479 

22 

505 

168 

22 

531 

22 

557 

22 

583 

22 

608 

22 

634 

22 

660 

22 

686 

22 

712 

22 

737 

22 

763 

169 

22 

789 

22 

814 

22 

840 

22 

866 

22 

891 

22 

917 

22 

948 

22 

968 

22 

994 

23 

019 

170 

23 

045 

23 

070 

23 

096 

23 

121 

23 

147 

23 

172 

23 

198 

23 

223 

23 

249 

23 

274 

171 

23 

800 

23 

325 

23 

350 

23 

876 

23 

401 

23 

426 

23 

452 

23 

477 

23 

502 

23 

528 

172 

23 

553 

23 

578 

23 

603 

23 

629 

23 

654 

23 

679 

23 

704 

23 

729 

23 

754 

23 

779 

173 

23 

805 

23 

830 

23 

855 

23 

880 

23 

905 

23 

930 

23 

955 

23 

980 

24 005 

24 

030 

174 

,24 

055 

24 

080 

24 

105 

24 

130 

24 

155 

24 

180 

24 

204 

24 

229 

24 

254 

24 

279 

175 

1 24 

304 

24 

329 

24 

353 

24 

378 

24 

403 

24 

428 

24 

452 

24 

477 

24 

502 

24 

527 

176 

*24 

551 

24 

576 

24 

601 

24 

625 

24 

650 

24 

674 

24 

699 

24 

724 

24 

748 

24 

773 

177 

124 

797 

24 

822 

24 

846 

24 

871 

24 

895 

24 

920 

24 

944 

24 

969 

24 

993 

25 

018 

178 

25 

042 

25 

066 

25 

091 

25 

115 

25 

139 

25 

164 

25 

188 

25 

212 

25 

237 

25 

261 

179 

25 

285 

25 

310 

25 

334 

25 

358 

25 

382 

25 

406 

25 

431 

25 

455 

25 

479 

25 

503 

180 

25 

527 

25 

551 

25 

575 

25 

600 

25 

624 

25 

648 

25 

672 

25 

696 

25 

720 

25 

744 

181 

25 

768 

25 

792 

25 

816 

25 

840 

25 

864 

25 

888 

26 

912 

25 

935 

25 

959 

25 

983 

182 

26 

007 

26 

031 

26 

055 

26 

079 

26 

102 

26 

126 

26 

150 

26 

174 

26 

198 

26 

221 

183 

26 

245 

26 

269 

26 

293 

26 

316 

26 

340 

26 

364 

26 

387 

26 

411 

26 

435 

26 

468 

184 

26 

482 

26 

505 

26 

529 

26 

558 

26 

576 

26 

600 

26 

623 

26 

647 

26 

670 

26 

694 

185 

26 

717 

26 

741 

26 

764 

26 

788 

26 

811 

26 

834 

26 

858 

26 

881 

26 

905 

26 

928 

186 

26 

951 

26 

975 

26 

998 

27 

021 

27 

045 

27 

068 

27 

091 

27 

114 

27 

138 

27 

161 

187 

27 

184 

27 

207 

27 

231 

27 

254 

27 277 

27 

300 

27 

323 

27 346 

27 

370 

27 

393 

188 

27 

416 

27 

439 

27 

462 

27 

485 

27 

608 

27 

531 

27 

554 

27 

577 

27 

600 

27 

623 

189 

27 

646 

27 

669 

27 

692 

27 715 

27 

738 

27 

761 

27 

784 

27 

807 

27 

830 

27 

852 

190 

27 

875 

27 

898 

27 

921 

27 

944 

27 

967 

27 

989 

28 

012 

28 

035 

28 

058 

28 

081 

191 

28 

103 

28 126 

28 

149 

28 

171 

28 

194 

28 

217 

28 

240 

28 

262 

28 

285 

28 

307 

192 

28 

330 

28 

353 

28 375 

28 

398 

28 

421 

28 

443 

28 

466 

28488 

28 

511 

28 

533 

193 

28 

566 

28 

578 

28 

601 

28 

623 

28 

646 

28 

668 

28 

691 

28 

713 

28 

735 

28 

758 

194 

28 

780 

28 

803 

28 

825 

28 

847 

28 

870 

28 

892 

28 

914 

28 

937 

28 

959 

28 

981 

195 

29 

003 

29 

026 

29 

048 

29 

070 

29 

092 

29 

115 

29 

137 

29 

159 

29 

181 

29 

203 

196 

29 

226 

29 

248 

29 

270 

29 

292 

29 

314 

29 

336 

29 

358 

29 

380 

29 

403 

29 

425 

197 

29 

447 

29 

469 

29 

491 

29 

513 

29 

535 

29 

557 

29 

579 

29 

601 

29 

623 

29 

645 

198 

29 

667 

29 

688 

29 

710 

29 

732 

29 

754 

29 

776 

29 

798 

29 

820 

29 

842 

29 

863 

199 

29 

885 

29 

907 

29 

929 

29 

951 

29 

973 

29 

994 

30 

016 

30 

038 

30 

060 

30 

081 

No. 

0 


1 


2 ^ 


3 


4 

i 

1 

5 

i 

6 

) 

7 

8 

9 




TABLE I — LOGARITHMS 


375 


No, 

0 


1 


2 


3 


4 


5 

6 


7 


8 


9 

300 

30 

103 

30 

125 

30 

146 

30 

168 

30 

190 

30 211 

30 

233 

30 

255 

30 

276 

30 

298 

201 

30 

320 

30 

341 

30 

,363 

30 

384 

30 

406 

30 

428 

30 

449 

SO 

471 

30 

492 

30 

514 

202 

SO 

535 

30 

557 

30 

578 

30 

600 

80 

621 

SO 

643 

30 

664 

30 

685 

30 

707 

30 

728 

203 

30 

750 

30 

771 

30 

792 

30 

814 

SO 

835 

30 

856 

30 

878 

30 

899 

30 

920 

30 

942 

204 

30 

963 

30 

984 

31 

006 

31 

027 

31 

048 

31 

069 

31 

091 

31 

112 

31 

133 

31 

154 

205 

31 

175 

31 

197 

31 

218 

31 

239 

31 

260 

31 

281 

31 

302 

31 

323 

31 

345 

31 

366 

206 

31 

387 

31 

408 

31 

429 

31 

450 

31 

471 

31 

492 

31 

513 

31 

534 

31 

555 

31 

576 

207 

31 

597 

31 

618 

31 

639 

31 

660 

31 

681 

81 

702 

31 

723 

31 

744 

31 

765 

31 

785 

208 

31 

806 

31 

827 

31 

848 

31 

869 

31 

890 

31 

911 

31 

931 

31 

952 

31 

973 

31 

994 

209 

32 

015 

32 

035 

32 

056 

32 

077 

32 

098 

32 

118 

32 

139 

32 

160 

32 

151 

32 

201 

310 

32 

222 

32 

243 

32 

263 

32 

284 

32 

305 

32 

325 

32 

346 

32 

366 

32 

387 

32 

408 ! 

211 

32 

428 

32 

449 

32 

469 

32 

490 

32 

510 

32 

581 

32 

552 

82 

572 

32 

593 

32 

613 ; 

212 

32 

634 

32 

654 

32 

675 

32 

695 

82 

715 

32 

736 

32 

756 

32 

777 

32 

797 

32 

818 ; 

213 

32 

838 

32 

858 

32 

879 

32 

899 

32 

919 

32 

940 

82 

960 

32 

980 

83 

001 

33 

021 

214 

33 

041 

33 

062 

33 

082 

33 

102 

33 

122 

33 

143 

S3 

163 

33 

183 

33 

203 

S3 

224 1 

215 

33 

244 

33 

264 

33 

284 

33 

304 

S3 

325 

S3 

345 

33 

365 

33 

385 

33 

405 

33 

425 ! 

216 

33 

445 

33 

465 

33 

486 

38 

506 

33 

526 

33 

546 

33 

566 

33 

586 

33 

606 

S3 

626 1 

217 

33 

646 

33 

666 

33 

686 

33 

706 

33 

726 

33 

746 

33 

766 

33 

786 

33 

806 

33 

826 

218 

33 

846 

33 

866 

33 

885 

33 

905 

33 

925 

33 

945 

33 

965 

33 

985 

34 

005 

34 

025 i 

219 

34 

044 

34 

064 

34 

084 

34 

104 

84 

124 

34 

143 

84 

163 

34 

183 

34 

203 

34 228 

330 

34 

242 

34 262 

34 

282 

34 

301 

34 

321 

34 

341 

34 

361 

34 

380 

34 

400 

34 420 

221 

34 439 

34 

459 

34 

479 

34 

498 

34 

518 

34 

537 

34 

557 

34 

577 

34 

596 

34 616 

222 

34 

635 

34 

655 

34 

674 

34 

694 

34 

713 

34 733 

84 

753 

34 

772 

34 

792 

34 

811 

223 

34 

830 

34 

850 

34 

869 

34 

889 

34 

908 

34 

928 

34 

947 

34 

967 

34 

986 

35 

005 

224 

35 

025 

35 

044 

35 

064 

85 

088 

85 

102 

35 

122 

35 

141 

35 

160 

35 

180 

35 

199 

225 

35 

218 

35 

238 

35 

257 

35 

276 

35 

295 

35 

315 

35 

334 

35 

353 

35 

372 

35 392 

226 

35 

411 

35 

430 

35 

449 

35 

468 

35 

488 

35 

507 

35 

526 

35 

545 

35 

564 

35 

583 

227 

35 

603 

35 

622 

35 

641 

35 

660 

35 

679 

35 

698 

35 

717 

35 

736 

35 

755 

35 

774 

228 

35 

793 

35 

813 

35 

832 

35 

851 

35 

870 

35 

889 

35 

908 

35 

927 

36 946 

35 965 

229 

35 

984 

36 

003 

36 

021 

36 

040 

36 

059 

36 

078 

36 

097 

36 

116 

36 

136 

36 

154 

330 

36 

173 

36 

192 

36 

211 

36 

229 

36 

248 

36 

267 

36 

286 

36 

305 

36 324 

36 

342 

231 

36 

361 

36 

380 

36 

399 

36 

418 

36 

436 

86 

455 

36 

474 

36 

493 

36 

511 

36 

530 

232 

36 

549 

36 

568 

36 

586 

36 

605 

36 

624 

36 

642 

36 

661 

36 

680 

36 698 

36 

717 

233 

36 

736 

36 

754 

36 

773 

36 

791 

36 

810 

36 

829 

36 

847 

36 

866 

36 

884 

36 

903 

234 

36 

922 

36 

940 

36 

959 

36 

977 

36 

996 

37 

014 

37 

033 

37 

051 

37 

070 

37 

088 

235 

37 

107 

37 

125 

37 

144 

87 

162 

37 

181 

37 

199 

37 

218 

37 

236 

37254 

37 

273 

236 

37 

291 

37 

310 

37 

328 

37 

346 

37 

365 

37 

383 

37 

401 

37 

420 

37 438 

37 

457 

237 

37 

475 

37 

493 

37 

511 

37 

530 

37 

548 

37 

566 

37 

585 

37 603 

37 621 

37 

639 

238 

37 

658 

37 

676 

37 

694 

37 

712 

37 

731 

37 

749 

37 

767 

37785 

37 

803 

37 

822 

239 

37 

840 

37 

858 

37 

876 

37 

894 

37 

912 

37 

931 

37 

949 

37 

967 

37 

985 

38 

003 

340 

38 

021 

38 

039 

38 

057 

38 

075 

38 

093 

38 

112 

38 

130 

38 

148 

38 

166 

38 

184 

241 

38 202 

38 

220 

38 

238 

38 256 

38 

274 

38 

292 

38 

310 

38 328 

38 

346 

38 

364 

242 

38 

382 

38 

399 

38 

417 

38 

485 

38 

453 

38 

471 

38 

489 

38 

507 

38 

525 

38 

543 

243 

38 

561 

38 

578 

38 

596 

38 

614 

38 632 

88 

650 

38 

668 

38 

686 

88 

703 

38 

721 

244 

38 

739 

38 

757 

38 

775 

38 

792 

38 810 

88 

828 

38 

846 

38 

863 

38 

881 

38 

899 

245 

38 

917 

38 

934 

38 

952 

38 

970 

38987 

39 

005 

39 

023 

39 041 

39 

058 

39 

076 

246 

39 

094 

39 

111 

39 

129 

39 

146 

39 

164 

39 

182 

39 

199 

39 217 

39 

235 

39 

252 

247 

39 

270 

39 

287 

39 

305 

39 

322 

39 340 

39 

358 

39 375 

39 393 

39 

410 

89 

428 

248 

39 

445 

39 

463 

39 

480 

39 

498 

39 

515 

39 

533 

39550 

39 

568 

39 

585 

89 

602 

249 

39 

620 

39 

637 

39 

655 

39 

672 

39 

690 

39 

707 

39 724 

39 

742 

39 

759 

39 

777 

No, 

0 


1 

2 


3 


4 


5 


6 


7 


8 


9 
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TABLE I 


LOGARITHMS 


Wo. 0 1 3 3 4 5 6 7 8 9 

2®»0 ' 89 794 39 811 39 829 39 846 89 863 39 881 39 898 39 916 89 933 39 950 

261 89 967 39 985 40 002 40 019 40 037 40 054 40 071 40 088 40 106 40 123 
252 ! 40 140 40 167 40 175 40 192 40 209 40 226 40 243 40 261 40 278 40 295 

263 I 40 312 40 329 40 346 40 864 40 381 40 398 40 416 40 432 40 449 40 466 

264 j 40 488 40 600 40 518 40 635 40 652 40 669 40 586 40 603 40 620 40 637 

255 - 40 654 40 671 40 688 40 705 40 722 40 739 40 756 40 773 40 790 40 807 

266 40 824 40 841 40 868 40 876 40 892 40 909 40 926 40 943 40 960 40 976 

257 40 998 41 010 41 027 41 044 41 061 41 078 41 095 41 111 41 128 41 145 

268 41 162 41 179 41 196 41 212 41 229 41 246 41 263 41 280 41 296 41 313 

269 41 330 41 347 41 363 41 380 41 397 41 414 41 480 41 447 41 464 41 481 

260 41 497 41 614 41 531 41 647 41 564 41 681 41 697 41 614 41 631 41 647 

261 41 664 41 681 41 697 41 714 41 731 41 747 41 764 41 780 41 797 41 814 

262 41 830 41 847 41 863 41 880 41 896 41 913 41 929 41 946 41 963 41 979 

263 41 996 42 012 42 029 42 045 42 062 42 078 42 096 42 111 42 127 42 144 

264 42160 42 177 42 193 42 210 42 226 42 243 42 269 42 276 42 292 42 308 

265 42 326 42 341 42 357 42 374 42 390 42 406 42 423 42 439 42 465 42 472 

266 42 488 42 504 42 521 42 537 42 553 42 570 42 686 42 602 42 619 42 636 
267' 42 661 42 667 42 684 42 700 42 716 42 732 42 749 42 766 42 781 42 797 

268 42 813 42 830 42 846 42 862 42 878 42 894 42 911 42 927 42 943 42 959 

269 42 976 42 991 43 008 43 024 43 040 43 056 43 072 43 088 43 104 43 120 

27 0 43 136 43 152 43 169 43 185 43 201 43 217 43 233 43 249 43 266 43 281 

271 43 297 43 313 43 329 43 346 43 361 43 377 43 393 43 409 43 425 43 441 

272 43 467 43 473 43 489 43 506 43 621 43 537 43 663 43 669 43 684 43 600 

273 43 616 43 632 43 648 43 664 43 680 43 696 43 712 43 727 43 743 43 769 

274 43 775 43 791 43 807 43 823 43 838 43 854 43 870 43 886 43 902 43 917 

275 43 933 43 949 43 965 43 981 43 996 44 012 44 028 44 044 44 059 44 076 

276 44 091 44 107 44 122 44 138 44 154 44 170 44 186 44 201 44 217 44 232 

277 44248 44264 44 279 44295 44 311 44 326 44 342 44 368 44 373 44 389 

278 44 404 44 420 44 436 44 451 44 467 44 483 44 498 44 614 44 529 44 546 

279 44 660 44 676 44 692 44 607 44 623 44 638 44 654 44 669 44 686 44 700 

28 0 44 716 44 731 44 747 44 762 44 778 44 793 44 809 44 824 44 840 44 866 

281 44 871 44 886 44 902 44 917 44 932 44 948 44 963 44 979 44 994 45 010 

282 45 026 46 040 45 056 46 071 46 086 45 102 45 117 46 138 45 148 46 163 

283 45 179 46 194 45 209 45 226 45 240 46 255 46 271 45 286 46 301 45 317 

284 45 332 46 347 46 362 45 378 45 393 45 408 45 423 45 439 46 464 46 469 

285 45 484 45 500 46 516 45 630 45 546 46 661 45 576 45 691 46 606 45 621 

286 I 45 637 46 652 46 667 45 682 46 697 45 712 45 728 46 743 46 768 46 773 

287 I 46 788 46 803 45 818 45 834 45 849 45 864 46 879 46 894 45 909 46 924 

288 45 939 45 954 45 969 46 984 46 000 46 016 46 030 46 045 46 060 46 076 

289 46 090 46 105 46 120 46 136 46 150 46 166 46 180 46 196 46 210 46 225 

290 46 240 46 265 46 270 46 285 46 300 46 315 46 330 46 345 46 369 46 374 

291 46 389 46 404 46 419 46 434 46 449 46 464 46 479 46 494 46 509 46 523 

292 46 638 46 663 46 568 46 683 46 598 46 613 46 627 46 642 46 657 46 672 

293 46 687 46 702 46 716 46 731 46 746 46 761 46 776 46 790 46 805 46 820 

294 46 835 46 850 46 864 46 879 46 894 46 909 46 923 46 938 46 958 46 967 

295 46 982 46 997 47 012 47 026 47 041 47 066 47 070 47 085 47 100 47 114 

296 47 129 47 144 47 169 47 173 47 188 47 202 47 217 47 232 47 246 47 261 

297 47276 47 290 47 305 47 319 47 334 47 349 47 363 47 378 47 892 47 407 

298 , 47 422 47436 47 451 4T466 47480 47 494 47 509 47 624 47 538 47 563 

299 i; 47 567 47 582 47 596 47,611 47 625 47 640 47 654 47 669 47 683 47 698 

I No. 



O 


1 


3 3 4 


5 6 7 8 9 



TABLE I — LOGARITHMS 


377 


No. 

0 


i 


2 


3 


4 


5 


6 


7 

8 


^ ; 

300 

47 

712 

47 

727 

47 

741 

47 

756 

47 

770 

47 

784 

47 

799 

47 

813 

47 

828 

47 

842 ! 

301 

47 

857 

47 

871 

47 

885 

47 

900 

47 

914 

47 

929 

47 

943 

47 

958 

47 

972 

47986 1 

302 

48 

001 

48 

015 

48 

029 

48 

044 

48 

058 

48 

073 

48 

087 

48 

101 

48 

116 

48 

130 ! 

303 

48 

144 

48 

159 

48 

173 

48 

187 

48 

202 

48 

216 

48 

230 

48 

244 

48 

259 

48 

273 : 

304 

48 

287 

48 

302 

48 

816 

48 

330 

48 

344 

48 

359 

48 

373 

48 

387 

48 

401 

48 

416 ! 

! 

305 

48 

430 

48 

444 

48 

468 

48 

473 

48 

487 

48 

501 

48 

515 

48 

530 

48 

544 

48 

558 ! 

306 

48 

572 

48 

586 

48 

601 

48 

615 

48 

629 

48 

643 

48 

657 

48 

671 

48 

686 

48 700 1 

307 

48 

714 

48 

728 

48 

742 

48 

756 

48 

770 

48 

785 

48 

799 

48 

813 

48 

827 

48 

841 1 

308 

48 

855 

48 

869 

48 

883 

48 

897 

48 

911 

48 

926 

48 

940 

48 

954 

48 

968 

48 982 

309 

48 

996 

49 

010 

49 

024 

49 

038 

49 

052 

49 

066 

49 

080 

49 

094 

49 

108 

49 

122 

310 

49 

136 

49 

150 

49 

164 

49 

178 

49 

192 

49 

206 

49 

220 

49 

234 

49 248 

49 

262 

311 

49 

276 

49 

290 

49 

304 

49 

318 

49 

332 

49 

346 

49 

360 

49 

374 

49 

388 

49 

402 

312 

49 

415 

49 

429 

49 

443 

49 

457 

49 

471 

49 

485 

49 

499 

49 

513 

49 

527 

49 

541 

313 

49 

554 

49 

568 

49 

582 

49 

596 

49 

610 

49 

624 

49 

638 

49 

651 

49 

665 

49 

679 

314 

49 

693 

49 

707 

49 

721 

49 

734 

49 

748 

49 

762 

49 

776 

49 

790 

49 

803 

49 

817 

315 

49 

831 

49 

845 

49 

859 

49 

872 

49 

886 

49 

900 

49 

914 

49 

927 

49 

941 

49 

955 

316 

49 

969 

49 

982 

49 

996 

50 

010 

50 

024 

50 

037 

50 

051 

50 

065 

50 

079 

50 

092 

317 

50 

106 

50 

120 

50 

133 

50 

147 

50 

161 

50 

174 

50 

188 

50 

202 

50 

215 

50 

229 

318 

50 

243 

50 

256 

50 

270 

50 

284 

50 

297 

50 

311 

50 

325 

50 

338 

50 

352 

50 

365 

319 

50 

379 

50 

393 

50 

406 

50 

420 

50 

483 

50 

447 

60 

461 

50 

474 

50 488 

50 

501 

320 

50 

515 

50 

529 

50 

542 

50 

556 

50 

569 

60 

583 

50 

596 

50 

610 

50 

623 

60 

637 

321 

50 

651 

50 

664 

50 

678 

50 

691 

60 

705 

50 

718 

50 

732 

50 

745 

50 

759 

60 

772 

322 

50 

786 

50 

799 

50 

813 

50 

826 

50 

840 

50 

853 

50 

866 

50 

880 

50 

893 

50 

907 

323 

50 

920 

50 

934 

50 

947 

50 

961 

50 

974 

50 

987 

51 

001 

51 

014 

51 

028 

51 

041 

324 

51 

055 

51 

068 

51 

081 

51 

095 

51 

108 

51 

121 

51 

135 

51 

148 

51 

162 

51 

175 

325 

51 

188 

51 

202 

51 

215 

51 

228 

51 

242 

51 

255 

51 

268 

51 

282 

51 

295 

51 

308 

326 

51 

322 

51 

835 

51 

348 

51 

362 

51 

375 

51 

388 

51 

402 

51 

415 

51 

428 

61 

441 

327 

51 

456 

51 

468 

51 

481 

51 

495 

51 

508 

51 

521 

51 

534 

51 

548 

51 

561 

51 

574 

328 

51 

587 

51 

601 

51 

614 

51 

627 

51 

640 

51 

654 

51 

667 

51 

680 

51 

693 

51 

706 

329 

51 

720 

51 

733 

51 

746 

51 

759 

51 

772 

51 

786 

51 

799 

51 

812 

51 

825 

51 

838 

330 

51 

851 

51 

865 

51 

878 

51 

891 

51 

904 

51 

917 

51 

930 

51 

943 

51 

957 

51 

970 

331 

51 

983 

51 

996 

52 

009 

52 

022 

52 

035 

52 

048 

52 

061 

52 

076 

52 

088 

62 

101 

332 

52 

114 

52 

127 

52 

140 

52 

153 

52 

166 

52 

179 

52 

192 

52 

205 

52 

218 

52 

231 

333 

52 

244 

52 

257 

52 

270 

52 

284 

52 

297 

52 

310 

52 

323 

52 

336 

52 

349 

52 

362 

334 

52 

375 

52 

388 

52 

401 

52 

414 

52 

427 

52 

440 

52 453 

62 

466 

52 

479 

52 

492 

335 

52 

504 

52 

517 

52 

530 

52 

543 

52 

556 

52 

569 

52 582 

52 

595 

52 

608 

62 

621 

336 

1 52 

634 

52 

647 

52 

660 

52 

673 

52 

686 

52 

699 

52 

711 

52 

724 

52 

737 

62 

750 

337 

52 

763 

52 

776 

52 

789 

52 

802 

52 

815 

52 

827 

52 

840 

52 853 

52 

866 

62 

879 

338 

52 

892 

62 

905 

52 

917 

52 

930 

52 

943 

52 

956 

52 

969 

52 

982 

52 

994 

63 

007 

339 

53 

020 

53 

033 

53 

046 

53 

058 

53 

071 

53 

084 

53 

097 

53 

110 

53 

122 

63 

135 

340 

53 

148 

63 

161 

53 

173 

53 

186 

53 

199 

53 

212 

53 

224 

53 

237 

53 

250 

63 

263 

341 

53 

275 

53 

288 

53 

301 

53 

314 

53 

326 

53 

339 

53 

352 

53 

364 

63 

377 

53 

390 

342 

53 

403 

53 

415 

53 

428 

53 

441 

53 

453 

53 

466 

53 

479 

53 

491 

63 

504 

53 

517 

343 

63 

529 

53 

542 

53 

555 

53 

567 

53 

580 

53 

593 

53 

605 

58 

618 

53 

631 

58 

643 

344 

53 

656 

53 

668 

53 

681 

53 

694 

53 

706 

53 

719 

53 

732 

53 

744 

63 

757 

53 

■ 769 

345 

1 53 

782 

53 

794 

53 

807 

53 

820 

53 

832 

53 

845 

53 857 

53 

870 

63 

882 

53 

.895 

346 

1 53 

908 

53 

920 

53 

933 

53 

945 

53 

958 

53 

970 

58 

983 

53 

995 

54 

008 

54 

J20 

347 

54 

033 

54 

045 

64 

058 

54 

070 

54 

083 

54 

095 

54 

108 

54 

120 

64 

133 

54 

:145 

348 

I 54 

168 

54 

170 

54 

183 

54 

195 

54 

208 

54220 

54 233 

54 

245 

54 

258 

54270 

349 

54 

283 

54 

295 

54 

307 

54 

320 

54 

332 

54 

345 

54 

357 

54 

370 

54 

382 

54 394 

No. 

0 


1 


2 


3 

4 


5 


6 


7 


8 


9 
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TABLE I 


LOGARITHMS 


No. 

350 

351 

852 

353 

354 

355 

356 

357 

358 

359 

360 

361 

362 

363 

364 

365 

366 

367 

368 

369 

370 

371 

372 

373 

374 

375 

376 

377 

378 

379 

380 

381 

382 

383 

384 

885 

386 

387 

388 

389 

390 

391 

392 

393 

394 

395 

396 

397 

398 

399 

No. 


0 1 

54 407 54 419 
54 531 54 543 
54 654 54 667 
54 777 64 790 

54 900 54 913 

55 023 55 035 
55145 55 157 
55 267 55 279 
55 388 55 400 
55 509 55 522 


54 432 
54 555 
54 679 
54 802 
54 925 


54 444 54 456 
54 568 54 580 
54 691 54 704 
54 814 54 827 
54 937 54 949 


55 630 
55 751 

55 871 
65 991 

56 no 


55 642 
55 763 

55 883 

56 003 
56 122 


55 047 55 060 55 072 
55 169 55 182 55 194 
55 291 55 803 55 315 
55 413 55 425 55 437 
55 534 55 546 55 558 

55 654 55 666 55 678 
55 775 55 787 55 799 

55 895 55 907 55 919 

56 015 66 027 56 038 
56 134 56 146 56 158 


56 229 56 241 
56 348 56 360 
56 467 56 478 
56 585 56 597 
56 703 56 714 


56 253 56 265 
56 372 56 384 
56 490 56 502 
56 608 66 620 
56 726 56 738 


56 277 
56 396 
56 514 
56 632 
56 750 


56 820 56 882 56 844 

56 937 56 949 56 961 

57 054 57 066 57 078 
57 171 57 183 57 194 
57 287 57 299 57 310 


56 855 56 867 

56 972 56 984 

57 089 57 101 
57 206 57 217 
57 322 57 834 


57 403 57 415 
57 519 57 630 
57 634 57 646 
67 749 57 761 
57 864 57 875 


57 426 
57 542 
57 657 
57 772 
57 887 


57 438 
57 553 
67 669 
57 784 
57 898 


57 449 
57 565 
57 680 
57 795 
57 910 


57 978 57 990 58 001 58 018 58 024 

58 092 68 104 58 115 58 127 58 138 
58 206 58 218 58 229 58 240 58 252 
58 320 58 331 68 343 58 354 58 365 
58 433 58 444 58 456 58 467 58 478 

58 646 58 557 58 669 58 580 58 591 
58 659 58 670 58 681 58 692 58 704 
58 771 68 782 58 794 58 805 58 816 
58 883 58 894 58 906 58 917 58 928 

58 995 59 006 59 017 59 028 59 040 

59 106 59 118 59 129 69 140 59 151 
59 218 69 229 59 240 59 261 59 262 
59 329 59 340 59 351 59 362 59 373 
59 439 59 450 69 461 59 472 59 483 
59 550 59 561 59 572 59 583 59 694 

59 660 59 671 59 682 59 693 59 704 
59 770 59 780 59 791 59 802 59 813 
59 879 69 890 59 901 69 912 59 923 

59 988 59 999 60 010 60 021 60 032 

60 097 60 108 60 119 60 130 60 141 

0 13 3 4 


5 6 

54 469 54 481 
54 593 54 605 
54 716 54 728 
54 839 54 851 

54 962 54 974 

55 084 55 096 
55206 55 218 
55 328 55 340 
55 449 55 461 
55 570 55 582 


8 


9 


54 494 
54 617 
54 741 
54 864 
54 986 


54 506 54 518 
64 630 54 642 
54 753 54 765 
54 876 54 888 
54 998 55 011 


55 108 55 121 

55 230 55 242 

56 352 55 364 
55 473 65 485 
55 594 55 606 


55 133 
55 256 
55 376 
55 497 
55 618 


55 691 
55 811 

55 931 

56 050 
56 170 

56 289 
56 407 
56 526 
56 644 
56 761 


55 703 55 715 55 727 55 789 
55 823 55 835 55 847 55 859 

55 943 55 955 55 967 55 979 

56 062 56 074 56 086 56 098 
56 182 56 194 56 205 56 217 


56 301 56 312 
56 419 56 431 
56 538 56 549 
56 656 66 667 
56 773 56 785 


56 324 56 336 
56 443 56 455 
56 561 56 573 
56 679 56 691 
56 797 56 808 


56 879 56 891 56 902 56 914 56 926 

56 996 57 008 57 019 57 031 57 043 

57 113 57 124 57 136 57 148 57 159 
57 229 57 241 57 252 57 264 57 276 
57 345 57 357 57 368 57 380 57 392 

57 461 57 473 57 484 57 496 57 507 
57 576 57 588 57 600 57 611 57 623 
57 692 57 703 57 715 57 726 57 738 
57 807 67 818 67 830 57 841 57 852 

57 921 57 933 57 944 57 955 57 967 

58 035 58 047 58 058 58 070 58 081 
58 149 58 161 68 172 58 184 58 195 
58 263 58 274 58 286 58 297 58 309 
58 377 58 388 58 399 58 410 58 422 
58 490 58 501 58 512 58 524 58 535 

58 602 58 614 58 625 58 636 58 647 
58 715 58 726 58 737 58 749' 58 760 
58 827 58 838 58 850 58 861 58 872 

58 939 58 950 58 961 58 973 58 984 

59 051 59 062 59 073 59 084 59 095 

59 162 59 173 59 184 59 195 59 207 
59 273 59 284 59 295 59 306 69 318 
59 384 59 395 59 406 69 417 69 428 
69 494 59 506 59 517 59 528 59 539 
59 605 59 616 59 627 69 638 59 649 

59 715 59 726 59 737 59 748 69 769 
69 824 59 835 59 846 59 857 59 868 

59 934 59 945 59 956 59 966 59 977 

60 043 60 054 60 065 60 076 60 086 
60152 60 163 60173 60184 60195 


6 . 


8 


9 
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No. 

0 


1 


2 


3 


4 


5 

6 


7 


8 


9 

400 

60 

206 

60 

217 

60 

228 

60 

239 

60 

249 

60 

260 

60 

271 

60 

282 

60 

293 

60 

304 

401 

60 

314 

60 

325 

60 

336 

60 

847 

60 

358 

60 

369 

60 

879 

60 

390 

60 

401 

60 

412 

402 

60 

423 

60 

433 

60 

444 

60 

455 

60 

466 

60 

477 

60 

487 

60 

498 

60 

509 

60 

520 

403 

60 

531 

60 

541 

60 

552 

60 

563 

60 

574 

60 

584 

60 

595 

60 

606 

60 

617 

60 

627 

404 

60 

638 

60 

649 

60 

660 

60 

670 

60 

681 

60 

692 

60 

703 

60 

713 

60 

724 

60 

735 

405 

60 

746 

60 

756 

60 

767 

60 

778 

60 

788 

60 

799 

60 

810 

60 

821 

60 

831 

60 

842 

40G 

60 

853 

60 

863 

60 

874 

60 

885 

60 

895 

60 

906 

60 

917 

60 

927 

60 

938 

60 

949 

407 

60 

959 

60 

970 

60 

981 

60 

991 

61 

002 

61 

013 

61 

023 

61 

034 

61 

045 

61 

055 

408 

61 

066 

61 

077 

61 

087 

61 

098 

61 

109 

61 

119 

61 

130 

61 

140 

61 

151 

61 

162 

409 

61 

172 

61 

183 

61 

194 

61 

204 

61 

215 

61 

225 

61 

236 

61 

247 

61 

257 

61 

268 

410 

61 

278 

61 

289 

61 

300 

61 

310 

61 

321 

61 

831 

61 

342 

61 

352 

61 

363 

61 

374 

411 

61 

384 

61 

395 

61 

405 

61 

416 

61 

426 

61 

437 

61 

448 

61 

458 

61 

469 

61 

479 

412 

61 

490 

61 

500 

61 

511 

61 

521 

61 

532 

61 

542 

61 

553 

61 

563 

61 

574 

61 

584 

413 

61 

595 

61 

606 

61 

616 

61 

627 

61 

637 

61 

648 

61 

658 

61 

669 

61 

679 

61 

690 

414 

61 

700 

61 

711 

61 

721 

61 

731 

61 

742 

61 

752 

61 

763 

61 

773 

61 

784 

61 

794 

415 

61 

805 

61 

815 

61 

826 

61 

836 

61 

847 

61 

857 

61 

868 

61 

878 

61 

888 

61 

899 

416 

61 

909 

61 

920 

61 

930 

61 

941 

61 

951 

61 

962 

61 

972 

61 

982 

61 

993 

62 

003 

417 

62 

014 

62 

024 

62 

034 

62 

045 

62 

055 

62 

066 

62 

076 

62 

086 

62 

097 

62 

107 

418 

62 

118 

62 

128 

62 

138 

62 

149 

62 

159 

62 

170 

62 

180 

62 

190 

62 

201 

62 

211 

419 

62 

221 

62 

232 

62 

242 

62 

252 

62 

263 

62 

273 

62 

284 

62 

294 

62 304 

62 

315 

420 

62 

325 

62 

335 

62 

346 

62 

856 

62 366 

62 

377 

62 

887 

62 

397 

62 

408 

62 418 

421 

62 

428 

62 

439 

62 

449 

62 

459 

62 

469 

62 

480 

62 

490 

62 

500 

62 

511 

62 

521 

422 

62 

531 

62 

542 

62 

552 

62 

562 

62 

572 

62 

583 

62 

593 

62 

603 

62 

613 

62 

624 

423 

62 

634 

62 

644 

62 

655 

62 

665 

62 

675 

62 

685 

62 

696 

62 706 

62 

716 

62 

726 

424 

62 

737 

62 

747 

62 

757 

62 

767 

62 

778 

62 

788 

62 

798 

62 808 

62 

818 

62 

829 

425 

62 

839 

62 

849 

62 

859 

62 

870 

62 

880 

62 

890 

62 

900 

62 

910 

62 

921 

62 

931 

426 

62 

941 

62 

951 

62 

961 

62 

972 

62 

982 

62 

992 

63 

002 

63 

012 

63 

022 

63 

083 

427 

63 

043 

63 

053 

63 

063 

63 

073 

63 

083 

63 

094 

63 

104 

63 

114 

63 

124 

63 

134 

428 

63 

144 

63 

155 

63 

165 

63 

175 

63 

185 

63 

195 

63 

205 

63 

215 

63 

225 

63 

236 

429 

63 

246 

63 

256 

63 

266 

63 

276 

63 

286 

63 

296 

63 

306 

63 

317 

63 

327 

63 

387 

430 

63 

347 

63 

357 

63 

367 

63 

377 

63 

387 

63 

397 

63 

407 

63 

417 

68 

428 

63 

438 

431 

63 

448 

63 

458 

63 

468 

63 

478 

63 

488 

63 

498 

63 

508 

63 

518 

63 

528 

63 

538 

432 

63 

548 

63 

558 

63 

568 

63 

579 

63 

589 

63 

599 

63 

609 

63 

619 

63 

629 

63 

689 

433 

63 

649 

63 

659 

63 

669 

63 

679 

63 

689 

63 

699 

63 

709 

63 

719 

63 

729 

63 

739 

434 

63 

749 

63 

759 

63 

769 

63 

779 

63 

789 

63 

799 

63 

809 

63 

819 

68 

829 

63 

839 

435 

63 

849 

63 

859 

63 

869 

63 

879 

63 

889 

63 

899 

63 

909 

63 

919 

63 

929 

63 

939 

436 

63 

949 

63 

959 

63 

969 

63 

979 

63 

988 

63 

998 

64 

008 

64 

018 

64 

028 

64 

038 

437 

64 

048 

64 

058 

64 

068 

64 

078 

64 

088 

64 

098 

64 

108 

64 

118 

64 

128 

64 

137 

438 

64 

147 

64 

157 

64 

167 

64 

177 

64 

187 

64 

197 

64 207 

64 

217 

64 

227 

64 

237 

439 

64 

246 

64 

256 

64 

266 

64 276 

64 

286 

64 

296 

64 306 

64 

316 

64 

326 

64 

335 

440 

64 

345 

64 

355 

64 

365 

64 

375 

64 

385 

64 

305 

64 

404 

64 

414 

64 

424 

64 

434 

441 

64 

444 

64 

454 

64 

464 

64 

473 

64 

488 

64 

493 

64 

503 

64 

513 

64 

523 

64 

532 

442 

64 

542 

64 

552 

64 

562 

64 

572 

64 

582 

64 

591 

64 

601 

64 

611 

64 

621 

64 

631 

443 

64 

640 

64 

650 

64 

660 

64 

670 

64 

680 

64 

689 

64 

699 

64 

709 

64 

719 

64 

729 

444 

64 

738 

64 

748 

64 

758 

64 

768 

64 

777 

64 

787 

64797 

64 

807 

64 

816 

64 826 

445 

64 

836 

64 

846 

64 

856 

64 

865 

64 

875 

64 

885 

64 

895 

64 

904 

64 

914 

64 

924 

446 

64 

933 

64 

943 

64 

953 

64 

963 

64 

972 

64 

982 

64 

992 

65 

002 

65 

Oil 

65 

021 

447 

65 

031 

65 

040 

65 

050 

65 

060 

65 

070 

65 

079 

65 

089 

65 

099 

65 

108 

65 

118 

448 

65 

128 

65 

137 

65 

147 

65 

157 

65 

167 

65 

176 

65 

186 

65 

196 

65 

205 

65 

215 

449 

65 

225 

65 

234 

65 

244 

65 

254 

65 

263 

65 

273 

65 

283 

65 

292 

65 

302 

65 312 

No. 

0 


1 

4 

d 

2S 

4 

3 

2 

4 

! 

4 

5 

6 


7 

8 


9 




380 


TABLE I — LOGARITHMS 


No. 

0 


1 


2 


3 


4 


5 


6 


7 


8 


9 

450 

65 

321 

65 

331 

65 

341 

65 

350 

65 

360 

65 

369 

65 

379 

65 

389 

65 

398 

65 

408 

451 

65 

418 

65 

427 

65 

437 

65 

447 

65 

456 

65 

466 

65 

475 

65 

485 

65 

495 

65 

604 

452 

65 

514 

65 

523 

65 

533 

65 

543 

65 

552 

65 

562 

65 

571 

65 

581 

65 

591 

65 

600 

453 

65 

610 

65 

619 

65 

629 

65 

639 

65 

648 

65 

658 

65 

667 

65 

677 

65 

686 

65 

696 

454 

65 

706 

65 

715 

65 

725 

65 

734 

65 

744 

65 

753 

65 

763 

65 

772 

65 

782 

65 

792 

455 

65 

801 

65 

811 

65 

820 

65 

830 

65 

839 

65 

849 

65 

858 

65 

868 

65 

877 

65 

887 

456 

65 

896 

65 

906 

65 

916 

65 

925 

65 

935 

65 

944 

65 

954 

65 

963 

65 

973 

65 

982 

457 

65 

992 

66 

001 

66 

on 

66 

020 

66 

030 

66 

039 

66 

049 

66 

058 

66 

068 

66 

077 

458 

66 

087 

66 

096 

66 

106 

66 

115 

66 

124 

66 

134 

66 

143 

66 

153 

66 

162 

66 

172 

459 

66 

181 

66 

191 

66 

200 

66 

210 

66 

219 

66 

229 

66 

238 

66 

247 

66 

257 

66 

266 

460 

66 

276 

66 

285 

66 

295 

66 

304 

66 

314 

66 

323 

66 

332 

66 

842 

66 

351 

66 

361 

461 

66 

370 

66 

380 

66 

389 

66 

398 

66 

408 

66 

417 

66 

427 

66 

436 

66 

445 

66 

455 

462 

66 

464 

66 

474 

66 

483 

66 

492 

66 

502 

66 

511 

66 

521 

66 

530 

66 

539 

66 

549 

463 

66 

558 

66 

567 

66 

577 

66 

586 

66 

596 

66 

605 

66 

614 

66 

624 

66 

633 

66 

642 

464 

66 

652 

66 

661 

66 

671 

66 

680 

66 

689 

66 

699 

66 

708 

66 

717 

66 

727 

66 

736 

465 

66 

745 

66 

755 

66 

764 

66 

773 

66 

783 

66 

792 

66 

801 

66 

811 

66 

820 

66 

829 

466 

66 

839 

66 

848 

66 

857 

66 

867 

66 

876 

66 

885 

66 

894 

66 

904 

66 

913 

66 

922 

467 

66 

932 

66 

941 

66 

950 

66 

960 

66 969 

66 

978 

66 

987 

66 

997 

67 

006 

67 

015 

468 

67 

025 

67 

034 

67 

048 

67 

052 

67 

062 

67 

071 

67 

080 

67 

089 

67 

099 

67 

108 

469 

67 

117 

67 

127 

67 

136 

67 

145 

67 

154 

67 

164 

67 

173 

67 

182 

67 

191 

67 

201 

470 

67 

210 

67 

219 

67 

228 

67 

237 

67 

247 

67 

256 

67 

265 

67 

274 

67 

284 

67 

298 

471 

67 

302 

67 

311 

67 

821 

67 

330 

67 

339 

67 

348 

67 

357 

67 

367 

67 

376 

67 

385 

472 

67 394 

67 

403 

67 

413 

67 

422 

67 

431 

67 

440 

67 

449 

67 

459 

67 

468 

67 

477 

473 

67 

486 

67 

495 

67 

504 

67 

514 

67 

523 

67 

532 

67 

541 

67 

550 

67 

560 

67 

569 

474 

67 

578 

67 

587 

67 

596 

67 

605 

67 

614 

67 

624 

67 

683 

67 

642 

67 

651 

67 

660 

475 

67 

669 

67 

679 

67 

688 

67 

697 

67706 

67 

715 

67 

724 

67 

733 

67 

742 

67 

752 

476 

67 

761 

67 

770 

67 

779 

67 

788 

67 

797 

67 

806 

67 

815 

67 

825 

67 

834 

67 

843 

477 

67 

852 

67 

861 

67 

870 

67 

879 

67 

888 

67 

897 

67 

906 

67 

916 

67 

925 

67 

934 

478 

67 

943 

67 

952 

67 

961 

67 

970 

67 

979 

67 

988 

67 

997 

68 

006 

68 

015 

68 

024 

479 

68 

034 

68 

043 

68 

052 

68 

061 

68 

070 

68 

079 

68 

088 

68 

097 

68 

106 

68 

115 

480 

68 

124 

68 

133 

68 

142 

68 

151 

68 

160 

68 

169 

68 

178 

68 

187 

68 

196 

68 

205 

481 

68 

215 

68 

224 

68 

233 

68 

242 

68 

251 

68 

260 

68 

269 

68 

278 

68 

287 

68 

296 

482 

68 

305 

68 

314 

68 

323 

68 

332 

68 

341 

68 

350 

68 

359 

68 

868 

68 

377 

68 

386 

483 

68 

395 

68 

404 

68 

413 

68 

422 

68 

481 

68 

440 

68 

449 

68 

458- 

68 

467 

68 

476 

484 

68 

485 

68-494 

68 

502 

68 

511 

68 

520 

68 

529 

68 

538 

68 

547 

68 

556 

68 

565 

485 

68 

574 

68 

583 

68 

592 

68 

601 

68 

610 

68 

619 

68 

628 

68 

637 

68 

646 

68 

655 

486 

68 

664 

68 

673 

68 

681 

68 

690 

68 

699 

68 

708 

68 

717 

68 

726 

68 

735 

68 

744 

487 

68 

758 

68 

762 

68 

771 

68 

780 

68 

789 

68 

797 

68 

806 

68 

815 

68 

824 

68 

833 

488 

68 

842 

68 

851 

68 

860 

68 

869 

68 

878 

68 

886 

68 

895 

68 

904 

68 

913 

68 

922 

489 

68 

931 

68 

940 

68 

949 

68 

958 

68 

966 

68 

975 

68 

984 

68 

993 

69 

002 

69 

on 

490 

69 

020 

69 

028 

69 

037 

69 

046 

69 

055 

69 

064 

69 

073 

69 

082 

69 

090 

69 

099 

491 

69 

108 

69 

117 

69 

126 

69 

135 

69 

144 

69 

152 

69 

161 

69 

170 

69 

179 

69 

188 

492 

69 

197 

69 

205 

69 

214 

69 

223 

69 

232 

69 

241 

69 

249 

69 

258 

69 

267 

69 

276 

493 

69 

285 

69 

294 

69 

302 

69 

311 

69 

320 

69329 

69 

338 

69 

346 

69 

355 

69 

364 

494 

69 

373 

69 

381 

69 

390 

69 

399 

69 

408 

69 

417 

69 

425 

69 434 

69 

443 

69 

452 

495 

69 

461 

69 469 

69 

478 

69 

487 

69 

496 

69 

504 

69 

513 

69 

522 

69 

531 

69 

539 

4% 

69 

548 

69 

557 

69 

566 

69 

574 

69 

583 

69 

692 

69 

601 

69 

609 

69 

618 

69 

627 

497 

69 

636 

69 

644 

69 

653 

69 

662 

69 

671 

69 

679 

69 

688 

69 

697 

69 

705 

69 

714 

498 

69 

723 

69 

732 

69 

740 

69 

749 

69 

758 

69 

767 

69 

775 

69 

784 

69^ 

793 

69 

801 

499 

69 

810 

mM9 

69 

827 

69 

836 

69 845 

69 854 

69 

862 

69 

871 

69 i 

880 

69 

888 

No. 

0 

1 

2 

4 

mi 

i 

4 . 


6 


r 

8 

9 




TABLE I — LOGARITHMS 


381 


No. 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 

500 

69 897 

69 906 

69 914 

69 923 

69 932 

69 940 

69 949 

69 958 69 966 69 975 

501 

69 984 

69 992 

70 001 

70 010 

70 018 

70 027 

70 036 

70 044 70 05S 

70 062 

502 

70 070 

70 079 

70 088 

70 096 

70 105 

70114 

70 122 

70 131 7 

140 70 148 

503 

70 157 

70 165 

70 174 

70 183 

70 191 

70 200 

70 209 

70 217 70 226 70 2S4 

504 

70 243 

70 252 

70 260 

70 269 

70 278 

70 286 

70 

295 

70 SOS 

70 312 

70 321 

505 

70 329 

70 338 

70 346 

70 355 

70 364 

70 372 

70 

381 

70 389 70 898 

70 406 

506 

70 415 

70 424 

70 432 

70 441 

70 449 

70 458 

70 

467 

70 475 

70 484 

70 492 

507 

70 501 

70 

509 

70 518 

7C 

526 

70 535 

70 544 

70 

552 

70 561 

70 569 

70 578 

508 

70 586 

70 

595 

70 60S 

70 

612 

70 621 

7C 

629 

70 

638 

70 646 

70 655 

70 663 

509 

70 672 

70 

680 

70 689 

70 697 

70 706 

70 714 

70 

723 

70 731 

70 740 

70 749 

510 

70 

757 

70 

766 

70 774 

70 

783 

70 

791 

70 

SOO 

70 

808 

70 

817 

70 825 

70 834 

511 

70 

842 

70 

851 

70 859 

70 

868 

70 

876 

70 

885 

70 

893 

70 

902 

70 910 

70 919 

512 

70 

927 

70 

935 

70 944 

70 

952 

70 

961 

70 

969 

70 

978 

70 

986 

70 995 

71 

003 

513 

71 

012 

71 

020 

71 

029 

71 

037 

71 

046 

71 

054 

71 

063 

71 

071 

71 

.079 

71 

088 

514 

71 

096 

71 

105 

71 

113 

71 

122 

71 

130 

71 

139 

71 

147 

71 

155 

71164 

71 

172 

515 

71 

181 

71 

189 

71 

198 

71 

206 

71 

214 

71 

223 

71 

231 

71 

240 

71 

248 

71 

257 

516 

71 

265 

71 

273 

71 

282 

71 

290 

71 

299 

71 

307 

71 

315 

71 

324 

71 

332 

71 

341 

517 

71 

349 

71 

357 

71 

366 

71 

374 

71 

883 

71 

891 

71 

399 

71 

408 

71 

416 

71 

425 

518 

71 

438 

71 

441 

71 

450 

71 

458 

71 

466 

71 

475 

71 

483 

71 

492 

71 

500 

71 

508 

619 

71 

517 

71 

525 

71 

533 

71 

542 

71 

650 

71 

559 

71 

567 

71 

575 

71 

584 

71 

592 

520 

71 

600 

71 

609 

71 

617 

71 

625 

71 

634 

71 

642 

71 

650 

71 

659 

71 

667 

71 

675 

621 

71 

684 

71 

692 

71 

700 

71 

709 

71 

717 

71 

725 

71 

734 

71 

742 

71 

750 

71 

759 

522 

71 

767 

71 

775 

71 

784 

71 

792 

71 

800 

71 

809 

71 

817 

71 

825 

71 

834 

71 

842 

523 

'71 

850 

71 

858 

71 

867 

71 

875 

71 

883 

71 

892 

71 

900 

71 

908 

71 

917 

71 

925 

524 

71 

933 

71 

941 

71 

950 

71 

958 

71 

966 

71 

975 

71 

983 

71 

991 

71 

999 

72 

008 

525 

72 

016 

72 

024 

72 

032 

72 

041 

72 

049 

72 

057 

72 

066 

72 

074 

72 

082 

72 

090 

526 

72 

099 

72 

107 

72 

115 

72 

123 

72 

132 

72 

140 

72 

148 

72 

156 

72 

165 

72 

173 

527 

72 

181 

72 

189 

72 

198 

72 

206 

72 

214 

72 

222 

72 

230 

72 

239 

72 

247 

72 

255 

528 

72 

263 

72 

272 

72 

280 

72 

288 

72 

296 

72 

804 

72 

313 

72 

321 

72 

329 

72 

337 

529 

i 

72 

346 

72 

354 

72 

362 

72 

370 

72 

378 

72 

887 

72 

895 

72 

403 

72 

411 

72 

419 

530 i 

72 

428 

72 

436 

72 

444 

72 

452 

72 

460 

72 

469 

72 

477 

72 

485 

72 

493 

72 

501 

681 ! 

72 

509 

72 

518 

72 

526 

72 

534 

72 

542 

72 

550 

72 

558 

72 

567 

72 

575 

72 

583 

682 j 

72 

591 

72 

599 

72 

607 

72 

616 

72 

624 

72 

632 

72 

640 

72 

648 

72 

656 

72 

665 

688 i 

72 

673 

72 

681 

72 

689 

72 

697 

72 

705 

72 

713 

72 

722 

72 

730 

72 

738 

72 

746 

634 i 

! 

72 

754 

72 

762 

72 

770 

72 

779 

72 

787 

72 

795 

72 

803 

72 

811 

72 

819 

72 

827 

686 1 

72 

835 

72 

843 

72 

852 

72 

860 

72 

868 

72 

876 

72 

884 

72 

892 

72 

900 

72 

908 

586 

72 

916 

72 

925 

72 

933 

72 

941 

72 

949 

72 

957 

72 

965 

72 

973 

72 

981 

72 

989 

587 

72 

997 

73 

006 

73 

014 

73 

022 

78 

030 

73 

038 

73 

046 

73 

054 

73 

062 

73 

070 

638 ! 

73 

078 

73 

086 

73 

094 

73 

102 

73 

111 

73 

119 

73 

127 

73 

135 

73 

143 

73 

161 

589 i 

73 

159 

73 

167 

73 

175 

73 

183 

73 

191 

73 

199 

73 

207 

73 

215 

78 

228 

73 

231 

540 1 

73 

239 

73 

247 

73 

255 

73 

263 

73 

272 

73 

280 

73 

288 

73 

296 

73 

304 

73 

312 

541 1 

73 

320 

73 

328 

73 

336 

73 

344 

73 

352 

73 

360 

73. 

368 

73 

376 

73 

384 

73 

392 

642 j 

73 

400 

73 

408 

73 

416 

73 

424 

73 

432 

73 

440 

73 

448 

73 

456 

73 

464 

73 

472 

648 ! 

73 

480 

73 

488 

73 

496 

73 

504 

73 

512 

73 

620 

78 

528 

73 

536 

73 

644 

73 

552 

644 

73 

560 

73 

568 

73 

576 

73 

584 

73 

592 

73 

600 ' 

73 1 

608 

73 

616 

73 

624 

73 

632 

646 

73 

640 

73 

648 

73 

656 

73 

664 

73 

672 

73 

679 

73' 

687 

73 

695 

73 

70S 

73 

711 

546 

73 

719 

73 

727 

73 

735 

73 

748 

73 

751 

73 

759 

73’ 

767 

73 

775 

73 

783 

73 

791 

547 

73 

799 

73 

807 

73 

815 

73 

823 

73 

830 

73 

838 

73: 

846 

73 

854 

73 

862 

73 

870 

548 

73 

878 

73 

886 

73 

894 

73 

902 

73 

910 

73 

918 

73 

926 

73 

933 

73 

941 

73 

949 

549 

73 

957 

73 

965 

73 

978 

73 

981 

73 

989 

73 

997 ' 

74* 

005 

74 

013 

74 

020 

74 

028 

No. 

0 

1 

2 

€ 

i 


1 

5 

6 

f 

7 

8 

9 




382 


TABLE I — LOGAKITHMS 


No, 

0 


t 

« 

4 

2 


3 


1 

i 

« 

5 

6 

f 

7 

8 

9 

550 

74 

036 

74 

044 

74 

052 

74 

060 

74 

068 

74 

076 

74 

084 

74 

092 

74 

099 

74 

107 

551 

74 

115 

74 

123 

74 

131 

74 

139 

74 

147 

74 

155 

74 

162 

74 

170 

74 

178 

74 

186 

i 552 

74 

194 

74 

202 

74 

210 

74 

218 

74 

225 

74 

233 

74 

241 

74 

249 

74 

257 

74 

265 

553 

74 

273 

74 

280 

74 

288 

74 

296 

74 

304 

74 

312 

74 

320 

74 

327 

74 

835 

74 

343 1 

554 

74 

351 

74 

359 

74 

367 

74 

374 

74 

382 

74 

390 

74 

398 

74 

406 

74 

414 

74 

421 : 

655 

74 

429 

74 

437 

74 

445 

74 

453 

74 

461 

74 

468 

74 

476 

74 

484 

74 

492 

74 

500 

556 

74 

507 

74 

515 

74 

523 

74 

531 

74 

539 

74 

547 

74 

554 

74 

562 

74 

570 

74 

578 

557 

74 

686 

74 

593 

74 

601 

74 

609 

74 

617 

74 

624 

74 

632 

74 

640 

74 

648 

74 

656 i 

558 

74 

663 

74 

671 

74 

679 

74 

687 

74 

695 

74 

702 

74 

710 

74 

718 

74 

726 

74 

733 : 

569 

74 

741 

74 

749 

74 

757 

74 

764 

74 

772 

74 

780 

74 

78S 

74 

796 

74 

803 

74 

811 i 

1 

560 

74 

819 

74 

827 

74 

834 

74 

842 

74 

850 

74 

858 

74 

865 

74 

873 

74 

881 

74 

889 ! 

661 

74 

896 

74 

904 

74 

912 

74 

920 

74 

927 

74 

935 

74 

943 

74 

950 

74 

958 

74 

966 

562 

74 

974 

74 

981 

74 

989 

74 

997 

75 

005 

75 

012 

75 

020 

75 

028 

75 

035 

75 

043 

563 

75 

051 

75 

059 

75 

066 

75 

074 

75 

082 

75 

089 

75 

097 

75 

105 

75 

113 

75 

120 

564 

75 

128 

75 

186 

75 

143 

75 

151 

75 

159 

75 

166 

75 

174 

75 

182 

75 

189 

75 

197 i 

! 

565 

75 

205 

75 

213 

75 

220 

75 

228 

75 

236 

75 

243 

75 

251 

75 

259 

75 

266 

75 

274 

566 

75 

282 

75 

289 

75 

297 

75 

305 

75 

312 

75 

320 

75 

328 

75 

335 

75 

343 

75 

351 

567 

75 

358 

75 

366 

75 

374 

75 

381 

75 

389 

75 

397 

75 

404 

75 

412 

75 

420 

75 

427 

668 

75 

435 

75 

442 

76 

450 

75 

458 

75 

465 

75 

473 

75 

481 

75 

488 

75 

496 

75 

504 

569 

75 

511 

75 

519 

75 

526 

75 

534 

75' 

542 

75 

549 

75 

557 

75 

565 

75 

572 

75 

580 ; 

570 

75 

587 

75 

595 

75 

603 

75 

610 

76 

618 

75 

626 

75 

633 

75 

641 

75 

648 

75 

656 i 

571 

75 

664 

75 

671 

75 

679 

75 

686 

75 

694 

75 

702 

75 

709 

75 

717 

75 

724 

75 

732 ! 

572 

1 75 

740 

75 

747 

75 

755 

75 

762 

75 

770 

75 

778 

75 

785 

75 

793 

75 

800 

75 

808 ! 

573 

75 

815 

75 

828 

75 

831 

75 

838 

75 

846 

75 

853 

75 

861 

75 

868 

75 

876 

75 

884 1 

574 

75 

891 

75 

899 

75 

906 

75 

914 

75 

921 

75 

929 

75 

937 

75 

944 

75 

952 

75 

969 I 

575 

75 

967 

75 

974 

75 

982 

75 

989 

75 

997 

76 

005 

76 

012 

76 

020 

76 

027 

76 

035 

, 576 

76 

042 

76 

050 

76 

057 

76 

065 

76 

072 

76 

080 

76 

087 

76 

095 

76 

103 

76 

110 

577 

76 

118 

76 

125 

76 

133 

76 

140 

76 

148 

76 

155 

76 

163 

76 

170 

76 

178 

76 

185 

678 

76 

193 

76 

200 

76 

208 

76 

215 

76 

223 

76 230 

76 

238 

76 

245 

76 

253 

76 

260 

679 

76 

268 

76 

275 

76 

283 

76 

290 

76 

298 

76 

305 

76 

313 

76 

320 

76 

328 

76 

335 

580 

76 

343 

76 

350 

76 

358 

76 

365 

76 

873 

76 380 

76 

388 

76 

395 

76 

403 

76 

410 

581 

76418 

76 

425 

76 

433 

76 

440 

76 

448 

76 

455 

76 

462 

76 

470 

76 

477 

76 

485 

582 

76 

492 

76 

500 

76 

507 

76 

515 

76 

522 

76 

530 

76 

537 

76 

545 

76 

552 

76 

559 

583 

76 

567 

76 

574 

76 

582 

76 

589 

76 

597 

76 

604 

76 

612 

76 

619 

76 

626 

76 

634 

584 

76 

641 

76 

649 

76 

656 

76 

664 

76 

671 

76 

678 

76 

686 

76 

693 

76 

701 

76 

708 

585 

76 

716 

76 

723 

76 

730 

76 

738 

76 

745 

76 

753 

76 

760 

76 

768 

76 

775 

76 

782 

586 

76 

790 

76 

797 

76 

805 

76 

812 

76 

819 

76 

827 

76 

834 

76 

842 

76 

849 

76 

856 

587 

76 

864 

76 

871 

76 

879 

76 

886 

76 

893 

76 

901 

76 

908 

76 

916 

76 

923 

76 

930 

588 

76 

938 

76 

945 

76 

953 

76 

960 

76 

967 

76 

975 

76 

982 

76 

989 

76 

997 

77 

004 

589 

77 

012 

77 

019 

77 

026 

77 

034 

77 

041 

77 

048 

77 

056 

77 

063 

77 

070 

77 

078 

590 

77 

085 

77 

093 

77 

100 

77 

107 

77 

115 

77 

122 

77 

129 

77 

137 

77 

144 

77 

151 

591 

77 

159 

77 

166 

77 

173 

77 

181 

77 

188 

77 

195 

77 

203 

77 

210 

77 

217 

77 

225 

592 

77232 

77 

240 

77 

247 

77 

254 

77 

262 

77 

269 

77 

276 

77 

283 

77 

291 

77 

298 

693 

77 

305 

77 

313 

77 

320 

77 

327 

77 

335 

77 

342 

77 

349 

77 

357 

77 

364 

77 

371 

594 

77 

379 

77 

386 

77 

393 

77 

401 

77 

408 

77 

415 

77 

422 

77 

430 

77 

437 

77 

444 

595 

77 

452 

77 

459 

77 

466 

77 

474 

77 

481 

77 

488 

77 

495 

77 

503 

77 

610 

77 

517 

596 

77 

525 

77 

532 

77 

539 

77 

546 

77 

554 

77 

661 

77 

568 

77 

576 

77 

683 

77 

590 

597 

77 

597 

77 

605 

77 

612 

77 

619 

77 

627 

77 

634 

77 

641 

77 

648 

77 

656 

77 

663 

598 

77 

670 

77 

677 

77 

685 

77 

692 

77 

699 

77 

706 

77 

714 

77 

721 

77 

728 

77 

735 

599 

77 

743 

77 

750 

77 

757 

77 

764 

77 

772 

77 

779 

77 

786 

77 

793 

77 

801 

77 

808 

No, 

0 


1 


2 


3 


4 

1 

5 


6 


7 

8 


9 



TABLE I — LOGARITHMS 


OQO 

OOO 


No. 

0 


1 


2 


3 


t 


5 


6 


7 


8 


9 

600 

77 

815 

77 

822 

77 

830 

77 

837 

77 

844 

77 

851 

77 

859 

77 

866 

77 

873 

77 

880 

601 

77 

887 

77 

895 

77 

902 

77 

909 

77 

916 

77 

924 

77 

931 

77 

938 

77 

945 

77 

952 

602 

77 

960 

77 

967 

77 

974 

77 

981 

77 

988 

77 

996 

78 

003 

78 

010 

78 

017 

78 

025 

603 

78 

032 

78 

039 

78 

046 

78 

053 

78 

061 

78 

068 

78 

075 

78 

082 

78 

089 

78 

097 

604 

78 

104 

78 

111 

78 

118 

78 

125 

78 

132 

78 

140 

78 

147 

78 

154 

78 

161 

78 

168 

605 

78 

176 

78 

183 

78 

190 

78 

197 

78 

204 

78 

211 

78 

219 

78 

226 

78 

233 

78 

240 

606 

78 

247 

78 

254 

78 

262 

78 

269 

78 

276 

78 

283 

78 

290 

78 

297 

78 

305 

78 

312 

607 

78 

319 

78 

326 

78 

333 

78 

340 

78 

347 

78 

355 

78 

362 

78 

369 

78 

876 

78 

88S 

608 

78 

390 

78 

398 

78 

405 

78 

412 

78 

419 

78 

426 

78 

483 

78 

440 

78 

447 

78 

465 

609 

78 

462 

78 

469 

78 

476 

78 

483 

78 

490 

78 

497 

78 

504 

78 

512 

78 

519 

78 

526 

610 

78 

533 

78 

540 

78 

547 

78 

554 

78 

561 

78 

569 

78 

576 

78 

583 

78 

590 

78 

697 

611 

78 

604 

78 

611 

78 

618 

78 

625 

78 

683 

78 

640 

78 

647 

78 

654 

78 

661 

78 

668 

612 

78 

675 

78 

682 

78 

689 

78 

696 

78 

704 

78 

711 

78 

718 

78 

726 

78 

782 

78 

789 

613 

78 

746 

78 

753 

78 

760 

78 

767 

78 

774 

78 

781 

78 

789 

78 

796 

78 

803 

78 

810 

614 

78 

817 

78 

824 

78 

831 

78 

838 

78 

845 

78 

852 

78 

859 

78 

866 

78 

873 

78 

880 

615 

78 

888 

78 

895 

78 

902 

78 

909 

78 

916 

78 

923 

78 

930 

78 

937 

78 

944 

78 

951 

616 

78 

958 

78 

965 

78 

972 

78 

979 

78 

986 

78 

993 

79 

OOO 

79 

007 

79 

014 

79 

021 

617 

79 

029 

79 

036 

79 

043 

79 

060 

79 

057 

79 

064 

79 

071 

79 

078 

79 

085 

79 

092 

618 

79 

099 

79 

106 

79 

113 

79 

120 

79 

127 

79 

134 

79 

141 

79 

148 

79 

155 

79 

162 

619 

79 

169 

79 

176 

79 

183 

79 

190 

79 

197 

79 

204 

79 

211 

79 

218 

79 

226 

79 

232 

620 

79 

239 

79 

246 

79 

258 

79 

260 

79 

267 

79 

274 

79 

281 

79 

288 

79 

295 

79 

302 

621 

79 

309 

79 

316 

79 

323 

79 

330 

79 

337 

79 

344 

79 

351 

79 

358 

79 

365 

79 

372 

622 

79 

379 

79 

386 

79 

393 

79 

400 

79 

407 

79 

414 

79 

421 

79 

428 

79 

435 

79 

442 

623 

79 

449 

79 

456 

79 

468 

79 

470 

79 

477 

79 

484 

79 

491 

79 

498 

79 

505 

79 

511 

624 

79 

518 

79 

525 

79 

532 

79 

539 

79 

546 

79 

553 

79 

560 

79 

567 

79 

574 

79 

581 

625 

79 

588 

79 

595 

79 

602 

79 

609 

79 

616 

79 

628 

79 

630 

79 

637 

79 

644 

79 

650 

626 

79 

657 

79 

664 

79 

671 

79 

678 

79 

685 

79 

692 

79 

699 

79 

706 

79 

713 

79 

720 

627 

79 

727 

79 

734 

79 

741 

79 

748 

79 

754 

79 

761 

79 

768 

79 

775 

79 

782 

79 

789 

628 

79 

796 

79 

803 

79 

810 

79 

817 

79 

824 

79 

831 

79 

837 

79 

844 

79 

851 

79 

858 

629 

79 

865 

79 

872 

79 

879 

79 

886 

79 

893 

79 

900 

79 

906 

79 

913 

79 

920, 

79 

927 

630 

79 

934 

79 

941 

79 

948 

79 

955 

79 

962 

79 

969 

79 

975 

79 

982 

79 

989 

79 

996 

631 

80 

003 

80 

010 

80 

017 

80 

024 

80 

030 

80 

087 

80 

044 

80 

051 

80 

058 

80 

065 

632 

80 

072 

80 

079 

80 

085 

80 

092 

80 

099 

80 

106 

80 

113 

80 

120 

80 

127 

80 

134 

638 

80 

140 

80 

147 

80 

154 

80 

161 

80 

168 

80 

175 

80 

182 

80 

188 

80 

195 

80 

202 

634 

80 

209 

80 

216 

80 

223 

80 

229 

80 

236 

80 

243 

80 

250 

80 

257 

80 

264 

80 

271 

635 

80 

277 

80 

284 

80 

291 

80 

298 

80 

805 

80 

312 

80 

318 

80 

325 

80 

332 

80 

339 

636 

80 

346 

80 

353 

80 

359 

80 

366 

80 

373 

80 

880 

80 

387 

80 

393 

80 

400 

80 

407 

637 

80 

414 

80 

421 

80 

428 

80 

434 

80 

441 

80 

448 

80 

455 

80 

462 

80 

468 

80 

475 

638 

80 

482 

80 

489 

80 

496 

80 

502 

80 

509 

80 

516 

80 

523 

80 

530 

80 

536 

80 

543 

639 

80 

550 

80 

557 

80 

564 

80 

570 

80 

577 

80 

584 

80 

591 

80 

598 

80 

604 

80 

611 

640 

80 

618 

80 

625 

80 

682 

80 

638 

80 

645 

80 

652 

80 

659 

80 

665 

80 

672 

80 

679 

641 

80 

686 

80 

693 

SO 

699 

80 

706 

80 

713 

80 

720 

80 

726 

80 

738 

80 

740 

80 

747 

642 

80 

754 

80 

760 

80 

767 

80 

774 

80 

781 

80 

787 

80 

794 

80 

801 

80 

808 

80 

814 

643 

80 

821 

80 

828 

80 

835 

80 

841 

80 

848 

80 

855 

80 

862 

80 

868 

80 

875 

80 

882 

644 

80 

889 

80 

895 

80 

902 

so 

909 

80 

916 

80 

922 

80 

9129 

80 

936 

80 

943 

80 

949 

645 

80 

956 

80 

963 

80 

969 

80 

976 

80 

983 

80 

990 

80 

996 

81 

003 

81 

010 

81 

017 

646 

81 

023 

81 

030 

81 

037 

81 

043 

81 

050 

81 

057 

81 

064 

81 

070 

81 

077 

81 

084 

647 

81 

090 

81 

097 

81 

104 

81 

111 

81 

117 

81 

124 

81 

131 

81 

137 

81 

144 

81 

151 

648 

81 

158 

81 

164 

81 

171 

81 

178 

81 

184 

81 

191 

81 

198 

81 

204 

81 

211 

81 

218 

649 

81 

224 

81 

231 

81 

238 

81 

245 

81 

251 

81 

258 

81 

265 

81 

271 

81 

278 

81 

285 

No. 

0 


1 

4 

A 

i 

* 

3 


It 

1 

4 

[I 

i 

s 

f 

7 

8 


9 



384 


TABLE I — LOGARITHMS 


No, 

0 


1 

< 

i 

< 

3 


i 


5 

6 


7 

8 


9 

650 

81 

291 

81 

298 

SI 

305 

81 

311 

81 

318 

81 

325 

81 

331 

81 

338 

81 

345 

81 

351 

651 

81 

358 

81 

365 

81 

371 

81 

378 

81 

385 

81 

391 

81 

398 

81 

405 

81 

411 

81 

418 

652 

81 

425 

81 

431 

81 

438 

81 

445 

81 

451 

81 

458 

81 

465 

81 

471 

81 

478 

81 

485 

658 

81 

491 

81 

498 

81 

505 

81 

511 

81 

518 

81 

525 

81 

531 

81 

538 

81 

544 

81 

551 

654 

81 

558 

81 

664 

81 

571 

81 

578 

81 

584 

81 

591 

81 

698 

81 

604 

81 

611 

81 

617 

656 

81 

624 

81 

631 

81 

637 

81 

644 

81 

651 

81 

657 

81 

664 

81 

671 

81 

677 

81 

684 

656 

81 

690 

81 

697 

81 

704 

81 

710 

81 

717 

81 

723 

81 

730 

81 

737 

81 

743 

81 

750 

657 

81 

757 

81 

763 

81 

770 

81 

776 

81 

783 

81 

790 

81 

796 

81 

803 

81 

809 

81 

816 

658 

81 

823 

81 

829 

81 

836 

81 

842 

81 

849 

81 

856 

81 

862 

81 

869 

81 

875 

81 

882 

659 

81 

889 

81 

895 

81 

902 

81 

908 

81 

915 

81 

921 

81 

928 

81 

935 

81 

941 

81 

948 

660 

81 

954 

81 

961 

81 

968 

81 

974 

81 

981 

81 

987 

81 

994 

82 

000 

82 

007 

82 

014 

661 

82 

020 

82 

027 

82 

033 

82 

040 

82 

046 

82 

053 

82 

060 

82 

066 

82 

073 

82 

079 

602 

82 

086 

82 

092 

82 

099 

82 

105 

82 

112 

82 

119 

82 

125 

82 

132 

82 

138 

82 

145 

663 

82 

151 

82 

158 

82 

164 

82 

171 

82 

178 

82 

184 

82 

191 

82 

197 

82 

204 

82 

210 

664 

82 

217 

82 

223 

82 

230 

82 

236 

82 

243 

82 

249 

82 

256 

82 

263 

82 

269 

82 

276 

665 

82 

282 

82 

289 

82 

295 

82 

302 

82 

808 

82 

315 

82 

321 

82 

328 

82 

334 

82 

341 

666 

82 

847 

82 

354 

82 

360 

82 

367 

82 

373 

82 

380 

82 

387 

82 

393 

82 

400 

82 

406 

667 

82 

413 

82 

419 

82 

426 

82 

432 

82 

439 

82 

445 

82 

452 

82 

458 

82 

465 

82 

471 

668 

82 

478 

82 

484 

82 

491 

82 

497 

82 

504 

82 

510 

82 

617 

82 

523 

82 

530 

82 

536 

669 

82 

543 

82 

549 

82 

556 

82 

562 

82 

569 

82 

575 

82 

582 

82 

588 

82 

595 

82 

601 

670 

82 

607 

82 

614 

82 

620 

82 

627 

82 

633 

82 

640 

82 

646 

82 

653 

82 

659 

82 

666 

671 

82 

672 

82 

679 

82 

685 

82 

692 

82 

698 

82 

705 

82 

711 

82 

718 

82 

724 

82 

730 

672 

82 

737 

82 

743 

82 

750 

82 

756 

82 

763 

82 

769 

82 

776 

82 

782 

82 

789 

82 

795 

678 

82 

802 

82 

808 

82 

814 

82 

821 

82 

827 

82 

834 

82 

840 

82 

847 

82 

853 

82 

860 

674 

82 

866 

82 

872 

82 

879 

82 

885 

82 

892 

82 

898 

82 

905 

82 

911 

82 

918 

82 

924 

675 

82 

930 

82 

937 

82 

943 

82 

950 

82 

956 

82 

963 

82 

969 

82 

975 

82 

982 

82 

988 

676 

82 

995 

83 

001 

83 

008 

83 

014 

83 

020 

83 

027 

88 

083 

83 

040 

83 

046 

83 

052 

677 

88 

059 

83 

065 

83 

072 

83 

078 

83 

085 

83 

091 

83 

097 

83 

104 

83 

110 

83 

117 

678 

83 

123 

83 

129 

83 

136 

83 

142 

83 

149 

83 

155 

83 

161 

83 

168 

83 

174 

83 

181 

679 

83 

187 

83 

198 

83 

200 

83 

206 

83 213 

83 

219 

83 

225 

83 

232 

83 

238 

83 

245 

680 

83 

251 

83 

257 

83 

264 

83 

270 

83 

276 

83 

283 

83 

289 

83 

296 

83 

302 

83 

808 

681 1 

83 

315 

83 

321 

83 

827 

83 

334 

83 

340 

83 

347 

83 

353 

83 

359 

83 

366 

83 

372 

682 

83 

378 

83 

385 

83 

391 

83 

398 

83 

404 

83 

410 

83 

417 

83 

423 

83 

429 

88 

436 

683 

83 

442 

83 

448 

83 

455 

83 

461 

88 

467 

83 

474 

83 

480 

83 

487 

83 

493 

83 

499 

684 

83 

506 

83 

512 

83 

518 

83 

525 

83 

531 

83 

537 

83 

544 

83 

550 

83 

556 

83 

563 

685 

83 

569 

83 

575 

83 

582 

83 

588 

83 

594 

83 

601 

88 

607 

83 

613 

83 

620 

83 

626 

686 

83 

632 

83 

639 

83 

645 

83 

651 

83 

658 

83 

664 

83 

670 

83 

677 

83 

683 

83 

689 

687 

83 

696 

83 

702 

83 

708 

83 

715 

83 

721 

83 

727 

83 

734 

83 

740 

83 

746 

83 

753 

688 

83 

759 

83 

765 

83 

771 

83 

778 

83 

784 

83 790 

83 

797 

83 

803 

83 

809 

83 

816 

689 

83 

822 

83 

828 

83 

835 

83 

841 

83 

847 

83 

853 

83 

860 

83 

866 

83 

872 

83 

879 

600 

83 

885 

83 

891 

83 

897 

83 

904 

83 

910 

88 

916 

83 

923 

83 

929 

83 

935 

83 

942 

691 

83 

948 

83 

954 

83 

960 

83 

967 

88 

973 

88 

979 

83 

985 

83 

992 

83 

998 

84 

004 

692 

84 

Oil 

84 

017 

84 

023 

84 

029 

84 

036 

84 

042 

84 

048 

84 

055 

84 

061 

84 

067 

693 

84 

073 

84 

080 

84 

086 

84 

092 

84 

098 

84 

105 

84 

111 

84 

117 

84 

128 

84 

ISO 

694 

84 

136 

84 

142 

84 

148 

84 

155 

84 

161 

84 

167 

84 

173 

34 

180 

84 

186 

84 

192 

695 

84 

198 

84 

205 

84 

211 

84 

217 

84 

223 

84 

230 

84 

236 

84 

242 

84 

248 

84 

255 

696 

84 

261 

84 267 

84 

273 

84 280 

84 

286 

84 

292 

84 

298 

84 

305 

84 

311 

84 

317 

697 

84 

323 

84 330 

84 336 

84 342 

84 

348 

84 

354 

84 

361 

84 

367 

84 

373 

84 379 

698 

84 

386 

84392 

84 

398 

84 

404 

84 

410 

84 417 

84 

423 

84 

429 

84 

435 

84 

442 

699 

84 

448 

.84 

454 

84 

460 

84 

466 

84 

473 

84 

479 

84 

485 

84 

491 

84 

497 

84 

504 

No. 

0 


1 


2 


3 

4 


5 

6 


7 

8 

9 
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No, 

0 


1 


2 


3 


4 


5 


6 


7 


8 


9 

700 

84 

510 

84 

516 

84 

522 

84 

528 

84 

535 

84 

541 

84 

547 

84 

553 

84 

559 

84 

666 

701 

84 

572 

84 

578 

84 

584 

84 

590 

84 

597 

84 

603 

84 

609 

84 

615 

84 

621 

84 

628 

702 

84 

634 

84 

640 

84 

646 

84 

652 

84 

658 

84 

665 

84 

671 

84 

677 

84 

683 

84 

689 

703 

84 

696 

84 

702 

84 

708 

84 

714 

84 

720 

84 

726 

84 

7SS 

84 

739 

84 

746 

84 

751 

704 

84 

757 

84 

763 

84 

770 

84 

776 

84 

782 

84 

788 

84 

794 

84 

800 

84 

807 

84 

813 

705 

84 

819 

84 

825 

84 

831 

84 

837 

84 

844 

84 

850 

84 

856 

84 

862 

84 

868 

84 

874 

706 

84 

880 

84 

887 

84 

893 

84 

899 

84 

905 

84 

911 

84 

917 

84 

924 

84 

930 

84 

936 

707 

84 

942 

84 

948 

84 

954 

84 

960 

84 

967 

84 

973 

84 

979 

84 

985 

84 

991 

84 

997 

708 

85 

003 

85 

009 

85 

016 

85 

022 

85 

028 

85 

034 

86 

040 

85 

046 

85 

052 

85 

058 

709 

85 

065 

85 

071 

85 

077 

85 

083 

85 

089 

85 

095 

85 

101 

85 

107 

85 

114 

85 

120 

710 

85 

126 

85 

132 

85 

138 

85 

144 

85 

150 

85 

156 

85 

163 

85 

169 

85 

175 

85 

181 

711 

85 

187 

85 

193 

85 

199 

85 

205 

85 

211 

85 

217 

85 

224 

85 

230 

85 

236 

85 

242 

712 

85 

248 

85 

254 

85 

260 

85 

266 

85 

272 

85 

278 

85 

285 

85 

291 

85 

297 

85 

303 

713 

85 

309 

85 

315 

85 

321 

85 

327 

85 

333 

85 

339 

85 

345 

85 

352 

85 

358 

85 

364 

714 

85 

370 

85 

376 

85 

382 

85 

388 

85 

394 

85 

400 

85 

406 

85 

412 

85 

418 

85 

425 

715 

85 

431 

85 

437 

85 

443 

85 

449 

85 

455 

85 

461 

85 

467 

85 

473 

85 

479 

85 

485 

716 

85 

491 

85 

497 

85 

503 

85 

509 

85 

516 

85 

522 

85 

528 

85 

534 

85 

540 

85 

546 

717 

85 

552 

85 

558 

85 

564 

85 

570 

85 

576 

85 

582 

85 

588 

85 

594 

85 

GOO 

85 

606 

718 

85 

612 

85 

618 

85 

625 

85 

631 

85 

637 

85 

643 

85 

649 

85 

655 

85 

661 

85 

667 

719 

85 

673 

85 

679 

85 

685 

85 

691 

85 

697 

85 

703 

85 

709 

85 

715 

85 

721 

85 

727 

720 

85 

733 

85 

739 

85 

745 

85 

751 

85 

757 

85 

763 

85 

769 

85 

775 

85 

781 

85 

788 

721 

85 

794 

85 

800 

85 

806 

85 

812 

85 

818 

85 

824 

85 

830 

85 

836 

85 

842 

85 

848 

722 

85 

854 

85 

860 

85 

866 

85 

872 

85 

878 

86 

884 

85 

890 

85 

896 

85 

902 

85 

908 

723 

85 

914 

85 

920 

85 

926 

85 

932 

85 

938 

85 

944 

85 

950 

85 

956 

85 

962 

85 

968 

724 

85 

974 

85 

980 

85 

986 

85 

992 

85 

998 

86 

004 

86 

010 

86 

016 

86 

022 

86 

028 

725 

86 

034 

86 

040 

86 

046 

86 

052 

86 

058 

86 

064 

86 

070 

86 

07G 

86 

082 

86 

088 

726 

86 

094 

86 

100 

86 

106 

86 

112 

86 

118 

86 

124 

86 

130 

86 

136 

86 

141 

86 

147 

727 

86 

153 

86 

159 

86 

165 

86 

171 

86 

177 

86 

183 

86 

189 

86 

195 

86 

201 

86 

207 

728 

86 

213 

86 

219 

86 

225 

86 

231 

86 

237 

86 

243 

86 

249 

86 

255 

86 

261 

86 267 

729 

86 

273 

86 

279 

86 

285 

86 

291 

86 

297 

86 

303 

86 

308 

86 

314 

86 

320 

86 326 

730 

86 

332 

86 

338 

86 

344 

86 

350 

86 

356 

86 

362 

86 

368 

86 

374 

86 

380 

86 

386 

731 

86 

392 

86 

398 

86 

404 

86 

410 

86 

415 

86 

421 

86 

427 

86 

433 

86 

439 

86 

445 

732 

86 

451 

86 

457 

86 

463 

86 

469 

86 

475 

86 

481 

86 

487 

86 

493 

86 

499 

86 

504 

733 

86 

510 

86 

516 

86 

522 

86 

528 

86 

634 

86 

540 

86 

546 

86 

552 

86 

558 

86 

564 

734 

86 

570 

86 

576 

86 

581 

86 

587 

86 

593 

86 

599 

86 

605 

86 

611 

86 

617 

86 

623 

735 

86 

629 

86 

635 

86 

641 

86 

646 

86 

652 

86 

658 

86 

664 

86 

670 

86 

676 

86682 

736 

86 

688 

86 

694 

86 

700 

86 

705 

86 

711 

86 

717 

86 

723 

86 

729 

86 

735 

86 

741 

737 

86 

747 

86 

753 

86 

759 

86 

764 

86 

770 

86 

776 

86 

782 

86 

788 

86 

794 

86 

800 

738 

86 

806 

86 

812 

86 

817 

86 

823 

86 

829 

86 

835 

86 

841 

86 

847 

86 

853 

86 

859 

739 

86 

864 

86 

870 

86 

876 

86 

882 

86 

888 

86 

894 

86 

900 

86 

906 

86 

911 

86 

917 

740 

86 

923 

86 

929 

86 

935 

86 

941 

86 

947 

86 

953 

86 

958 

86 

964 

86 

970 

86 

976 

741 

86 

982 

86 

988 

86 

994 

86 

999 

87 

005 

87 

Oil 

87 

017 

87 

023 

87 029 

87 

035 

742 

87 

040 

87 

046 

87 

052 

87 

058 

87 

064 

87 

070 

87 

075 

87 

081 

87 

087 

87 

093 

743 

87 

099 

87 

105 

87 

111 

87 

116 

87 

122 

87 

128 

87 

134 

87 

140 

87 

146 

87 

151 

744 

87 

157 

87 

163 

87 

169 

87 

175 

87 

181 

87 

186 

87 

192 

87 

198 

87 

204 

87 

210 

745 

; 87 

216 

87 

221 

87227 

87 

233 

87 239 

87 

245 

87 

251 

87256 

87262 

87 

268 

746 

87 

274 

87 

280 

87 

286 

87 

291 

87 

297 

87 

303 

87 

309 

87 315 

87320 

87 

326 

747 

87 

332 

87 338 

87 

344 

87 

349 

87 

355 

87 

361 

87 

867 

87 373 

87379 

87 

384 

748 ! 

87 

390 

87 

396 

87 

402 

87 408 

87413 

87 

419 

87 

425 

87 

431 

87 

437 

87 

442 

749 

87 

448 

87 

454 

87 

460 

87 

466 

87 

471 

87 

477 

87 

483 

87489 

87 

495 

87 

500 

No. 

0 


1 


2 


3 

4 


5 


6 


7 


8 


9 
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No, 

1 

i 

0 


1 


2 


3 


4 


5 


6 


7 


8 


9 

750 

i 87 

506 

87 

512 

87 

518 

87 

523 

87 

529 

87 

535 

SI 

541 

S'] 

547 

87 

552 

87 

558 

751 

87 

564 

87 

570 

87 

576 

87 

581 

87 

587 

87 

593 

87 

599 

87 

604 

87 

610 

87 

616 

752 

87 

622 

87 

628 

87 

633 

87 

639 

87 

645 

87 

661 

87 

656 

87 

662 

87 

6S8 

87 

674 

753 

87 

679 

87 

685 

87 

691 

87 

697 

87 

703 

87 

708 

87 

714 

S7 

720 

87 

726 

87 

731 

754 

87 

737 

87 

743 

87 

749 

87 

754 

87 

760 

87 

766 

87 

772 

87 

777 

87 

783 

87 

789 

755 

87 

795 

87 

800 

87 

806 

87 

812 

87 

818 

87 

823 

87 

829 

87 

835 

87 

841 

87 

846 

756 

87 

852 

87 

858 

87 

864 

87 

869 

87 

875 

87 

881 

87 

887 

87 

892 

87 

898 

87 

904 

757 

87 

910 

87 

915 

87 

921 

87 

927 

87 

933 

87 

938 

87 

944 

87 

950 

87 

955 

87 

961 

768 

87 

967 

87 

973 

87 

978 

87 

984 

87 

990 

87 

996 

88 

001 

88 

007 

88 

013 

88 

018 

759 

88 

024 

88 

030 

88 

036 

88 

041 

88 

047 

88 

053 

88 

058 

88 

064 

S8 

070 

88 

076 

760 

88 

081 

88 

087 

88 

093 

88 

098 

88 

104 

88 

110 

88 

116 

88 

121 

88 

127 

88 

133 

761 

88 

138 

88 

144 

88 

150 

88 

156 

88 

161 

88 

167 

88 

173 

88 

178 

88 

184 

88 

190 

762 

88 

195 

88 

201 

88 

207 

88 

213 

88 

218 

88 

224 

88 

230 

88 

235 

88 

241 

88 

247 

763 

88 

252 

88 

258 

88 

264 

88 

270 

88 

275 

88 

281 

88 

287 

88 

292 

88 

298 

88 

304 

764 

88 

309 

88 

315 

88 

321 

88 

326 

88 

382 

88 

338 

88 

343 

88 

349 

88 

355 

88 

360 

765 

88 

366 

88 

372 

88 

377 

88 

383 

88 

389 

88 

395 

88 

400 

88 

406 

88 

412 

88 

417 

766 

88 

423 

88 

429 

88 

434 

88 

440 

88 

446 

88 

451 

88 

457 

88 

463 

88 

468 

88 

474 

767 

88 

480 

88 

485 

88 

491 

88 

497 

88 

502 

88 

508 

88 

513 

88 

519 

88 

525 

88 

530 

768 

88 

536 

88 

542 

88 

547 

88 

553 

88 

559 

88 

564 

88 

570 

88 

576 

88 

581 

88 

587 

769 

88 

593 

88 

598 

88 

604 

88 

610 

88 

615 

88 

621 

88 

627 

88 

682 

88 

638 

88 

643 

770 

88 

649 

88 

655 

88 

660 

88 

666 

88 

672 

88 

677 

88 

683 

88 

689 

88 

694 

88 

700 

771 

88 

705 

88 

711 

88 

717 

88 

722 

88 

728 

88 

734 

88 

739 

88 

745 

88 

750 

88 

756 

772 

88 

762 

88 

767 

88 

773 

88 

779 

88 

784 

88 

790 

88 

795 

88 

801 

88 

807 

88 

812 

773 

88 

818 

88 

824 

88 

829 

88 

835 

88 

840 

88 

846 

88 

852 

88 

857 

88 

863 

88 

868 

774 

88 

874 

88 

880 

88 

885 

88 

891 

88 

897 

88 

902 

88 

908 

88 

913 

88 

919 

88 

925 

775 

88 

930 

88 

936 

88 

941 

88 

947 

88 

953 

88 

958 

88 

964 

88 

969 

88 

975 

88 

981 

776 

88 

986 

88 

992 

88 

997 

88 

003 

89 

009 

89 

014 

89 

020 

89 

025 

89 

031 

89 

037 

777 

89 

042 

89 

048 

89 

053 

89 

059 

89 

064 

89 

070 

89 

076 

89 

081 

89 

087 

89 

092 

778 

89 

098 

89 

104 

89 

109 

89 

115 

89 

120 

89 

126 

89 

131 

89 

137 

89 

143 

89 

148 

779 

89 

154 

89 

159 

89 

165 

89 

170 

89 

176 

89 

182 

89 

187 

89 

193 

89 

198 

89 

204 

780 

89 

209 

89 

215 

89 

221 

89 

226 

89 

232 

89 

237 

89 

243 

89 

248 

89 

254 

89 

260 

781 

89 

265 

89 

271 

89 

276 

89 

282 

89 

287 

89 

293 

89 

298 

89 

304 

89 

310 

89 

315 

782 

89 

321 

89 

326 

89 

332 

89 

337 

89 

343 

89 

348 

89 

354 

89 

360 

89 

365 

89 

371 

783 

89 

376 

89 

382 

89 

387 

89 

393 

89 

398 

89 

404 

89 

409 

89 

415 

89 

421 

89 

426 

784 

89 

432 

89 

437 

89 

443 

89 

448 

89 

454 

89 

459 

89 

465 

89 

470 

89 

476 

89 

481 

785 

89 

487 

89 

492 

89 

498 

89 

504 

89 

509 

89 

515 

89 

620 

89 

526 

89 

531 

89 

537 

786 

89 

542 

89 

548 

89 

553 

89 

559 

89 

564 

89 

570 

89 

575 

89 

581 

89 

586 

89 

592 

787 

89 

597 

89 

603 

89 

609 

89 

614 

89 

620 

89 

625 

89 

631 

89 

636 

89 

642 

89 

647 

788 

89 

653 

89 

658 

89 

664 

89 

669 

89 

676 

89 

680 

89 

686 

89 

691 

89 

697 

89 

702 

789 

89 

708 

89 

713 

89 

719 

89 

724 

89 

730 

89 

735 

89 

741 

89 

746 

89 

752 

89 

757 

790 

89 

763 

89 

768 

89 

774 

89 

779 

89 

785 

89 

790 

89 

796 

89 

801 

89 

807 

89 

812 

791 

89 

818 

89 

823 

89 

829 

89 

834 

89 

840 

89 

845 

89 

851 

89 

856 

89 

862 

89 

867 

792 

89 

873 

89 

878 

89 

883 

89 

889 

89 

894 

89 

900 

89 

905 

89 

811 

89 

916 

89 

922 

793 

89 

927 

89 

933 

89 

938 

89 

944 

89 

949 

89 

955 

89 

960 

89 

966 

89 

971 

89 

977 

794 

89 

982 

89 

988 

89 

993 

89 

998 

90 

004 

90 

009 

90 

015 

90 

020 

90 

026 

90 

031 

795 

90 

037 

90 

042 

90 

048 

90 

053 

90 

059 

90 

064 

90 

069 

90 

075 

90 

080 

90 

086 

796 

90 

091 

90 

097 

90 

102 

90 

108 

90 

11|^ 

90 

119 

90 

124 

90 

129 

90 

135 

90 

140 

797 

90 

146 

90 

151 

90 

157 

90 

162 

90 

1# 

^ 90 

178 

90 

179 

90 

184 

90 

189 

90 

195 

798 

90 

200 

90 

206 

90 

211 

90 

217 

90 

m 

90 227 

90 

233 

90 

238 

90 

244 

90 

249 

799 

90 

255 

90 

260 

90 

266 

90 

271 

90 

276 

90282 

90 

287 

90 

293 

90: 

298 

90 

304 

No* 

0 

1 

2 

4 

4 

J 

i:! 


s 

t 

5 

6 

f 

7 

8 

4 

B 




TABLE I — LOGAKITKMS 


387 


No. 

0 

I 

L 


2 


3 


1 

' 

5 


6 


7 


8 

9 

800 

90 

309 

90 

314 

90 

320 

90 

325 

90 

331 

90 

336 

90 

342 

90 

347 

90 

352 

90 

358 

801 

90 

363 

90 

069 

90 

374 

90 

380 

90 

385 

90 

390 

90 

396 

90 

401 

90 

407 

90 

412 

802 

90 

417 

90 

423 

90 

428 

90 

434 

90 

439 

90 

445 

90 

450 

90 

455 

90 

461 

90 

466 

803 

90 

472 

90 

477 

90 

482 

90 

488 

90 

493 

90 

499 

90 

504 

90 

509 

90 

515 

90 

620 

804 

90 

526 

90 

531 

90 

536 

90 

542 

90 

547 

90 

553 

90 

558 

90 

563 

90 

569 

90 

574 

805 

90 

580 

90 

585 

90 

590 

90 

596 

90 

601 

90 

607 

90 

612 

90 

617 

90 

623 

90 

628 

806 

90 

634 

90 

639 

90 

644 

90 

650 

90 

655 

90 

660 

90 

666 

90 

671 

90 

677 

90 

68S 

807 

90 

687 

90 

693 

90 

698 

90 

703 

90 

709 

90 

714 

90 

720 

90 

725 

90 

730 

90 

736 

808 

90 

741 

90 

747 

90 

752 

90 

757 

90 

763 

90 

768 

90 

773 

90 

779 

90 

784 

90 

789 

809 

90 

795 

90 

800 

90 

806 

90 

811 

90 

816 

90 

822 

90 

827 

90 

8S2 

90 

838 

90 

843 

810 

90 

849 

90 

854 

90 

859 

90 

865 

90 

870 

90 

875 

90 

881 

90 

886 

90 

891 

90 

897 

811 

90 

902 

90 

907 

90 

913 

90 

918 

90 

924 

90 

029 

90 

934 

90 

910 

90 

945 

90 

950 

812 

90 

956 

90 

961 

90 

066 

90 

972 

90 

977 

90 

982 

90 

988 

90 

993 

90 

998 

91 

004 

818 

91 

009 

91 

014 

91 

020 

91 

025 

91 

030 

91 

036 

91 

041 

91 

046 

91 

052 

91 

057 

814 

91 

062 

91 

068 

91 

073 

91 

078 

91 

084 

91 

089 

91 

094 

91 

lOO 

91 

105 

91 

110 

815 

91 

116 

91 

121 

91 

126 

91 

132 

91 

137 

91 

142 

91 

148 

91 

153 

91 

158 

91 

164 

816 

91 

169 

91 

174 

91 

180 

91 

185 

91 

190 

91 

19G 

91 

201 

91 

206 

91 

212 

91 

217 

817 

91 

222 

91 

228 

91 

233 

91 

238 

91 

243 

91 

249 

91 

254 

91 

259 

91 

265 

91 

270 

818 

91 

275 

91 

281 

91 

286 

91 

291 

91 

297 

91 

302 

91 

307 

91 

312 

91 

818 

91 

823 

819 

91 

328 

91 

334 

91 

339 

91 

344 

91 

350 

91 

356 

91 

360 

91 

365 

91 

371 

91 

376 

820 

91 

381 

91 

387 

91 

392 

91 

397 

91 

403 

91 

408 

91 

413 

91 

418 

91 

424 

91 

429 

821 

91 

434 

91 

440 

91 

445 

91 

450 

91 

455 

91 

461 

91 

466 

91 

471 

91 

477 

91 

482 

822 

91 

487 

91 

492 

91 

498 

91 

503 

91 

508 

91 

514 

91 

519 

91 

524 

91 

529 

91 

535 

823 

91 

540 

91 

545 

91 

551 

91 

556 

91 

561 

91 

566 

91 

572 

91 

577 

91 

582 

91 

587 

824 

91 

593 

91 

598 

91 

603 

91 

609 

91 

614 

91 

619 

91 

624 

91 

630 

91 

635 

91 

640 

825 

91 

645 

91 

651 

91 

656 

91 

661 

91666 

91 

672 

91 

677 

91 

682 

91 

687 

91 

693 

826 

91 

698 

91 

703 

91 

709 

91 

714 

91 

719 

91 

724 

91 

730 

91 

735 

91 

740 

91 

745 

827 

91 

751 

91 

756 

91 

761 

91 

766 

91 

772 

91 

777 

91782 

91 

787 

91 

793 

91 

798 

828 

91 

803 

91 

808 

91 

814 

91 

819 

91 

824 

91 

829 

91 

834 

91 

840 

91 

845 

91 

860 

829 

91 

855 

91 

861 

91 

866 

91 

871 

91 876 

91 

882 

91 

887 

91 

892 

91 

897 

91 

903 

830 

1 91 

908 

91 

913 

91 

918 

91 

924 

91 

929 

91 

934 

91 

939 

91 

944 

91 

950 

91 

955 

831 

91 

960 

91 

965 

91 

971 

91 

976 

91 

981 

91 

986 

91 

991 

91 

997 

92 

002 

92 

007 

832 

92 

012 

92 

018 

92 

023 

92 

028 

92 

033 

92 

038 

92 

044 

92 

049 

92 

054 

92 

059 

833 

92 

065 

92 

070 

92 

075 

92 

080 

92 

085 

92 

091 

92 

096 

92 

101 

92 

106 

92 

111 

834 

92 

117 

92 

122 

92 

127 

92 

132 

92 

137 

92 

143 

92 

148 

92 

153 

92 

168 

92 

163 

835 

92 

169 

92 

174 

92 

179 

92 

184 

92 

189 

92 

195 

92 

200 

92 

205 

92 

210 

92 

215 

836 

92 

221 

92 226 

92 

231 

92 

236 

92 

241 

92 

247 

92 

252 

92 

257 

92 

262 

92 

267 

837 

92 

273 

92278 

92 

283 

92 

288 

92 

293 

92 

298 

92 

304 

92 

309 

92 

314 

92 

319 

838 

92 

324 

92 

330 

92 

335 

92 

340 

92 

345 

92 

350 

92 

355 

92 

361 

92 

366 

92 

871 

839 

92 

376 

92 

381 

92 

387 

92 

892 

92 

397 

92 

402 

92 

407 

92 

412 

92 

418 

92 

423 

840 

92 

428 

92 

433 

92 

438 

92 

443 

92 

449 

92 

454 

92 

459 

92 

464 

92 

469 

92 

474 

841 

92 

480 

92 

485 

92 

490 

92 

495 

92 

500 

92 

505 

92 

511 

92 

516 

92 

521 

92 

526 

842 

92 

531 

92 

536 

92 

542 

92 

647 

92 552 

92 

557 

92 

562 

92 

567 

92 

572 

92 

578 

843 

92 

583 

92 

588 

92 

593 

92 

698 

92 

603 

92 

609 

92 

614 

92 

619 

92 

624 

92 

629 

844 

92 

634 

92 

639 

92 

645 

92 

660 

92 

655 

92 

660 

92 

665 

92 

670 

92 

675 

92 

681 

845 

92 

686 

92 

691 

92 

696 

92 

701 

92 

706 

92 

711 

92 

716 

92 

722 

92 

727 

92 

732 

846 

92 

737 

92 742 

92 

747 

92 

752 

92 

758 

92 

763 

92 

768 

92 

773 

92 

778 

92 

7SS 

847 

92 

788 

92 

793 

92 

799 

92 

804 

92 

809 

92 

814 

92 

819 

92 

824 

92 

829 

92 

834 

848 

92 

840 

92 

845 

92 

850 

92 

865 

92 

860 

92 

865 

92 

870 

92 

875 

92 

881 

92 

886 

849 

92 

891 

92 

896 

92 

901 

92 

906 

92 

911 

92 

916 

92 

921 

92 

927 

92 

932 

92 937 

No. 

0 


1 

« 

j 

2 


s 


1 

1 

■K- 

6 


7 


8 


9 
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No. 1 

0 


1 

« 

4 

3 


3 



1 

< 

[> 



I 



850 i 

92 

942 

92 

947 

92 

952 

92 

957 

92 

962 

92 

967 

92 

973 

92 

978 

92 

983 

92 

988 

851 

92 

993 

92 

998 

93 

003 

93 

008 

93 

013 

93 

018 

93 

024 

93 

029 

93 

034 

93 

039 

852 

93 

044 

93 

049 

93 

054 

93 

059 

93 

064 

93 

069 

93 

075 

93 

080 

93 

085 

93 

090 

853 

93 

095 

93 

100 

93 

105 

93 

110 

93 

115 

93 

120 

93 

125 

93 

181 

93 

136 

93 

141 

854 

93 

146 

93 

151 

93 

156 

93 

161 

93 

166 

93 

171 

93 

176 

93 

ISl 

93 

186 

93 

192 

855 

93 

197 

93 

202 

93 

207 

93 

212 

93 

217 

93 

222 

93 

227 

93 

232 

93 

237 

93 

242 

856 

93 

247 

93 

252 

93 

258 

93 

263 

93 

268 

93 

273 

93 

278 

93 

283 

93 

288 

93 

293 

857 

93 

298 

93 

303 

93 

308 

93 

313 

93 

318 

93 

323 

93 

328 

93 

334 

93 

339 

93 

344 

858 

93 

349 

93 

354 

93 

359 

93 

364 

98 

369 

93 

374 

93 

379 

93 

384 

93 

889 

93 

394 

859 

93 

399 

93 

404 

93 

409 

93 

414 

93 

420 

93 

425 

93 

430 

93 

435 

93 

440 

93 

445 

860 

93 

450 

93 

455 

93 

460 

93 

465 

93 

470 

93 

475 

93 

480 

93 

485 

93 

490 

93 

495 

861 

93 

500 

93 

505 

93 

510 

93 

515 

93 

520 

93 

526 

93 

531 

93 

536 

93 

541 

93 

546 

862 

93 

551 

93 

556 

93 

561 

93 

566 

93 

571 

93 

576 

93 

581 

93 

586 

93 

591 

93 

596 

863 

93 

601 

93 

606 

93 

611 

93 

616 

93 

621 

93 

626 

93 

631 

93 

636 

93 

641 

93 

646 

864 

93 

651 

93 

656 

93 

661 

93 

666 

93 

671 

93 

676 

93 

682 

93 

687 

93 

692 

98 

697 

865 

93 

702 

93 

707 

93 

712 

93 

717 

93 

722 

93 

727 

98 

732 

93 

737 

93 

742 

93 

747 

866 

93 

752 

93 

757 

93 

762 

93 

767 

93 

772 

93 

777 

93 

782 

93 

787 

93 

792 

93 

797 

867 

93 

802 

93 

807 

93 

812 

93 

817 

93 

822 

93 

827 

93 

832 

93 

837 

93 

842 

93 

847 

868 

93 

852 

93 

857 

93 

862 

93 

867 

93 

872 

93 

877 

93 

882 

93 

887 

93 

892 

93 

897 

869 

93 

902 

93 

907 

93 

912 

93 

917 

93 

922 

93 

927 

93 

932 

93 

937 

93 

942 

93 

947 

870 

93 

952 

93 

957 

93 

962 

93 

967 

93 

972 

93 

977 

93 

982 

93 

987 

93 

992 

93 

997 

871 

94 

002 

94 

007 

94 

012 

94 

017 

94 

022 

94 

027 

94 

032 

94 

037 

94 

042 

94 

047 

872 

94 

052 

94 

057 

94 

062 

94 

067 

94 

072 

94 

077 

94 

082 

94 

086 

94 

091 

94 

096 

873 

94 

101 

94 

106 

94 

111 

94 

116 

94 

121 

94 

126 

94 

131 

94 

136 

94 

141 

94 

146 

874 

94 

151 

94 

156 

94 

161 

94 

166 

94 

171 

94 

176 

94 

181 

94 

186 

94 

191 

94 

196 

875 

94 

201 

94 

206 

94 

211 

94 

216 

94 

221 

94 

226 

94 

231 

94 

236 

94 

240 

94 

245 

876 

94 

250 

94 

255 

94 

260 

94 

265 

94 

270 

94 

275 

94 

280 

94 

285 

94 

290 

94 

295 

877 

94 

300 

94 

305 

94 

310 

94 

315 

94 

320 

94 

326 

94 

330 

94 

835 

94 

340 

94 

345 

878 

94 

349 

94 

354 

94 

359 

94 

364 

94 

369 

94 

374 

94 

379 

94 

884 

94 

389 

94 

394 

879 

94 

399 

94 

404 

94 

409 

94 

414 

94 

419 

94 

424 

94 

429 

94 

483 

94 

438 

94 

443 

880 

94 

448 

94 

453 

94 

458 

94 

463 

94 

468 

94 

473 

94 

478 

94 

483 

94 

488 

94 

493 

881 

94 

498 

94 

503 

94 

507 

94 

512 

94 

517 

94 

522 

94 

527 

94 

532 

94 

537 

94 

542 

882 

94 

547 

94 

552 

94 

557 

94 

562 

94 

567 

94 

571 

94 

576 

94 

581 

94 

586 

94 

591 

888 

94 

596 

94 

601 

94 

606 

94 

611 

94 

616 

94 

621 

94 

626 

94 

630 

94 

635 

94 

640 

884 

94 

645 

94 

650 

94 

655 

94 

660 

94 

665 

94 

670 

94 

675 

94 

680 

94 

685 

94 

689 

885 

94 

694 

94 

699 

94 

704 

94 709 

94 

714 

94 

719 

94 

724 

94 

729 

94 

734 

94 

738 

886 

94 

743 

94 

748 

94 

753 

94 

758 

94 

763 

94 

768 

94 

773 

94 

778 

94 

783 

94 

787 

887 

94 

792 

94 

797 

94 

802 

94 

807 

94 

812 

94 

817 

94 

822 

94 

827 

94 

832 

94 

836 

888 

94 841 

94 

846 

94 

851 

94 

856 

94 

861 

94 

866 

94 871 

94 

876 

94 

880 

94 

885 

889 

94 

:890 

94 

895 

94 

900 

94 

905 

94 

910 

94 

915 

94 

919 

94 

924 

94 

929 

94 

934 

890 

94 939 

94 

:944 

94 

949 

94 

954 

94 

959 

94 

963 

94 

968 

94 

973 

94 

978 

94 

983 

891 

94 

:988 

94 

993 

94 

998 

95 

002 

95 

007 

95 

012 

95 

017 

95 

022 

95 

027 

95 

032 

892 

95 

030 

95 

041 

95 

046 

95 

051 

95 

066 

95 

061 

95 

066 

95 

071 

95 

075 

95 

080 

893 

95 

i086 

95 

090 

95 

095 

95 

100 

95 

105 

95 

109 

95 

114 

95 

119 

95 

124 

95 

129 

894 

95 

:i34 

95 

139 

95 

143 

95 

148 

95 

153 

95 

158 

95 

163 

95 

168 

95 

173 

95 

177 

895 

95 182 

95 

;i87 

96 

;i92 

96 

;i97 

95 

1202 

95 

207 

96 

211 

95 

216 

95 

221 

95 

226 

896 

95 

;231 

95 

236 

95 

1240 

95 

1245 

95 

250 

95 

255 

95 

260 

95 

265 

95 

270 

95 

274 

897 

95 279 

95 284 

95 289 

95 294 

9§ 

;299 

95 

303 

95 

308 

95 

313 

95 

318 

95 

323 

898 

95 328 

95 

i332 

96 

;337 

96 

;342 

95 

J347 

95 

352 

95 

^367 

95 

361 

95 

366 

95 

371 

899 

96 

i876 

95 

381 

95 

386 

95 

390 

95 

395 

95 

400 

95 

405 

96 

410 

95 

415 

95 

419 

No. 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 
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389 


No. 

« 


1 


2 


3 


4 


5 


6 


7 


8 


9 

900 

95 

424 

95 

429 

95 

434 

95 

439 

95 

444 

95 

448 

95 

453 

95 

458 

95 

463 

95 

468 

901 

95 

472 

95 

477 

95 

482 

95 

487 

95 

492 

95 

497 

95 

501 

95 

506 

95 

511 

95 

516 

902 

95 

521 

95 

525 

95 

530 

95 

535 

96 

540 

95 

545 

95 

550 

95 

554 

95 

559 

95 

564 

903 

95 

569 

95 

574 

95 

578 

95 

583 

95 

588 

95 

593 

95 

598 

95 

602 

95 

607 

95 

612 

904 

95 

617 

95 

622 

95 

626 

95 

631 

95 

636 

95 

641 

95 

646 

95 

650 

95 

655 

95 

660 

905 

95 

665 

95 

670 

95 

674 

95 

679 

95 

684 

95 

689 

95 

694 

95 

698 

95 

703 

95 

708 

906 

95 

713 

95 

718 

95 

722 

95 

727 

95 

732 

95 

737 

95 

742 

95 

746 

95 

751 

95 

756 

907 

95 

761 

95 

766 

95 

770 

95 

775 

95 

780 

95 

785 

95 

789 

95 

794 

95 

799 

95 

804 

908 

95 

809 

95 

813 

95 

818 

95 

823 

95 

828 

95 

832 

95 

837 

95 

842 

95 

847 

95 

852 

909 

95 

856 

95 

861 

95 

866 

95 

871 

95 

875 

95 

880 

95 

885 

95 

890 

95 

895 

95 

899 

910 

95 

904 

95 

909 

95 

914 

95 

918 

95 

923 

95 

928 

95 

933 

95 

938 

95 

942 

95 

947 

911 

95 

952 

95 

957 

95 

961 

95 

966 

95 

971 

95 

976 

95 

980 

95 

985 

95 

990 

95 

995 

912 

95 

999 

96 

004 

96 

009 

96 

014 

96 

019 

96 

023 

96 

028 

96 

033 

96 

OSS 

96 

042 

913 

96 

047 

96 

052 

96 

057 

96 

061 

96 

066 

96 

071 

96 

076 

96 

080 

96 

085 

96 

090 

914 

96 

095 

96 

099 

96 

104 

96 

109 

96 

114 

96 

118 

96 

123 

96 

128 

96 

133 

96 

137 

915 

96 

142 

96 

147 

96 

152 

96 

156 

96 

161 

96 

166 

96 

171 

96 

175 

96 

180 

96 

185 

916 

96 

190 

96 

194 

96 

199 

96 

204 

96 

209 

96 

213 

96 

218 

96 

223 

96 

227 

96 

232 

917 

96 

237 

96 

242 

96 

246 

96 

251 

96 

256 

96 

261 

96 

265 

96 

270 

96 

275 

96 

280 

918 

96 

284 

96 

289 

96 

294 

96 

298 

96 

303 

96 

308 

96 

313 

96 

317 

96 

322 

96 

327 

919 

96 

332 

96 

336 

96 

341 

96 

346 

96 

350 

96 

355 

96 

360 

96 

365 

96 

369 

96 

374 

920 

96 

379 

96 

384 

96 

388 

96 

393 

96 

398 

96 

402 

96 

407 

96 

412 

96 

417 

96 

421 

921 

96 

426 

96 

431 

96 

435 

96 

440 

96 

445 

96 

450 

96 

454 

96 

459 

96 

464 

96 

468 

922 

96 

473 

96 

478 

96 

483 

96 

487 

96 

492 

96 

497 

96 

501 

96 

506 

96 

511 

96 

515 

923 

96 

520 

96 

525 

96 

530 

96 

534 

96 

539 

96 

544 

96 

548 

96 

553 

96 

558 

96 

562 

924 

96 

567 

96 

572 

96 

577 

96 

581 

96 

586 

96 

591 

96 

595 

96 

600 

96 

605 

96 

609 

925 

96 

614 

96 

619 

96 

624 

96 

628 

96 

633 

96 

638 

96 

642 

96 

647 

96 

652 

96 

656 

926 

96 

661 

96 

666 

96 

670 

96 

675 

96 

680 

96 

685 

96 

689 

96 

694 

96 

699 

96 

703 

927 

96 

708 

96 

713 

96 

717 

96 

722 

96 

727 

96 

731 

96 

736 

96 

741 

96 

745 

96 

750 

928 

96 

755 

96 

759 

96 

764 

96 

769 

96 

774 

96 

778 

96 

783 

96 

788 

96 

792 

96 

797 

929 

96 

802 

96 

806 

96 

811 

96 

816 

96 

820 

96 

825 

96 

830 

96 

834 

96 

839 

96 

844 

930 

96 

848 

96 

853 

96 

858 

96 

862 

96 

867 

96 

872 

96 

876 

96 

881 

96 

886 

96 

890 

931 

96 

895 

96 

900 

96 

904 

96 

909 

96 

914 

96 

918 

96 

923 

96 

928 

96 

932 

96 

937 

932 

96 

942 

96 

946 

96 

951 

96 

956 

96 

960 

96 

965 

96 

970 

96 

974 

96 

979 

96 

984 

933 

96 

988 

96 

993 

96 

997 

97 

002 

97 

007 

97 

on 

97 

016 

97 

021 

97 

025 

97 

030 

934 

97 

035 

97 

039 

97 

044 

97 

049 

97 

053 

97 

058 

97 

063 

97 

067 

97 

072 

07 

077 

935 

97 

081 

97 

086 

97 

090 

97 

095 

97 

100 

97 

104 

97 

109 

97 

114 

97 

118 

97 

123 

936 

97 

128 

97 

132 

97 

137 

97 

142 

97 

146 

97 

151 

97 

155 

97 

160 

97 

165 

07 

169 

937 

97 

174 

97 

179 

97 

183 

97 

188 

97 

192 

97 

197 

97 

202 

97 

206 

97 

211 

97 

216 

938 

97 

220 

97 

225 

97 

230 

97 

234 

97 

239 

97 

243 

97 

248 

97 

253 

97 

257 

97 

262 

939 

97 

267 

97 

271 

97 

276 

97 

280 

97 

285 

97 

290 

97 

294 

97 

299 

97 

304 

97308 

940 

97 

313 

97 

317 

97 

322 

97 

327 

97 

331 

97 

336 

97 

340 

97 

845 

97 

350 

97354 

941 

97 

359 

97 

364 

97 

368 

97 

373 

97 

377 

97 

382 

97 

387 

97 

391 

97 

396 

97 

400 

942 

97 

405 

97 

410 

97 

414 

97 

419 

97 

424 

97 

428 

97 

433 

97 

437 

97 

442 

97447 

943 

97 

451 

97 

456 

97 

460 

97 

465 

97 

470 

97 

474 

97 

479 

97 

483 

97 

488 

97 

498 

944 

97 

497 

97 

502 

97 

506 

97 

511 

97 

516 

97 

520 

97 

525 

97 

529 

97 

534 

97 

539 

945 

97 

543 

97 

548 

97 

552 

97 

557 

97 

562 

97 

566 

97 

571 

97 

675 

97 

580 

97 

685 

946 

97 

589 

97 

594 

97 

598 

97 

603 

97 

607 

97 

612 

97 

617 

97 

621 

97 

626 

97 

630 

947 

97 

635 

97 

640 

97 

644 

97 

649 

97 

653 

97 

658 

97 

663 

97 

667 

97 

672 

97 

676 

948 

97 

681 

97 

685 

97 

690 

97 

695 

97 

699 

97 

704 

97 

708 

97 

713 

97 

717 

97 

722 

949 

97 

727 

97 

731 

97 

736 

97 

740 

97 

745 

97 

749 

97 

754 

97 

759 

97 

763 

97 

768 

No. 

0 


1 


2 


3 


4 

1 

< 

5 

i 

6 


7 


8 


9 




390 


TABLE I — LOGARITHMS 


No. 

0 

- 

L 


i 

4 

3 


1- 

P 

« 

5 

6 


7 

8 

9 

950 

97 

772 

97 

777 

97 

782 

97 

786 

97 

791 

97 

795 

97 

800 

97 

804 

97 

800 

97 

813 

951 

97 

818 

97 

823 

97 

827 

97 

832 

97 

836 

97 

841 

97 

845 

97 

850 

97 

855 

97 

859 

952 

97 

864 

97 

868 

97 

873 

97 

877 

97 

882 

97 

886 

97 

891 

97 

896 

97 

900 

97 

905 

953 

97 

907 

97 

914 

97 

918 

97 

923 

97 928 

97 

932 

97 

937 

97 

941 

97 

946 

97 

950 

954 

97 

955 

97 

959 

97 

964 

97 

968 

97 

973 

97 

978 

97 

982 

97 

987 

97 

991 

97 

996 

955 

98 

000 

98 

005 

98 

009 

98 

014 

98 

019 

98 

02S 

98 

028 

98 

032 

98 

037 

98 

041 

956 

98 

046 

98 

050 

98 

055 

98 

059 

98 

064 

98 

068 

98 

073 

98 

078 

98 

082 

98 

087 

957 

98 

091 

98 

096 

98 

100 

98 

105 

98 

109 

98 

114 

98 

118 

98 

123 

98 

127 

98 

132 

958 

98 

137 

98 

141 

98 

146 

98 

150 

98 

155 

98 

159 

98 

164 

98 

168 

98 

173 

98 

177 

959 

98 

182 

98 

186 

98 

191 

98 

195 

98 200 

98 

204 

98 

209 

98 

214 

98 

218 

98 

223 

960 

98 

227 

98 

232 

98 

236 

98 

241 

98 

245 

98 

250 

98 

254 

98 

259 

98 

263 

98 

268 

961 

98 

272 

98 

277 

98 

281 

98 

286 

98 

290 

98 

295 

98 

299 

98 

304 

98 

308 

98 

313 

962 

98 

318 

98 

322 

98 

327 

98 

331 

98 

336 

98 

340 

98 

345 

98 

849 

98 

854 

98 

358 

963 

98 

363 

98 

367 

98 

372 

98 

376 

98 

381 

98 

885 

98 

390 

98 

394 

98 

399 

98 

403 

964 

98 

408 

98 

412 

98 

417 

98 

421 

98 

426 

98 

430 

98 

435 

98 

430 

98 

444 

98 

448 

965 

98 

463 

98 

457 

98 

462 

98 

466 

98 

471 

98 

475 

98 

480 

98 

484 

98 

489 

98 

493 

966 

98 

498 

98 

502 

98 

507 

98 

511 

98 

516 

98 

520 

98 

525 

98 

529 

98 

534 

98 

538 

967 

98 

543 

98 

547 

98 

552 

98 

556 

98 

561 

98 

665 

98 

570 

98 

574 

98 

679 

98 

583 

968 

98 

688 

98 

592 

98 

597 

98 

601 

98 

605 

98 

610 

98 

614 

98 

619 

98 

623 

98 

628 

969 

98 

632 

98 

637 

98 641 

98 

646 

98 

650 

98 

655 

98 

659 

98 

664 

98 

668 

98 

673 

970 

98 

677 

98 

682 

98 

686 

98 

691 

98 

695‘ 

98 

700 

98 

704 

98 

709 

98 

713 

98 

717 

■ 971 

98 

722 

98 

726 

98 

731 

98 

735 

98 

740 

98 

744 

98 

749 

98 

753 

98 

758 

98 

762 

972 

98 

767 

98 

771 

98 

776 

98 

780 

98 

784 

98 

789 

98 

793 

98 

798 

98 

802 

98 

807 

978 

98 

811 

98 

816 

98 

820 

98 

825 

98 

829 

98 

834 

98 

838 

98 

843 

98 

847 

98 

851 

974 

98 

856 

98 

860 

98 

865 

98 

869 

98 

874 

98 

878 

98 

888 

98 

887 

98 

892 

98 

896 








918*" 









975 ‘ 

98 

900 

98 

905 

98 

909 

98 

914 

98 

98 

923 

98 

927 

98 

932 

98 

936 

98 

941 

976 

98 

945 

98 

949 

98 

954 

98 

958 

98 

963 

98 

967 

98 

972 

98 

976 

98 

981 

98 

985 

977 

98 

989 

98 

994 

98 

998 

99 

003 

99 

007 

99 

012 

99 

016 

99 

021 

99 

025 

99 

029 

978 

99 

034 

99 

038 

99 

043 

99 

047 

99 

062 

99 

056 

99 

061 

99 

065 

99 

069 

99 

074 

979 

99 

078 

99 

083 

99 

087 

99 

092 

99 

096 

99 

100 

99 

105 

99 

109 

99 

114 

99 

118 

980 

* 99 

123 

99 

127 

99 

131 

99 

136 

99 

140 

99 

145 

99 

149 

99 

154 

99 

158 

99 

162 

981 

99 

167 

99 

171 

99 

176 

99 

180 

99 

185 

99 

189 

99 

193 

99 

198 

99 

202 

99 

207 

982 

99 

211 

99 

216 

99 

220 

99 

224 

99 

229 

99 233 

99 

238 

99 

242 

99 

247 

99 

251 

983 

99 

255 

99 

260 

99 

264 

99 

269 

99 

273 

99 

277 

99 

282 

99 

286 

99 

291 

99 

295 

984 

99 

300 

99 

304 

99 

308 

99 

313 

99 817 

99 

322 

99 

326 

99 

330 

99 

335 

99 

339 

985 

99 

344 

99 

348 

99 

352 

99 

357 

99 

361 

99 

366 

99 

370 

99 

374 

99 

379 

99 

383 

986 

99 

388 

99 

392 

99 

396 

99 

401 

99 

405 

99 

410 

99 

414 

99 

419 

99 

423 

99 

427 

987 

99 

432 

99 

436 

99 

441 

99 

445 

99 

449 

99 

454 

99 

458 

99 

463 

99 

467 

99 

471 

988 

99 

476 

99 

480 

99 

484 

99 

489 

99 

493 

99 

498 

99 

502 

99 

506 

99 

511 

99 

515 

989 

99 

520 

99 

524 

99 

528 

99 

533 

99 

537 

99 

542 

99 

546 

90 

550 

99 

555 

99 

559 

990 

99 

564 

99 

568 

99 

672 

99 

577 

99 

581 

99 

585 

99 

590 

99 

594 

99 

599 

99 

603 

991 

99 

607 

99 

612 

99 

616 

99 

621 

99 

625 

99 

620 

99 

634 

99 

638 

99 

642 

99 

647 

992 

99 

651 

99 

656 

99 

660 

99 

664 

99 

669 

99 

673 

99 

677 

99 

682 

99 

686 

99 

691 

993 

99 

695 

99 

699 

99 

704 

99 

708 

99 

712 

99 

717 

99 

721 

99 

726 

99 

730 

99 

734 

994 

99 

739 

99 

748 

99 

747 

99 

752 

99 

756 

99 

760 

99 

765 

99 

769 

99 

774 

99 

778 

995 

99 

782 

99 

787 

99 

791 

99 

795 

99 

800 

99 

804 

99 

808 

09 

813 

90 

817 

99 

822 

906 

99 

826 

99 

830 

99 

835 

99 

889 

99 

843 

99 

848 

99 

852 

99 

866 

99 

861 

99 

865 

997 

99 

870 

99 

874 

99 

878 

99 

883 

99 

887 

99 

891 

99 

896 

99 

900 

99 

904 

99 

909 

998 

99 

913 

99 

917 

99 

922 

99 

926 

99 

930 

99 

935 

99 

939 

09 

944 

99 

948 

99 

952 

^999 

99 

957 

99 

961 

99 

965 

99 

970 

99 

974 

99 

978 

99 

983 

99 

987 

99 

091 

99 

996 

1000 

00 

000 

00 

004 

00 

009 

00 

018 

00 

017 

00 

022 

00 

026 

00 

030 

00 

085 

00 

089 

No. 

0 


i 


2 


3 


4 

4 

5 

6 


7 

8 

9 




TABLE II — VALUES OP THE FUNCTION IJ = e 


391 


X 

0 

1 

2 

3 

4 i 

i 

5 

6 

7 

8 

9 

0.0 

1 

1.00000 

01005 

02020 

03045 

04081 

05127 

06184 

07251 

08329 

094! 

0.1 

1.10517 

11628 

12750 

13883 

15027 

16183 

17351 

18530 

19722 

20921 

0.2 

1.22140 

23368 

24608 

25860 

27125 , 

28403 

29693 

30996 

32313 

3364: 

0.3 

1.34986 

36343 

37713 

39097 

40495 ' 

41907 

43333 

44773 

46228 

47691 

0.4 

1.49182 

50682 

52196 

53726 

55271 ; 

56831 

58407 

59999 

61607 

6323; 

0.5 

1.64872 

66529 

68203 

69893 

71601 ! 

73325 

75067 

76827 

78604 

8039; 

0.6 

1.82212 

84043 

86893 

87761 

89648 ; 

91554 

93479 

95424 

97388 

9937; 

0.7 

2.01375 

03399 

05443 

07508 

09594 i 

11700 

13828 

15977 

18147 

2034 

0.8 

2.22554 

24791 

27050 

29332 

31637 1 

I 33965 

36316 

38691 

41090 

4351 

0.9 

2.45960 

48432 

50929 

53451 

55998 1 

, 58571 

61170 

63794 

66446 

6912 

1.0 

2.71828 

74560 

77319 

80107 

82922 : 

85765 

88637 

91538 

94468 

9742 

1.1 

3.00417 

03436 

06185 

09566 

12677 

15819 

18993 

22199 

25437 

2870 

1.2 

3.32012 

35348 

38719 

42123 

45561 i 

: 49034 

52542 

56085 

59664 

6327 

1.3 

3.66930 

70617 

74342 

78104 

81904 I 

! 85743 

89619 

93535 

97490 

*0148 

1.4 

4.05520 

09596 

13712 

17870 

22070 ; 

1 26311 

30596 

34924 

39295 

4371 

1.5 

4.48169 

52673 

57223 

61818 

66459 

i 71147 

75882 

80665 

85496 

9037 

1.6 

4.95303 

=*^00281 

*'*‘05309 

^10387 

*15517 

=^20698 

*25931 

*31217 

*36556 

*4194 

1.7 

5.47395 

52896 

58453 

64065 

69734 

75460 

81244 

87085 

92986 

9894 

1.8 

6.04965 

11045 

17186 

23389 

29654 I 

35982 

42374 

48830 

553 50 

6193 

1.9 

6.68689 

75309 

82096 

88951 

95875 1 

' 02869 

'^09933 

U 7068 

*24274 

*315£ 

2.0 

7.38906 

46332 

53832 

61409 

69061 ^ 

1 76790 

84597 

92482 

*00447 

*084£ 

2.1 

8.16617 

24824 

33114 

41487 

49944 

1 58486 

67114 

75828 

84631 

935 S 

2.2 

9.02501 

11572 

20733 

29987 

39333 

48774 

58809 

67940 

77668 

874« 

2.3 

9.97418 

10.07442 

17567 

27794 

38124 

48557 

59095 

69739 

80490 

913^ 

2.4 

11.02318 

13896 

24586 

85888 

47304 

1 58835 

70481 

82245 

94126 

*0615 

2.5 

12.18249 

30493 

42860 

55351 

67967 

80710 

93582 

*06582 

*19714 

*329^ 

2.6 

13.46374 

59905 

78572 

87377 

*01320 

*15404 

*29629 

*43997 

*58509 

*7311 

2.7 

14.87973 

15.02928 

18032 

33289 

48699 

64263 

79984 

95868 

*11902 

*2811 

2.8 

16.44465 

60992 

77685 

94546 

17.11577 

28778 

46153 

63702 

81427 

9931 

2.9 

18.17415 

i 

35680 

54129 

72763 

91585 

' 19.10595 

29797 

49192 

68782 

885< 


X 

1 

1 

1 * 

0 is 

1 . 

! 2.71828 

6. 

403.42879 

2. 

i 7.88906 

7. 

1 1096.63316 1 

3. 

1 20.08564 

8. 

2980.95799 ! 

4. 

1 54.69815 

9. ; 

: 8103.08393 1 

5. 

j 148.41316 

10. i 

1 22026.4658 j 

i 1 
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TABLE II — VALUES OP THE FUNCTION y <= e 


X 

0 

1 

2 

8 

4 

5 

6 

7 

8 

9 

0.0 

1.00000 

^99005 

*98020 

*97045 

*96079 

*95123 

*94176 

*93239 

*92312 

*91393 

0.1 

0.90484 

89583 

88692 

87810 

86936 

86071 

85214 

84366 

83527 

82696 

0.2 

0.81873 

81058 

80252 

79453 

78663 

77880 

77105 

76338 

75578 

74826 

O.S 

0.74082 

73345 

72615 

71892 

71177 

70469 

69768 

69073 

68386 

67706 

0.4 

0.67032 

66365 

65705 

65051 

64404 

63763 

63128 

62500 

61878 

61263 

0.5 

0.60653 

60050 

59452 

58860 

58275 

67695 

57121 

56653 

55990 

55433 

0.6 

0.54881 

54335 

53794 

53259 

62729 

52205 

51685 

51171 

50662 

60158 

0.7 

0.49659 

49164 

48675 

48191 

47711 

47237 

46767 

46301 

45841 

45384 

0.8 

0.44933 

44486 

44043 

43605 

43171 

42741 

42316 

41895 

41478 

41066 

0.9 

0.40657 

40252 

39852 

39466 

39063 

88674 

38289 

37908 

37531 

37158 

1.0 

0.36788 

36422 

36059 

35701 

35345 

34994 

34646 

34301 

33960 

33622 

1.1 

0.33287 

32956 

32628 

32303 

31982 

31664 

31349 

31037 

30728 

30422 

1.2 

0.30119 

29820 

29523 

29229 

28938 

28650 

28365 

28083 

27804 

27527 

1.8 

0.27253 

26982 

26714 

26448 

26185 

25924 

25666 

25411 

25158 

24908 

1.4 

0.24660 

24414 

24171 

23931 

23693 

23457 

23224 

22993 

22764 

22537 

1.5 

0.22313 

22091 

21871 

21654 

21438 

21225 

21014 

20805 

20598 

20393 

1.6 

0.20190 

19989 

19790 

19593 

19398 

19205 

19014 

18825 

18637 

18452 

1.7 

0.18268 

18087 

17907 

17728 

17552 

17377 

17204 

17033 

16864 

16696 

1.8 

0.16530 

16365 

16203 

16041 

15882 

15724 

15567 

15412 

15259 

15107 

1.9 

0.14957 

14808 

14661 

14515 

14370 

14227 

14086 

13946 

18807 

13670 

2.0 

0.13534 

13399 

18266 

13134 

13003 

12873 

12745 

12619 

12493 

12369 

2.1 

0.12246 

12124 

12003 

11884 

11765 

11648 

11533 

11418 

11304 

11192 

2.2 

0.11080 

10970 

10861 

10753 

10646 

10540 

10435 

10331 

10228 

10127 

2.3 

0.10026 

09926 

09827 

09730 

09633 

09637 

09442 

09348 

09255 

09163 

2.4 

0.09072 

08982 

08892 

08804 

08716 

08629 

08543 

08458 

08874 

08291 

2.5 

0.08208 

08127 

08046 

07966 

07887 

07808 

07730 

07654 

07577 

07502 

2.6 

0.07427 

07353 

07280 

07208 

07136 

07065 

06995 

06925 

06856 

06788 

2.7 

0.06721 

06664 

06587 

06522 

06457 

06393 

06329 

06266 

06204 

06142 

2.8 

0.06081 

06020 

05961 

05901 

05843 

05784 

05727 

05670 

05613 

05558 

2.9 

0.05502 

05448 

05393 

05340 

05287 

05234 

05182 

05130 

05079 

05029 


X 

er^ 

X 

e -* 

1 

0.36788 

6 

0.00248 

2 

0.13534 

7 

0.00091 

3 

0.04979 

8 

0.00034 

4 

0.01832 

9 

0.00012 

5 

0.00674 

10 

1 0.00005 

i 
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n 

0 

1 

2 

8 

4 

5 

6 

7 

8 

9 

0 

0 

1 

4 

9 

16 

25 

36 

49 

64 

81 

1 

100 

121 

144 

169 

196 

225 

256 

289 

324 

361 

2 

400 

441 

484 

529 

576 

625 

676 

729 

784 

841 

8 

900 

961 

1024 

1089 

1156 

1225 

1296 

1369 

1444 

1521 

4 

1600 

1681 

1764 

1849 

1936 

2025 

2116 

2209 

2304 

2401 

5 

2500 

2601 

2704 

2809 

2916 

3025 

3136 

3249 

3364 

3481 

6 

8600 

3721 

3844 

3969 

4096 

4225 

4356 

4489 

4624 

4761 

Y 

4900 

5041 

5184 

5329 

5476 

5625 

5776 

5929 

6084 

6241 

8 

6400 

6561 

6724 

6889 

7056 

7225 

7396 

7569 

7744 

7921 

9 

8100 

8281 

8464 

8649 

8836 

9025 

9216 

9409 

9604 

9801 

10 

10000 

10201 

10404 

10609 

10816 

11025 

11236 

11449 

11664 

11881 

11 

12100 

12321 

12544 

12769 

12996 

13226 

13456 

13689 

13924 

14161 

12 

14400 

14641 

14884 

15129 

15376 

15625 

15876 

16129 

16384 

16641 

18 

16900 

17161 

17424 

17689 

17956 

18225 

18496 

18769 

19044 

19321 

14 

19600 

19881 

20164 

20449 

20736 

21025 

21316 

21609 

21904 

22201 

15 

22500 

22801 

23104 

23409 

23716 

24025 

24336 

24649 

24964 

25281 

16 

25600 

25921 

26244 

26569 

26896 

27225 

27656 

27889 

28224 

28561 

17 

28900 

29241 

29584 

29929 

30276 

30625 

30976 

31329 

31684 

32041 

18 

82400 

32761 

33124 

33489 

33856 

34225 

34596 

34969 

35344 

35721 

19 

36100 

36481 

36864 

37249 

37636 

38025 

38416 

38809 

39204 

39601 

20 

40000 

40401 

40804 

41209 

41616 

42025 

42436 

42849 

43264 

43681 

21 

44100 

44521 

44944 

45369 

45796 

46225 

46656 

47089 

47524 

47961 

22 

48400 

48841 

49284 

49729 

50176 

50625 

51076 

51529 

51984 

52441 

28 

52900 

53861 

53824 

54289 

54756 

55225 

55696 

56169 

56644 

57121 

24 

57600 

58081 

58564 

59049 

59536 

60025 

60516 

61009 

61504 

62001 

25 

62500 

68001 

63504 

64009 

64516 

66025 

65536 

66049 

66564 

67081 

26 

67600 

68121 

68644 

69169 

69696 

70225 

70756 

71289 

71824 

72361 

27 

72900 

73441 

78984 

74529 

75076 

75625 

76176 

76729 

77284 

77841 

2i8 

78400 

78961 

79524 

80089 

80656 

81225 

81796 

82369 

82944 

83521 

29 

84100 

84681 

85264 

85849 

86436 

87025 

87616 

88209 

88804 

89401 

30 

90000 

90601 

91204 

91809 

92416 

93025 

93636 

94249 

94864 

95481 

81 

96100 

96721 

97844 

97969 

98596 

99225 

99856 100489 

101124 

101761 

32 

102400 

103041 

103684 

104329 

1049761 

105625 

106276 106929 

107584 

108241 

88 

108900 

109561 

110224 

110889 

1115561 

112225 

112896 

113569 

114244 

114921 

84 

115600 

116281 

116964 

117649 118336 

119025 

119716 120409 

121104 

121801 

85 

122500 

123201 

123904 

124609 

125316 

126025 

126736 127449 

128164 

128881 

86 

129600 

130321 

181044 

131769 132496 

133225 133956 134689 

135424 

136161 

87 

136900 

137641 

138384 

139129 139876 

140625 141376 

142129 

142884 

143641 

88 

144400 

145161 

146924 

146689 

147466 

148225 

148996 149769 

150544 

151321 

89 

1 152100 152881 153664 154449 155286 

156025 166816 157609 

158404 

159201 

40 

160000 160801 

161604 

162409 

163216 

164025 164836 

165649 

166464 

167281 

41 

i 168100 

168921 

169744 

170569 171396 

172225 173056 

173889 

174724 

175561 

42 

i 176400 

177241 

178084 178929 179776 

180625 181476 

182329 

183184 

184041 

48 

184900 185761 186624 

187489 188356 

189225 190096 

190969 

191844 

192721 

44 

198600 

194481 

195864 

196249 197136 

198025 198916 

199809 

200704 

201601 

45 

202500 208401 

204804 205209 206116 

207025 207936 208849 209764 

210681 

46 

211600 

212521 

218444 214369 216296 

216225 217156 218089 

219024 

219961 

47 

220900 221841 222784 228729 224676 

1225625 226576 227529 228484 

229441 

48 

280400 231361 232324 233289 234256 

1235225 236196 '237169 238144 

239121 

49 

240100 241081 242064 243049 244036 

245025 246016 

247009 248004 

249001 
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TABLE III — SQUARES 


71 

0 12 3 4 

5 6 7 8 9 

50 

250000 251001 252004 253009 254016 

265025 266036 257049 258064 269081 

51 

260100 261121 262144 263169 264196 

265225 266256 267289 268324 269361 

52 

270400 271441 272484 273529 274676 

275625 276676 277729 278784 279841 

53 

280900 281961 283024 284089 286156 

286225 287296 288369 289444 290521 

54 

291600 292681 298764 294849 295936 

297025 29S116 299209 300304 301401 

55 

302500 808601 304704 305809 306916 

308025 309136 310249 311364 312481 

56 

313600 314721 315844 816969 318096 

319225 320356 321489 322624 323761 

57 

324900 826041 827184 328829 829476 

330625 331776 332929 334084 335241 

58 

SS6400 837661 338724 339889 341066 

342225 343396 344569 345744 346921 

59 

348100 349281 360464 851649 362886 

354025 355216 356409 357604 358801 

60 

360000 361201 862404 363609 364816 

366025 367236 368449 369664 370881 

61 

872100 373821 374544 375769 876996 

378225 379456 380689 381924 383161 

62 

384400 385641 886884 388129 389376 

390625 391876 393129 394384 395641 

63 

396900 398161 899424 400689 401956 

403225 404496 405769 407044 408321 

64 

409600 410881 412164 413449 414736 

416025 417316 418609 419904 421201 

65 

422600 423801 425104 426409 427716 

429025 430386 431649 432964 434281 

66 

435600 436921 438244 439569 440896 

442225 443556 444889 446224 447561 

67 

448900 460241 461684 452929 454276 

455625 456976 458329 459684 461041 

68 

462400 463761 465124 466489 467856 

469225 470596 471969 478844 474721 

69 ! 

476100 477481 478864 480249 481636 

483025 484416 485809 487204 488601 

70 

490000 491401 492804 494209 495616 

497025 498436 499849 601264 502681 

71 

504100 505521 506944 508369 509796 

511225 512656 614089 515624 516961 

72 

518400 519841 521284 522729 624176 

526625 527076 528529 529984 531441 

73 

632900 584361 636824 637289 538766 

640225 541696 643169 644644 546121 

74 

647600 649081 550564 552049 663686 

566025 556516 568009 669604 561001 

75 

662500 664001 565504 667009 668516 

670025 571536 573049 574664 676081 

76 

577600 579121 680644 582169 683696 

586225 586756 588289 589824 691361 

77 

592900 594441 595984 597529 599076 

600626 602176 608729 605284 606841 

78 

1 608400 609961 611624 613089 614656 

C16226 617796 619869 620944 622621 

79 

624100 625681 627264 628849 630436 

632026 633616 635209 686804 638401 

80 

640000 641601 643204 644809 646416 

648025 649636 661249 662864 664481 

81 

666100 667721 669344 660969 662596 

664225 665856 667489 669124 670761 

82 

672400 674041 675684 677329 678976 

680625 682276 683929 685684 687241 

83 

688900 690561 692224 693889 696566 

697225 698896 700669 702244 708921 

84 

706600 707281 708964 710649 712336 

714026 715716 717409 719104 720801 

85 

722600 724201 725904 727609 729316 

731025 782786 734449 736164 787881 

86 

739600 741321 743044 744769 746496 

748225 749956 761689 753424 755161 

87 

766900 768641 760384 762129 763876 

765626 767376 769129 770884 772641 

88 

774400 776161 777924 779689 781456 

783225 784996 786769 788544 790821 

89 

792100 798S81 796664 797449 799236 

801026 802816 804609 806404 808201 

90 

810000 811801 813604 815409 817216 

819026 820836 822649 824464 826281 

91 

828100 829921 831744 838669 835396 

837226 839066 840889 842724 844561 

92 

846400 848241 860084 851929 858776 

855626 857476 869329 861184 863041 

93 

864900 866761 868624 870489 872366 

874225 876096 877969 879844 881721 

94 

888600 886481 887364 889249 891136 

893026 894916 896809 898704 900601 

95 

902600 904401 906304 908209 910116 

912025 918936 915849 917764 919681 

96 

921600 923621 926444 927369 929296 

931225 933166 985089 937024 938961 

97 

940900 942841 944784 946729 948676 

960625 952576 964529 966484 958441 

98 

960400 962861 964324 966289 968266 

970226 972196 974169 976144 978121 

99 t 

980100 982081 984064 986049 988036 

990026 992016 994009 996004 998001 




TABLE IV — SQUARE ROOTS 
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n 

n 

V 10 ?i 

n 

Vn 

V 10 ?i 

n 


V 10 « 

1.00 

1.00000 

3.16228 

1.50 

1.22474 

' 

3 . S 729 S 

2.00 

1.41421 

4.47214 

1.01 

1.00499 

3.17805 

1.51 

1.22882 

3.88587 

2.01 

1.41774 

4.48830 

1.02 

1.00995 

3.19374 

1.52 

1.23288 

3.89872 

2.02 

1.42127 

4.49444 

1.03 

1.01489 

3.20936 

1.53 

1.23693 

3.91152 

2.03 

1.42478 

4.50555 

1.04 

1.01980 

3.22490 

1.54 

1.24097 

3.92428 

2.04 

1.42829 

4.51664 

1.05 

1.02470 

3.24037 

1.55 

1.24499 

3.93700 

2.05 

1.43178 

4.52769 

1.06 

1.02956 

3.26676 

1.56 

1.24900 

3.94968 

2.06 

1.43527 

4.53872 

1.07 

1.03441 

3.27109 

1.67 

1 . 25 SOO 

3.96232 

2.07 

1.43875 

4.54973 

1.08 

1.03923 

3.28634 

1.58 

1.25698 

3.97402 

2.08 

1.44222 

4.56070 

1.09 

1.04403 

3.30151 

1.59 

1.26095 

3.98748 

2.09 

1.44568 

4.57165 

1.10 

1.04881 

3.31662 

1.60 

1.26491 

4.00000 

2.10 

1.44914 

4.58258 

1.11 

1.05357 

3.38167 

1.61 

1.26886 

4,01248 

2.11 

1.45258 

4.59347 

1.12 

1.05830 

3.34664 

1.62 

1.27279 

4,02492 

2.12 

1.45602 

4.60435 

1.13 

1.06301 

3.36155 

1.63 

1.27671 

4.03733 

2.13 

1.45945 

4.61519 

1.14 

1.06771 

3.37639 

1.64 

1.28062 

4.04969 

2.14 

1.46287 

4.62601 

1.15 

1.07238 

3.39116 

1.65 

1.28452 

4.06202 

2.15 

1.46629 

4.63681 

1.16 

1.07703 

3.40588 

1.66 

1.28841 

4.07431 

2.16 

1.46969 

4.64758 

1.17 

1.08167 

3.42053 

1.67 

1.29228 

4.08656 

2.17 

1.47309 

4.66833 

1.18 

1.08628 

3.43511 

1.68 

1.29615 

4.09878 1 

2.18 

1.47648 

4.66905 

1.19 

1.09087 

3.44964 

1.69 

1.30000 

4.11096 

2.19 

1.47986 

4.67974 

1.20 

1.09545 

3.46410 

1.70 

1.30384 

4.12311 

2.20 

1.48324 

4.69042 

1.21 

1,10000 

3.47851 

1.71 

1 . S 0767 

4.13521 

2.21 

1.48661 

4.70106 

1.22 

1.10454 

3.49285 

1.72 

1.81149 

4.14729 

2.22 

1.48997 

4.71169 

1.23 

1.10905 

3.50714 

1.73 

1.31529 

4.15933 

2.23 

1.49332 

4.72229 

1.24 

1.11355 

3.52136 

1.74 

1 1.31909 

4.17133 

2.24 

1.49666 

4.73286 

1.25 

1.11803 

3.53553 

1.75 

1.32288 

4.18330 * 

‘ 2.25 ' 

1.50000 

4.74342 

1.26 

1.12250 

3.54965 ! 

1.76 

1.32665 

4.19524 

1 2.26 1 

1.50333 

4.75395 

1.27 

1.12694 

3.56371 1 

1.77 

1.38041 

4.20714 ! 

! 2.27 i 

1.50665 

4.76445 

1.28 i 

1 1.13137 

3.57771 1 

1.78 

1.33417 

4.21900 ^ 

i 2 . 28 : 

1.50997 

4.77493 

1.29 ! 

] 

! 1.13578 

1 

3.59166 1 

1 

: 1.79 

1.33791 

4.23084 ^ 

i 2.29 1 

1.51327 

4.78539 

1.30 

1.14018 

3.60555 ' 

i 1.80 

1.34164 

4.24264 

2.30 

1.51658 

4.79583 

1.31 

1.14455 

3.61939 

1 1.81 

i 1.34536 

4.25441 

2.31 

1.51987 

4.80625 

1.32 

1.14891 

3.63318 

! 1.82 

1.34907 

4.26615 

2 . 32 ! 

1.52315 

4.81664 

1.33 

1.15326 

3.64692 

1 1.83 

1.35277 

4.27785 

2.33 i 

1.52643 

4.82701 

1.34 

1 1.15758 

3.66060 

1 1.84 

1.35647 

4.28952 

2.34 1 

1.52971 

4.83735 

1.35 

1.16190 

3.67423 

! 1.85 

1.36015 

4.30116 

2.35 ’ 

1.53297 

4.84768 

1.36 

1.16619 

3.68782 

1 1.86 

1.36382 

4.31277 

2.36 

1.53623 

4.85798 

1.37 

1.17047 

3.70135 

j 1.87 

j 1.36748 

4.32435 

2.37 

1.53948 

4.86826 

1.38 

1.17473 

3.71484 

1 1.88 

1 1.37113 

4.83590 

2.38 

1.54272 

4.87852 

1.39 

1.17898 

3.72827 

1 1.89 

i 1.87477 

4.34741 

2.39 

1-54596 

4.88876 

1.40 

1.18322 

3.74166 

1.90 

1.37840 

4.35890 

2.40 

1.54919 

4.89898 

1.41 

1.18743 

8.75500 

1 1.91 

j 1.38203 

4.37035 

2.41 

1.55242 

4-90918 

1.42 

1.19164 

3.76829 

1 1.92 

1.38564 

4.38178 

2.42 

1.55563 

4-91985 

1,43 

i 1.19583 

3.78153 

: 1.93 

1.38924 

4.39318 

2.43 

1,55885 

4-92950 

1.44 

j 1.20000 

3.79473 

i 1.94 

j 1,39284 

4.40454 

2.44 

1.56205 

4.93964 

1.45 

1.20416 

3.80789 

* 1.95 

i 1.39642 

4.41588 

2.45 

1 J 6525 

4.94975 

1.46 

1.20830 

3.82099 

: 1.96 

1 1.40000 

4.42719 

2.46 

1.56844 

4.95984 

1.47 

1.21244 

3.83406 

1.97 

! 1.40357 

4.43847 

2.47 

1.67162 

4-96991 

1.48 

1.21655 

3.84708 

1.98 

i 1.40712 

444972 

2,48 

1.57480 

4.97996 

1.49 

1.22066 

3.86005 

, 1.99 

’ 1.41067 

i 

4.46094 

2.49 

1.67797 

4.98999 
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TABLE IV — SQUARE ROOTS 


n 

Vn 

VIO^ 

n 


VlOn 

n 

Vn 

j 

VlOn 

2.50 

1.58114 

5.00000 

3.00 

1.73205 

5.47723 

3.50 

1.87083 

5,91608 

2.51 

1.58430 

5.00999 

3.01 

1.73494 

5.48635 

3.51 

1.87350 

5.92458 

2.62 

1.58745 

5.01996 

3.02 

1.73781 

5.49545 

3.52 

1.87617 

5.93296 

2.53 

1.59060 

5.02991 

3.03 

1.74069 

5.50464 

3.53 

1.87883 

5,94188 

2.54 

1.59374 

5.03984 

3.04 

1.74356 

5.51362 

3.54 

1.88149 

5.94979 

2.55 

1.59687 

5.04975 

3.05 

1.74642 

5.52268 

8.55 

1.88414 

5.95819 

2.56 

1.60000 

5.05964 

3.06 

1.74929 

5.53173 

8.56 

1.88680 

5.96657 

2.57 

1.60812 

5.06952 

3.07 

1.75214 

5.54076 

3.57 

1.88944 

5.97495 

2.58 

1.60624 

5.07937 

3.08 

1.75499 

5.54977 

3.58 

1.89209 

6.98331 

2.59 

1.60935 

5.08920 

3.09 

1.75784 

6.55878 

3.59 

1.89473 

5.99166 « 

2.60 

1.61245 

5.09902. 

3.10 

1.76068 

5.56776 

3.60 

1.89737 

6.00000 

2.61 

1.61555 

5.10882 

3.11 

1.76362 

5.57674 

3.61 

1.90000 

6.00833 

2.62 

1.61864 

5.11859 

3.12 

1.76635 

5,58570 

3.62 

1.90263 

6.01664 

2.63 

1.62173 

5.12835 

3.13 

1.76918 

5.59464 

3.63 

1.90526 

6.02495 

2.64 

1.62481 

5.13809 

3.14 

1.77200 

5.60357 

3.64 

i 1.90788 

6.03324 

2.65 

1.62788 

5.14782 

3.15 

1.77482 

5.61249 

3.65 

1.91050 

6.04152 

2.66 

1.63095 

5.15752 

3.16 

1.77764 

5.62189 

3.66 

1.91311 

6.04979 

2.67 

1.63401 

5.16720 

3.17 

1.78045 

5.63028 

8.67 

1.91572 

6.05805 

2.68 

1.63707 

5.17687 

3.18 

1.78326 

5.63915 

3.68 

1.91833 

6.06630 

2.69 

1.64012 

5.18652 

3.19 

1.78606 

5.64801 

3.69 

1.92094 

6.07454 

2.70 

1.64317 

6.19615 

3,20 

1.78885 

5.65685 

3.70 

1.92354 

6.08276 

2.71 

1.64621 

6.20577 

3.21 

1,79165 

5.66569 

3.71 

1.92614 

6.09098 

2.72 

1.64924 

5.21636 

3.22 

1.79444 

5.67450 

3.72 

1.92878 

6.09918 

2.73 

1.66227 

5,22494 

3.23 

1.79722 

5.68331 

3.73 

1.93132 

6.10737 

2.74 

1.65529 

5.28450 

3.24 

1.80000 

5.69210 

3.74 

1.93391 

6.11555 

2.75 

1.65831 

5.24404 

3.25 

1.80278 

5.70088 

; 3.75 1 

1.93649 

6.12372 

2.76 

1.66132 

5,25357 

; 3.26 

1.80555 

5.70964 

1 3.76 

1.93907 

6.13188 

2.77 

1.66433 

5.26308 

3.27 

1.80831 

5.71839 

8.77 

1.94165 

6.14003 

2.78 

1 1.66783 

5.27257 

3.28 1 

1.81108 

5.72713 

3.78 

1.94422 

6.14817 

2.79 

1.67033 

5.28205 

3.29 

1.81384 

5.73585 

3.79 

1.94679 

6.15630 

2.80 

1 1.67332 

5.29150 

3.30 

1,81659 

5.74456 

3.80 

1.94936 

6.16441 

2.81 

1.67631 

5.30094 

3.31 

1.81934 

5.75326 

3.81 

1.95192 

6.17252 

2.82 

1.67929 

5.31037 

8.32 

1.82209 

5.76194 

3.82 

1.95448 

6.18061 

2.83 

1.68226 

5.31977 

3.33 

1.82488 

5.77062 

3.83 

1.95704 

6.18870 

2.84 

1.68523 

5,32917 

j 3.34 

1.82757 

5.77927 

3.84 

1.95959 

6.19677 

2.85 

1.68819 

5.33854 

i 3,35 ! 

1.83030 

5.78792 

3.85 

1.96214 

6.20484 

2.86 

1.69115 

5.34790 

8.36 i 

1.83303 

5.79655 

3.86 

1.96469 

6.21289 

2.87 

1.69411 

5.35724 

1 3,37 1 

j 1.83576 

5.80517 

3.87 

1.96723 

6.22093 

2.88 

1.69706 

5.36656 

3.38 I 

1.83848 

5.81378 

8.88 

1.96977 

6.22896 

2.89 

1.70000 

5.37587 

3.39 

1.84120 

5.82237 

3.89 

1.97231 

6.23699 

2.90 

1,70294 

5.38516 

1 3.40 

1.84391 

5.83095 

3.90 

il.97484 

6.24500 

2.91 

1.70587 

5.39444 

1 8.41 

1,84662 

5,83952 

3.91 

1.97737 

6.25300 

2.92 

1.70880 

5,40370 

1 3.42 ' 

1.84932 

5.84808 

3.92 

1.97990 

6.2S099 

2.93 

1,71172 

5.41295 

3.43 

1.85208 

5.85662 

3.93 

1.98242 

6.26897 

2.94 

1.71464 

5.42218 

3.44 

1.85472 

5.86515 

3.94 

1.98494 

6,27694 

2.95 

1.71756 

5.43139 

3.45 

1.85742 

5.87367 

3.95 

1.98746 

6.28490 

2.96 

1.72047 

5.44059 

3.46 

1,86011 

5.88218 

3.96 

1.98997 

6.29285 

2.97 

1.72837 

5.44977 

3.47 

1.86279 

5.89067 

3.97 

1.99249 

6.30079 

2.98 

1.72627 

5.45894 

3.48 1 

1.86548 

5.89915 

8.98 

199499 

6.80872 

2,99 

1.72916 

5.46809 

1 3.49 

1,86815 

5.90762 

3.99 

199750 

6.31664 
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n 

Vn 

V10?^ 

i 

! n 

1 

-y/n 

VlOw 


Vn 

VIOm 

4.00 

2.00000 

6.32456 

4.50 

2.12132 

6.70820 

5.00 

2.23607 

7.07107 

4.01 

i 2.00250 

6.33246 

4.51 

2.12368 

6.71565 

5.01 

2.23830 

7.07814 

4.02 

2.00499 

6.84035 

4.52 

2.12603 

6.72309 

5.02 

2.24054 

7.08520 

4.03 

2.00749 

6.34823 

4.53 

2.12838 

6.73053 

5.03 

2.24277 

7.09225 

4.04 

1 2.00998 

t 

6.35610 

4.54 

2.13073 

6.73795 

5.04 

2.24499 

7,09930 

4.05 

2.01246 

6.86398 

4.55 

2.13307 

6.74537 

5.05 

2.24722 

7.10634 

4.06 

2.01494 

6.37181 

4.56 

2.13542 

6.75278 

5.06 

2.24944 

7.11337 

4.07 

2.01742 

6.37966 

4.57 

2.13776 

6.76018 

5.07 

2.25167 

7.12039 

4.08 

2.01990 

6.38749 

4.68 

2.14009 

6.76757 

5.08 

2.25389 

7.12741 

4.09 

2.02237 

6.39531 

4.59 

2.14243 

6.77495 

5.09 

2.25610 

7.13442 

4.10 

2.02485 

6.40312 

4.60 

2.14476 

6.78233 

5.10 

2.25832 

7.14143 

4.11 

2.02731 

6.41093 

4.61 

2.14709 

6.78970 

5.11 

2.26053 

7,14843 

4.12 

2.02978 

6.41872 

4.62 

2.14942 

6.79706 

5.12 

2.26274 

7.15542 

4.13 

2.03224 

6.42651 

4.63 

2.15174 

6.80441 

5.13 

2.26495 

7.16240 

4.14 

2.03470 

6.43428 

4.64 

2.15407 

6.81175 

5.14 

2,26716 

7.16938 

4.15 

2.03715 

6.44205 

4.65 

2.15639 

6.81909 

5.15 

2,26936 

7.17635 

4.16 

2.08961 

6.44981 

4.66 

2.15870 

6.82642 

5.16 

2.27156 

7.18331 

4.17 

2.04206 

6.45755 

4.67 

2.16102 

6.83374 

5.17 

2.27376 

7.19027 

4.18 

2.04450 

6.46529 

4.68 

2.16333 

6.84105 

5.18 

2.27596 

7.19722 

4.19 

2.04695 

6.47302 

4.69 

2.16564 

6.84836 

5.19 

2.27816 

7.20417 

4.20 

2.04939 

6.48074 

4.70 

2.16795 

6.85565 

5.20 

2.280S5 

7.21110 

4.21 

2.05183 

6.48845 

4.71 

2.17025 

6.86294 

5.21 

2.28254 

7.21803 

4.22 

2.05426 

6.49615 

4.72 

2.17256 

6.8702S 

5.22 

2.28473 

7.22496 

4.23 

2.05670 

6.50384 

4.73 

2.17486 

6.87750 

5.23 

2.28692 

7.23187 

4.24 

2.05913 

6.51153 

4.74 

2.17715 

6.88477 

6.24 

2.28910 

7.23878 

4.25 

2.06155 

6.51920 

4.75 

2.17945 

6.89202 

5.25 

2.29129 

7.24569 

4.26 1 

2.06398 

6.52687 

4.76 

2.18174 

6.89928 

5.26 

2.29347 

7.25259 

4.27 ! 

2.06640 

6.53452 

4.77 

2.18403 

6.90652 

5.27 

2.29565 

7.25948 

4.28 1 

2.06882 

6.54217 

4.78 

2.18632 

6.91875 

5.28 

2.29783 

7.26636 

4.29 I 

2.07123 

6.54981 

4.79 

2.18861 

6.92098 

5.29 

2.30000 

7.27324 

4.30 i 

2.07364 

6.55744 

4.80 

2.19089 

6.92820 

5.30 

2.30217 

7.28011 

4.31 

2.07605 

6.56506 

4.81 

2.19317 

6.93542 

5.31 

2.30434 

7.28697 

4.32 

2.07846 

6.57267 

4.82 

2.19545 

6.94262 

5.32 

2.30651 

7.29383 

4.33 

2.08087 

6.58027 

4.83 

2.19773 

6.94982 

i 5.33 

2.30868 

7.30068 

4.34 

2.08327 

6.58787 

4.84 

2.20000 

6.95701 

5.34 

2.31084 

7.30753 

4,35 

2.08567 

6.59545 

4.85 

2.20227 

6.96419 

6.35 

: 2.31301 

7.31437 

4.36 

2.08806 

6.60303 

4.86 

2.20454 

6.97137 

5.36 

2.31517 

7.32120 

4.37 

2.09045 

6.61060 

4.87 

2.20681 

6.97854 

5.37 

2.31733 

7.32803 

4.38 

2.09284 

6.61816 

4.88 

2.20907 

6.98570 

5.38 

2.31948 

7.33485 

4.39 

2.09523 

6.62571 

4.89 

2.21133 

6.99285 

5.39 

2.32164 

7.34166 

4.40 I 

2.09762 

6.63325 ' 

4.90 

2.21359 

7.00000 

' 5.40 

2.32379 

7.34847 

4.41 i 

2.10000 

6.64078 i 

4.91 

2.21585 

7.00714 

5.41 

2.32594 

7.35527 

4.42 1 

2.10238 

6.64831 

1 4.92 

2.21811 

7.01427 

5.42 

2.82809 

7.36206 

4.43 1 

2.10476 

6.65582 

i 4.93 

2.22036 

7.02140 

5.43 

! 2.33024 

7.86886 

4.44 1 

2.10713 

6.66333 

1 4.94 

! 

2.22261' 

7.02851 

5.44 

1 2.33238 

7.37564 

4.45 

2.10950 

6.67083 

4.95 

2.22486 

7.03562 

i 5.45 

: 2.33452 

7.38241 

4.46 

2.11187 

6.67832 

4.96 

2.22711 

7.04273 

i 5.46 

. 2.33666 

7.38918 

4.47 1 

2.11424 

6,68581 

4.97 

2.22935 

7,04982 

, 5.47 

* 2.33880 

7.39594 

4.48 1 

2.11660 

6.69328 

4.98 

2.23159 

7.05691 

5.48 

, 2.34094 

7.40270 

4.49 

2.11896 

6.70075 

4.99 1 

2.23383 

7.06899 

5.49 

i 2.34307 

1 

1 

7.40946 
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n 

Vn 

ViOu 

n 


\' 10 >i 

n ' Vn 

Vl ^ 

5.50 

2.34521 

7,41620 

6.00 

2.44949 

7.74597 

6.50 2.54951 

8.06226 

5.51 

2.34734 

7.42294 

6.01 

2.45153 

7.75242 

6.51 2.55147 

8.06846 

5.52 

2.34947 

7.42967 

6.02 

2.45357 

7.75887 

6,52 2.55343 

8.07465 

5.53 

2.35160 

7.43640 

6.03 

2.45561 

7.76531 

6.53 2,55539 

8.08084 

5.54 

2.35372 

7.44312 

6.04 

2.45764 

7.77174 

6.54 2.55734 

8.08703 

5.55 

2.35584 

7.44983 

6.05 

2.45907 

7.77817 

6.55 2.65930 

8.09321 

5.56 

2.36797 

7.45654 

6.06 

2.46171 

7.78460 

6.56 2.56125 

8.09938 

5.57 

2.36008 

7.46324 

6.07 

2.46374 

7.79102 

6.57 2.56320 

8.10555 

5.58 

2.36220 

7.46994 

6.08 

2.46577 

7.79744 

6.58 2.56515 

8.11172 

5.59 

2.36432 

7.47663 

6.09 

2.46779 

7.80385 

6.59 2.56710 

8.11788 

5.60 

2.36643 

7.48831 

6.10 

2.46982 

7.81025 

6.60 2.66905 

8.12404 

5.61 

2.36854 

7.48999 

6.11 

2.47184 

7.81665 

6.61 2.57099 

8.13019 

5.62 

2.37065 

7.49667 

6.12 

2.47386 

7,82304 

6.62 2.57294 

8.13634 

5.63 

2.37276 

7.50333 

6.13 

2.47588 

7.82948 

6.63 2,57488 

8.14248 

5.64 

2.37487 

7.50999 

6.14 

2.47700 

7.83582 

6.64 2.57682 

8.14862 

5.65 

2.37697 

7.51665 

6.15 

2.47992 

7.84219 

j 

6 . 65 - 2.57876 

8.16476 

5.66 

2.37908 

7.52330 

6.16 

2.48193 

7.84857 

6.66 2.58070 

8.16088 

5.67 

2.38118 

7.52994 

6.17 

2.48395 

7.85493 

6.67 2.58263 

8.16701 

5.68 

2.38328 

7.53668 

6.18 

2.48596 

7.86130 

6.68 2.58457 

8.17313 

5.69 

2.38537 

7.54321 

6.19 

2.48797 

7.86766 

6.69 2.58650 

8.17924 

5.70 

2.38747 

7.54983 

6,20 

2.48998 

7.87401 

6.70 2.58844 

8.18535 

5.71 

2.38956 

7.55645 

6.21 

2.49199 

7.88036 

6.71 2.59037 

8.19146 

5.72 

2.39165 

7.56807 

6.22 

2.49399 

7.88670 

6.72 2.59230 

8.19756 

5.73 

2.39374 

7,56968 

6.23 

2.49600 

7.89303 

6.73 2.59422 

8.20366 

5.74 

2.39583 

7.57628 

6.24 

2.49800 

7.89937 

6.74 2.59615 

8.20975 

5.75 

2.39792 

7.58288 

6.25 

2.50000 

7.90569 1 

6.75 2.59808 

8.21584 

5.76 

2.40000 

7.58947 

6.26 

2.50200 

7.91202 

6.76 2.60000 

8.22192 

5.77 

1 2.40208 

7.59605 

6.27 

2.50400 

7.91833 : 

6.77 2.60192 

8.22800 

5.78 

2.40416 

7,60263 

6.28 

2.50599 

7.92465 1 

6.78 2.60384 

8.23408 

5.79 

2.40624 

7.60920 

6.29 

2.50799 

7.93095 ; 

6.79 2.60576 

8.24015 

5.80 ^ 

2.40832 

7.61577 

6.80 

2.50998 

7.93725 

6.80 2.60768 

8.24621 

5.81 ! 

2.41039 

7.62234 

6.31 

2,51197 

7.94355 

1 6.81 2,60960 

8.25227 

5.82 ! 

2.41247 

7.62889 

6.32 

2.51396 

7.94984 

i 6.82 2.61151 

8.26833 

5.83 1 

2.41454 

7.63544 

6.33 

2.51595 

7.95613 

6.83 2.61843 

8.26438 

5.84 1 

2.41661 

7.64199 

6.34 

1 2.51794 

7.96241 

1 6.84 2.61534 

8.27043 

5.85 1 

2.41868 

7.64853 

6.35 

I 2.51992 

7.96869 

1 6.85 2.61725 

8.27647 

5.86 ’ 

2.42074 

7.65506 

6.36 

2.52190 

7.97496 1 

6.86 2.61916 

8.281251 

5.87 

2.42281 

7.66159 

I 6.37 

2.52389 

7.98123 i 

6,87 2.62107 

8.28855 

5.88 

2.42487 

7.66812 

! 6.38 

2.52587 

7.98749 1 

6.88 2.62298 

8.29458 

5.89 

2.42693 

7.67463 

! 6.39 

2.62784 

7.99375 

6.89 2.62488 

8.30060 

5.90 

2.42899 

7,68115 

6.40 

2.52982 

8,00000 ' 

6.90 2.62679 

8.30662 

5.91 

2.43105 

7.68765 

6.41 

i 2.53180 

8.00625 1 

6.91 2.62869 

8.31264 

5.92 

2.43311 

7.69415 

6.42 

I 2.53877 

8.01249 

6.92 i 2,63059 

8.31865 

5.93 

2.43516 

7,70065 

6.43 

i 2.53574 

8.01873 

6.93 i 2.63249 

8.32460 

5.94 

2.43721 

7.70714 

6.44 

\ 

2.53772 

8.02496 

6.94 ! 2.63439 

8.33067 

5.95 

2.43926 

7.71362 

6.45 

2.53969 

8.03119 

6.95 i 2.63629 

8.33667 

5.96 

2.44131 

7.72010 

1 6.46 

2.54165 

8.03741 

6.96 : 2.63818 

8.34266 

5.97 

2,44336 

7.72658 

1 6.47 

2.54362 

8.04363 

6.97 i 2.64008 

8.34865 

5.98 

2.44540 

7.73305 

‘ 6.48 

j 2.54558 

8,04984 

6.98 1 2,64197 

8.35464 

5.99 

2.44745 



7.73951 

I 6.49 

! 2.54755 

8.05605 

6.99 j 2.64386 

8,36062 
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n 

Vn 

VlOn 

n 

\'n 

VI On 

n 

Vn 

VTOw 

7.00 

2.64575 

8.36660 

7.50 

2.73861 

8.66025 

8.00 

2.82843 

8.94427 

7.01 

2.64764 

8.37257 

7.51 

2.74044 

8.66603 

8.01 

2.83019 

8.94986 

7.02 

2.64953 

8.37854 

7.52 

2.74226 

8.67179 ; 

8.02 

2.83196 

8.95545 

7.03 

2.65141 

8.38451 

7.53 

2.74408 

8.67756 

8.03 ' 

2.83373 

8.96103 

7.04 

2.65330 

8.39047 

7.54 

2.74591 

8.68332 

8.04 , 

2.83549 

8.96660 

7.05 

2.65518 

8.39648 

7.55 

2.74773 

8.68907 

8.05 

2.83725 

8.97218 

7.06 

2.65707 

8.40238 

7.56 

2.74955 

8.69483 

8.06 , 

2.83901 

8.97775 

7.07 

2.65895 

8.40833 

7.57 

2.75136 

8.70057 

8.07 

2.84077 

8.98332 

7.08 

2.66083 

8.41427 

7.58 

2.75318 

8.706S2 

8.08' 

2.84253 

8.98888 

7.09 

2.66271 

8.42021 

7.59 

2.75500 

8.7120G 

8 . 09 : 

2.84429 

8.99444 

7.10 

2.66458 

8.42615 

7.60 

2.75681 

8.71780 

8.10 ' 

2.84605 

9.00000 

7.11 

2.66646 

8.43208 

7.61 

,2.75862 

8.72353 

8.11, 

2.84781 

9.00555 

7.12 

2.66833 

8.43801 

7.62 

2.76043 

8.72926 

8.12 

2.84956 

9.01110 

7.13 

2.67021 

8.44393 

7.63 

2.76225 

8.73499 

8.13 ■ 

2.85132 

9.01665 

7.14 

2.67208 

8.44985 

7.64 

2.76405 

8.74071 

8.14 i 

2.S5307 

9.02219 

7.15 

2.67395 

8.45577 

7.65 

2.76586 

8.74643 

8.15 ; 

2.85482 

9.02774 

7.16 

2.67582 

8.461G8 

7.66 

2.76767 

8.75214 

8.16 ; 

2.S5657 

9.03327 

7.17 

2.67769 

8.46759 

7.67 

2.76948 

8.75785 

8.17 I 

2.85832 

9,03881 

7.18 

2.67955 

8.47349 

7.68 

2.77128 

8.76356 

8.18 : 

2.86007 

9.04434 

7.19 

2.68142 

8.47939 

7.69 

2.77308 

8.76926 

8.19 

1 

2.86182 

9.04986 

7.20 

2.68328 

8.48528 

7.70 

2.77489 

8.77496 

8.20 i 

2.86356 

9.05539 

7.21 

2.68514 

8.49117 

7.71 

2.77669 

8.78066 

8.21 : 

2.86531 

9.06091 

7.22 

2.68701 

8,49706 

7.72 

2.77849 

8.78685 

8.22 

2.86705 

9.06642 

7.23 

2.68887 

8.50294 

7.73 

2.78029 

8.79204 

8.23 

2.86880 

9.07193 

7.24 

2.69072 

8.50882 

7.74 

2.78209 

8.79773 

j 8.24 , 

2.87054 

9.07744 

7.25 

1 2.69258 

8.51469 

1 7.75 1 

2.78388 

8.80341 

8.25 

2.87228 

9.08295 

7.26 

‘ 2.69444 

8.52056 

7.76 : 

2.78568 

8.80909 

8.26 

2.87402 

9.08845 

7.27 

; 2.69629 

8.52643 

|7.77 1 

2.78747 

8.81476 

! 8.27 

2.87576 

9.09395 

7.28 

: 2.69815 

8.53229 

‘7.78 1 

: 2.78927 

8.82043 

: 8.28 

2.87750 

9.09945 

7.29 

1 2.70000 

8.53815 

i7.79 ; 

2.79106 

8.82610 ; 8.29 

1 

2.87924 

9.10494 

7.30 

1 2.70185 

8.54400 

17.80 

2.79285 

8.83176 

8.30 

2.88097 

9.11048 

7.31 

' 2.70370 

8.54985 

7,81 

1 2.79464 

8.83742 

8.31 

2.88271 

9.11592 

7.32 

; 2.70555 

8.55570 

17.82 

1 2.79643 

8.84308 

8.32 

2.88444 

9,12140 

7.33 

, 2.70740 

8.56154 

7.83 

2.79821 

8.84873 

, 8.33 

2.88617 

9.12688 

7.34 

; 2.70924 

8.56738 

,7.84 

j 

2.80000 

8.85438 

J 8.34 

2.88791 

9.13236 

7.35 

2.71109 

8.57321 

7.85 

2.80179 

8.86002 

8.35 

2.88964 

9.13783 

7.36 

1 2.71293 

8.57904 

7.86 

2.80357 

8.86566 

1 8.36 

i 2.89187 

9.14330 

7.37 

; 2.71477 

8.58487 

,7.87 

2.80535 

8.87130 

1 8.37 

i 2.89310 

9,14877 

7.38 

. 2.71662 

8.59069 

7.88 

2.80713 

8.87694 

1 8.38 

2.89482 

9.15423 

7.39 

2.71846 

8.59651 

7.89 

2.80891 

8.88257 

j 8.39 

2.89655 

9.15969 

7.40 

I 2.72029 

8.60233 

7.90 

, 2.81069 

8.88819 

8.40 

2.89828 

9.16515 

7.41 

i 2.72213 

8.60814 

7.91 

1 2.81247 

8.89382 

i 8.41 

2.90000 

9,17061 

7.42 

i 2.72397 

8.61394 

7.92 

i 2.81425 

8.89944 

1 8.42 

2.90172 

9.17606 

7.43 

1 2.72580 

8.61974 

7.93 

2.81603 

8.90505 

! 8.43 

2.90345 

9.18150 

7.44 

2.72764 

8.62554 

;7.94 

: 2.81780 

1 

8.91067 

! 8.44 

2.90517 

9.18695 

7,45 

2.72947 

8.63134 

7.95 

■ 2.81957 

8.91628 

* 8.46 

2.90689 

9.19239 

7.46 

2.73130 

8.63713 

7.96 

' 2.82135 

8.92188 

• 8.46 

1 2.90861 

9.19783 

7.47 

2.73313 

8.64292 

7.97 

12,82312 

8.92749 

i 8.47 

i 2.91033 

9.20326 

7.48 

: 2.73496 

8.64870 

7.98 

, 2.82489 

8.93308 

! 8.48 

2,91204 

9.20869 

7.49 

2.73679 

8.65448 

I 7.99 

1 

: 2.82666 

8,93868 

. 8.49 

2.91376 

9.21412 
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n 

Vn 

VlOn 

n 

Vn 

VlOw 

n 

Vn 

VlOn 

8.50 

2,91548 

9.21954 

9.00 

3.00000 

9.48683 

9.50 

3.08221 

9.74679 

8.51 

2.91719 

9.22497 

9.01 

3,00167 

9.49210 

9.51 

3.08383 

9.75192 

8.52 

2.91890 

9.23038 

9.02 

3.00338 

9.49737 

9.52 

3,08546 

9.75705 

8.53 

2.92062 

9.23580 

9.03 

3.00500 

9.50263 

9.53 

3.08707 

9.76217 

8.54 

2.92233 

9.24121 

9,04 

3.00666 

9.50789 

9.54 

3.08869 

9.76729 

8.55 

2.92404 

9.24662 

9.05 

3.00832 

9.51315 

9.55 

3.09031 

9.77241 

8.56 

2.92575 

9.25203 

9,06 

8.00998 

9.51840 

9.56 

3.09192 

9.77753 

8.57 

2.92746 

9.25743 

9.07 

3.01164 

9.52365 

9.57 

3.09354 

9.78264 

8.58 

2.92916 

9.26283 

9.08 

3,01330 

9.52890 

9.58 

3.09516 

9.78775 

8.59 

2.93087 

9.26823 

9.09 

3.01496 

9.53415 

9.59 

3.09677 

9.79285 

8.60 

2.93258 

9.27862 

9.10 

3.01662 

9.53939 

9.60 

3.09839 

9.79796 

8.61 

2.93428 

9.27901 

9.11 

3.01828 

9.54463 

9.61 

3.10000 

9.80306 

8.62 

2.93598 

9.28440 

9.12 

3.01993 

9.54987 

9.62 

3.10161 

9.80816 

8.63 

2.93769 

9,28978 

9.13 

3.02159 

9.65510 

9.63 

3.10322 

9.81326 

8.64 

2.93939 

9.29516 

9.14 

3.02324 

9.56033 

9.64 

3.10483 

9.81835 

8.65 

2.94309 

9.30054 

9.15 

3.02490 

9.66556 

9.65 

3.10644 

9.82344 

8.66 

2,94279 

9.30591 

9.16 

3.02655 

9.57079 

9.66 

3.10805 

9.82853 

8.67 

2.94449 

9.31128 

9.17 

3.02820 

9.57601 

9.67 

3.10966 

9.83362 

8.68 

2.94618 

9.31665 

9.18 

3.02985 

9.58123 

9,68 

3.11127 

9.88870 

8.69 

2.94788 

9.32202 

9.19 

8.03150 

9.58645 

9.69 

3.11288 

9.84378 

8.70 

2.94958 

9.32738 

9.20 

3.03315 

9.59166 

9.70 

3.11448 

9.84886 

8.71 

2.95127 

9.33274 

9.21 

3.03480 

9.59687 

9.71 

8.11609 

9.85393 

8.72 

2.95296 

9.33809 

9.22 

3.03645 

9.60208 

9.72 

3.11769 

9.85901 

8.73 

2.95466 

9.84345 

9.23 

3.03809 

9.60729 

9.73 

3.11929 

9.86408 

8.74 

2.95635 

9.34880 

9.24 

8.03974 

9.61249 

9.74 

3.12090 

9.86914 

8.75 

2,95804 

9.35414 

9.25 

3.04138 

9.61769 

9.75 

3.12250 

9.87421 

8.76 

2.95973 

9.35949 

9.26 

3.04302 

9.62289 

9.76 

3.12410 

9.87927 

8.77 

2.96142 

9.36483 

9.27 

3.04467 

9.62808 

9.77 

3.12570 

9.88433 

8.78 

2.96311 

9.37017 

1 9.28 

3.04631 

9.63328 

9.78 

3.12730 

9,88939 

8.79 

2.96479 

9.37550 

i 9.29 

1 3.04795 

9.63846 

9.79 

3.12890 

9.89444 

8.80 

2.96648 

9.38088 

9.30 

; 3.04959 

9.64365 

9,80 

3.13050 

9.89949 

8.81 

2.96816 

9.38G16 

9.31 

3.05123 

9.64883 

9.81 

3.13209 

9.90454 

8.82 

2.96985 

9.39149 

9.32 

3.05287 

9.65401 

9.82 

: 3.13369 

9.90959 

8.83 

2.97153 

9.39681 

9.33 

3.05450 

9.65919 

9.83 

3.13528 

9.91464 

8.84 

2.97321 

9.40213 

9.34 

3.05614 

9.66437 

9.84 

3.13688 

9.91968 

8.85 

2.97489 

9.40744 

9.35 

3.05778 

9.66954 

9.85 

3.13847 

9.92472 

8.86 

2,97658 

9.41276 

9.36 

8.05941 

9.67471 

9.86 

3.14006 

9.92975 

8.87 

2.97825 

9.41807 

9.37 

3.06105 

9.67988 

9.87 

3.14160 

9.93479 

8.88 

2.97993 

9.42338 

9.38 

3.06268 

9.68504 

9.88 

3.14325 

9.93982 

8.89 

2.98161 

9.42868 

9,39 

3.06431 

9.69020 

9.89 

3.14484 

9.94485 

8.90 

2.98329 

9.43398 

9.40 

3.06594 

9.69536 

9.90 

3.14643 

9.94987 

8.91 

2.98496 

9.43928 

9.41 

3,06757 

9.70052 

9.91 

3.14802 

9.95490 

8.92 

2.98664 

9.44458 

9.42 

3.06920 

9.70567 

9.92 

3.14960 

9.95992 

8.93 

2.98831 

9.44987 

9.43 

3.07083 

9.71082 

9.93 

3.15119 

9.96494 

8.94 

2.98998 

9.45516 

9.44 

3.07246 

9.71597 

9.94 

3.15278 

9.96995 

8.95 

2.99166 

9.46044 

9.45 

3.07409 

9.72111 

9.95 

3.15436 

9.97497 

8.96 

2.99333 

9,46573 

9.46 

3.07571 

9.72625 

9.96 

3.15595 

9.97998 

8.97 

2.99500 

9,47101 : 

9.47 

3,07734 

9.73139 ‘ 

9.97 

3.15753 

9.98499 

8.98 ^ 

2.99666 

9.47629 

9.48 

3.07896 

9.73653 

9.98 

3.15911 

9.98999 

8.99 

2.99833 

9.48156 

9.49 

3.08058 

9.74166 

9.99 

3.16070 

9.99500 




TABLE V — EECIPEOCALS, 1 /n 


401 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

.0 


100.0 

50.00 

33.33 

25.00 

20.00 

16.67 

14.29 

12.50 

11.11 

.1 

10.0000 

9.091 

8.333 

7.692 

7.143 

6.667 

6.250 

5.882 

5.556 

5.263 

.2 

5.0000 

4.762 

4.545 

4,348 

4.167 

4.000 

8.846 

3.704 

3,571 

3.448 

.3 

3.3333 

3.226 

3.125 

3.030 

2.941 

2.857 

2,778 

2.703 

2.632 

2.564 

.4 

2.5000 

2.439 

2.381 

2.326 

2.273 

2.222 

2.174 

2.128 

2.083 

2.041 

.5 

2.0000 

^'*9608 

=^9281 

*8868 *8619 

^'8182 

*7857 

*7544 

*7241 

*6949 

.6 

1.6667 

6393 

6129 

5873 

5625 

5385 

5152 

4925 

4706 

4493 

.7 

1.4286 

4085 

3889 

8699 

3514 

3333 

3158 

2987 

2821 

2658 

.8 

1.2500 

2346 

2195 

2048 

1905 

1765 

1628 

1494 

1364 

1236 

.9 

1.1111 

0989 

0870 

0753 

0638 

0526 

0417 

0309 

0204 

OlOl 

1.0 

1.0000 *9901 *9804 *9709 *9615 

’^9524 

’^9434 

*9346 *9259 

*9174 

1.1 

0.9091 

9009 

8929 

8850 

8772 

8696 

8621 

8547 

8475 

8403 

1.2 

0.8333 

8264 

8197 

8130 

8065 

8000 

7937 

7874 

7813 

7752 

1.3 

0.7692 

7634 

7576 

7519 

7463 

7407 

7353 

7299 

7246 

7194 

1.4 

0.7143 

7092 

7042 

6993 

6944 

6897 

6849 

6803 

6757 

6711 

1.5 

0.6667 

6623 

6579 

6536 

6494 

6452 

6410 

6369 

6329 

6289 

1.6 

0.6250 

6211 

6173 

6135 

6098 

6061 

6024 

5988 

5952 

5917 

1.7 

0.5882 

5848 

5814 

5780 

5747 

5714 

5682 

5650 

5618 

5587 

1.8 

0.5556 

5525 

5495 

5464 

5435 

5405 

5376 

6348 

5319 

5291 

1.9 

0.5263 

5236 

5208 

5181 

5155 

5128 

5102 

5076 

5051 

5025 

2.0 

0.5000 

4975 

4950 

4926 

4902 

4878 

4854 

4831 

4808 

4785 

2.1 

0.4762 

4739 

4717 

4695 

4673 

4651 

4630 

4608 

4587 

4566 

2.2 

0.4545 

4525 

4505 

4484 

4464 

4444 

4425 

4405 

4386 

4367 

2.3 

0.4348 

4329 

4310 

4292 

4274 

4255 

4237 

4219 

4202 

4184 

2.4 

0.4167 

4149 

4132 

4115 

4098 

4082 

4065 

4049 

4032 

4016 

2.5 

0.4000 

3984 

3968 

3953 

3937 

3922 

3906 

8891 

3876 

3861 

2.6 

0.3846 

3831 

3817 

3802 

3788 

3774 

3759 

3745 

8731 

3717 

2.7 

0.3704 

3690 

3676 

3663 

3650 

3636 

3623 

3610 

3597 

3584 

2.8 . 

0.3571 

3559 

3546 

3534 

3521 

3509 

3497 

3484 

3472 

3460 

2.9 

0.3448 

3436 

3425 

3413 

3401 

3390 

3378 

3367 

8856 

3344 

3.0 

0.3333 

3322 

3311 

3300 

3289 

8279 

3268 

3257 

3247 

8236 

3.1 

0.3226 

3215 

3205 

3195 

3185 

3175 

3165 

3155 

3145 

3135 

3.2 

0.3125 

3115 

3106 

3096 

3086 

j 3077 

3067 

3058 

3049 

8040 

3.3 

0.3030 

3021 

8012 

3003 

2994 

2985 

2976 

2967 

2959 

2950 

3.4 

0.2941 

2933 

2924 

2915 

2907 

1 2899 

2890 

2882 

2874 

2865 

3.5 1 

0.2857 

2849 

2841 

2833 

2825 

2817 

2809 

2801 

2793 

2786 

3.6 

0.2778 

2770 

2762 

2755 

2747 

2740 

2732 

2725 

2717 

2710 

3.7 1 

0.2703 

2695 

2688 

2681 

2674 

2667 

2660 

2653 

2646 

2639 

3.8 

0.2632 

2625 

2618 

2611 

2604 

2597 

2591 

2584 

2577 

2571 

3.9 j 

0.2564 

2558 

2551 

2545 

2538 

2532 

2525 

2519 

2513 

2506 

4.0 

0.2500 

2494 

2488 

2481 

2475 

2469 

2463 

2457 

2451 

2445 

4.1 

0.2439 

2433 

2427 

2421 

2415 

2410 

2404 

2398 

2392 

2387 

4.2 

0.2381 

2375 

2370 

2364 

2358 

2353 

2347 

2342 

2336 

2331 

4.3 

0.2326 

2320 

2315 

2309 

2304 

2299 

2294 

2288 

2283 

2278 

4.4 

0.2273 

2268 

2262 

2257 

2252 

2247 

2242 

2237 

2232 

2227 

4.5 

0.2222 

2217 

2212 

2208 

2203 

2198 

2193 

2188 

2183 

2179 

4.6 

0.2174 

2169 

2165 

2160 

2155 

2151 

2146 

2141 

2137 

2132 

4.7 

0.2128 

2123 

2119 

2114 

2110 

2105 

2101 

2096 

2092 

2088 

4.8 

0.2083 

2079 

2075 

2070 

2066 

2062 

2058 

2053 

2049 

2045 

4.9 

0.2041 

2037 

2033 

2028 

2024 

2020 

2016 

2012 

2008 

2004 

5.0 

0.2000 

1996 

1992 

1988 

1984 

1980 

1976 

1972 

1969 

1965 
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TABLE V — BECIPEOCALS, 1/n 


n 

1 0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

5.0 

0.2000 

1996 

1992 

1988 

1984 

1980 

1976 

1972 

1969 

1965 

5.1 

0.1961 

1957 

1953 

1949 

1946 

1942 

1938 

1934 

1931 

1927 

5.2 

0.1923 

1919 

1916 

1912 

1908 

1905 

1901 

1898 

1894 

1890 

5.3 

0.1887 

1883 

1880 

1876 

1878 

1869 

1866 

1862 

1859 

1855 

5.4 

0.1852 

1848 

1845 

1842 

1838 

1835 

1832 

1828 

1825 

1821 

5.5 

0.1818 

1815 

1812 

1808 

1805 

1802 

1799 

1795 

1792 

1789 

5.6 

0.1786 

1783 

1779 

1776 

1773 

1770 

1767 

1764 

1761 

1757 

5.7 

0.1754 

1751 

1748 

1745 

1742 

1739 

1736 

1783 

1730 

1727 

5.8 

0.1724 

1721 

1718 

1715 

1712 

1709 

1706 

1704 

1701 

1698 

5.9 

0.1695 

1692 

1689 

1686 

1684 

1681 

1678 

1675 

1672 

1669 

6.0 

0.1667 

1664 

1661 

1658 

1656 

1658 

1650 

1647 

1645 

1642 

6.1 

0.1639 

1637 

1634 

1631 

1629 

1626 

1623 

1621 

1618 

1616 

6.2 

0.1613 

1610 

1608 

1605 

1603 

1600 

1597 

1595 

1592 

1590 

6.3 

0.1587 

1585 

1582 

1580 

1577 

1575 

1572 

1570 

1567 

1565 

6.4 

0.1563 

1560 

1558 

1555 

1553 

1660 

1548 

1546 

1543 

1541 

6.5 

0.1538 

1536 

1534 

1531 

1529 

1527 

1524 

1522 

1520 

1517 

6.6 

0.1515 

1613 

1511 

1508 

1506 

1504 

1502 

1499 

1497 

1495 

6.7 

0.1493 

1490 

1488 

1486 

1484 

1481 

1479 

1477 

1475 

1473 

6.8 

0.1471 

1468 

1466 

1464 

1462 

1460 

1458 

1456 

1453 

1451 

6.9 

0.1449 

1447 

1445 

1443 

1441 

1439 

1437 

1435 

1438 

1481 

7.0 

0.1429 

1427 

1425 

1422 

1420 

1418 

1416 

1414 

1412 

1410 

7.1 

0.1408 

1406 

1404 

1403 

1401 

1399 

1897 

1395 

1393 

1391 

7.2 

0.1389 

1387 

1385 

1383 

1381 

1379 

1377 

1376 

1374 

1372 

7.3 

0.1370 

1368 

1366 

1364 

1862 

1361 

1359 

1357 

1355 

1353 

7.4 

0.1351 

1350 

1848 

1346 

1344 

1342 

1340 

1339 

1387 

1835 

7.5 

0.1833 

1332 

1330 

1328 

1326 

1325 

1323 

1321 

1319 

1318 

7.6 

1 0.1316 

1814 

1312 

1311 

1809 

1307 

1305 

1304 

1302 

1300 

7.7 

0.1299 

1297 

1295 

1294 

1292 

1290 

1289 

1287 

1285 

1284 

7.8 ! 

1 0.1282 

1280 

1279 

1277 

1276 

1274 

1272 

1271 

1269 

1267 

7.9 

0.1266 

1264 

1263 

1261 

1259 

1258 

1256 

1255 

1253 

1252 

8.0 

0.1250 

1248 

1247 

1245 

1244 

1242 

1241 

1239 

1238 

1236 

8.1 

0.1285 

1233 

1232 

1280 

1229 

1227 

1225 

1224 

1222 

1221 

8.2 

1 0.1220 

1218 

1217 

1215 

1214 1 

1212 

1211 

1209 

1208 

1206 

8.3 

0.1205 

1203 

1202 

1200 

1199 1 

1198 

1196 

1195 

1193 

1192 

8.4 

1 0.1190 

1189 

1188 

1186 

1185 1 

1183 

1182 

1181 

1179 

1178 

8.5 

0.1176 

1175 

1174 

1172 

1171 ! 

1170 

1168 

1167 

1166 

1164 

8.6 

0.1103 

1161 

1160 

1159 

1157 

1156 

1155 

1153 

1152 

1151 

8.7 

0.1149 

1148 

1147 

1145 

1144 

1143 

1142 

1140 

1139 

1138 

8.8 

0.1136 

1135 

1134 

1133 

1131 

1130 

1129 

1127 

1126 

1125 

8.9 

0.1124 

1122 

1121 

1120 

1119 

1117 

1116 

1115 

1114 

1112 

9.0 

0.1111 

1110 

1109 

1107 

1106 

1105 

1104 

1103 

1101 

,1100 

9.1 

0.1099 

1098 

1096 

1095 

1094 

1093 

1092 

1091 

1089 

1088 

9.2 

0.1087 

1086 

1085 

1083 

1082 i 

1081 

1080 

1079 

1078 

1076 

9.3 

0.1075 

1074 

1073 

1072 

1071 1 

1070 

1068 

1067 

1066 

1065 

9.4 

0.1064 

1068 

1062 

1060 

1059 

1058 

1057 

1056 

1055 

1054 

9.5 

0.1053 

1052 

1050 

1049 

1048 

1047 

1046 

1045 

1044 

1043 

9.6 

1 0.1042 

1041 

1040 

1038 

1037 

1036 

1035 

1034 

1033 

1032 

9.7 

1 O.103i 

1030 

1029 

1028 

1027 

1026 

1025 

1024 

1022 

1021 

9.8 

1 0,1020 

1019 

1018 

1017 J,016 

1015 

1014 

1013 

1012 

1011 

9.9 

1 0.1010 

1009 

1008 

1007 

1006 

1005 

1004 

1003 

1002 

1001 
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VALUES OF THE FUNCTION y == 




t 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

0.0 

0.39894 

39892 

39886 

39876 

39862 

39844 

39822 

39797 

39767 

39733 

0.1 

i 0.39695 

39654 

39608 

39559 

39505 

39448 

39387 

39322 

39253 

39181 

0.2 

0.89104 

39024 

38940 

38853 

38762 

38667 

38568 

38466 

38361 

38251 

0.3 

0.38139 

38023 

37903 

37780 

37654 

37524 

37391 

37255 

37115 

36973 

0.4 

0.36827 

36678 

36526 

36371 

36213 

36053 

35889 

35723 

35553 

35381 

0.5 

0.35207 

35029 

34849 

34667 

34482 

34294 

34105 

33912 

33718 

33521 

0.6 

0.33322 

33121 

32918 

32713 

32506 

32297 

32086 

31874 

31659 

31443 

0.7 

0.31225 

31006 

30785 

30563 

30839 

30114 

29887 

29659 

29431 

29200 

0.8 

0.28969 

28737 

28504 

28269 

28034 

27798 

27562 

27324 

27086 

26848 

0.9 

0.26609 

26369 

26129 

25888 

25647 

25406 

25164 

24923 

24681 

24439 

1.0 

0.24197 

23955 

23713 

23471 

23230 

22988 

22747 

22506 

22265 

22025 

1.1 

0.21785 

21546 

21307 

21069 

20831 

20594 

20357 

20121 

19886 

19652 

1.2 

0.19419 

19186 

18954 

18724 

18494 

18265 

1S037 

17810 

17585 

17360 

1.3 

0.17137 

16915 

16694 

16474 

16256 

16038 

15822 

15608 

15395 

15183 

1.4 

0.14973 

14764 

14556 

14350 

14146 

13943 

13742 

13542 

13344 

13147 

1.5 

0.12952 

12758 

12566 

12376 

12188 

12001 

11816 

11632 

11450 

11270 

1.6 

0.11092 

10915 

10741 

10667 

10396 

10226 

10059 

09893 

09728 

09666 

1.7 

0.09405 

09246 

09089 

08933 

08780 

08628 

08478 

08329 

08183 

08038 

1.8 

0.07895 

07754 

07614 

07477 

07341 

07206 

07074 

06943 

06814 

06687 

1.9 

0.06562 

06438 

06316 

06195 

06077 

, 05959 

05844 

05730 

05618 

05508 

2.0 

0.05399 

05292 

05186 

05082 

04980 , 

i 04879 

04780 

04682 

04586 

04491 

2.1 

0.04398 

04307 

04217 

04128 

04041 

; 03955 

03871 

03788 

03706 

08626 

2.2 

0.03547 

03470 

03394 

03319 

03246 1 

1 03174 

03103 

03034 

02965 

02898 

2.3 

0.02833 

02768 

02705 

02643 

02582 

02522 

02463 

02406 

02349 

02294 

2.4 

0.02239 

02186 

02134 

02083 

02033 

i 01984 

1 

01936 

01889 

01842 

01797 

2.5 

0.01753 

01709 

01667 

01625 

01585 

01545 

01506 

01468 

01431 

01394 

2.6 

0.01358 

01323 

01289 

01256 

01223 

01191 

01160 

01130 

OllOO 

01071 

2.7 

0.01042 

01014 

00987 

00961 

00935 

00909 

00885 

00861 

00837 

00814 

2.8 

0.00792 

00770 

00748 

00727 

00707 

00687 

00668 

00649 

00631 

00613 

2.9 

0.00595 

00578 

00562 

00545 

00530 

00514 

00499 

00485 

00471 

00457 

3.0 

0.00443 

00430 

00417 

00405 

00393 

00381 

00370 

00358 

00348 

00337 

3.1 

0.00327 

00317 

00307 

00298 

00288 

00279 

00271 

00262 

00254 

00246 

3.2 

0.00238 

00231 

00224 

00216 

00210 

1 00203 

00196 

00190 

00184 

00178 

3.3 

0.00172 

00167 

00161 

00156 

00151 

* 00146 

00141 

00136 

00132 

00127 

3.4 

0.00123 

00119 

00115 

00111 

00107 

I 00104 

00100 

00097 

00094 

00090 

3.5 

0.00087 

00084 

00081 

00079 

00076 

00073 

00071 

00068 

00066 

00063 

3.6 

0.00061 

00059 

00057 

00055 

00053 

i 00061 

00049 

00047 

00046 

00044 

3.7 

0.00042 

00041 

00039 

00038 

00037 

00035 

00034 

00033 

00031 

00030 

3.8 

0.00029 

00028 

00027 

00026 

00025 

1 00024 

00023 

00022 

00021 

00021 

3.9 

0.00020 

00019 

00018 

00018 

00017 

00016 

00016 

00015 

00014 

00014 
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TABLE VIII 


VALUES OP I{t), AEEA UNDER NORMAL PROBABILITY CURVE 


t 

0 

1 

2 

o 

u 

4 

5 

6 

7 

8 

9 

0.0 

0.00000 

00399 

00798 

01197 

01595 

01994 

02392 

02790 

03188 

03586 

0.1 

0.03983 

04380 

04776 

05172 

05567 

05962 

06356 

06749 

07142 

07535 

0.2 

0.07926 

08317 

08706 

09095 

09483 

09871 

10257 

10642 

11026 

11409 

o.s 

0.11791 

12172 

12552 

12930 

13307 

13683 

14058 

14431 

14803 

15173 

0.4 

0.15542 

16910 

16276 

16640 

17003 

17364 

17724 

18082 

18439 

18793 

0.5 

0.19146 

19497 

19847 20194 20540 

20884 

21226 

21566 

21904 

22240 

0.6 

0.22575 

22007 23287 

23565 

23891 

24215 

24537 

24857 

25175 

25490 

0.7 

0.25804 

26115 

26424 

26730 

27035 

27337 

27637 

27935 

28230 

28524 

0.8 

0.28814 

29103 

29389 

29673 

29965 

80234 

30511 

30785 

31057 

31327 

0.9 

0.31594 

31859 

32121 

32381 

32639 

32894 

33147 

33398 

33646 

83891 

1.0 

0.34134 

34375 

34614 

34850 

35083 

35314 

35543 

35769 

35993 

36214 

1.1 

0.36433 

36650 

36864 

37076 

37286 

37493 

87698 

37900 

38100 

38298 

1.2 

0.38493 

38686 

88877 

39065 

39251 

39435 

39617 

39796 

39973 

40147 

1.3 

0.40320 

40490 40658 

40824 40988 

41149 

41809 

41466 

41621 

41774 

1.4 j 

0.41924 

42073 

42220 

42364 

42507 

42647 

42786 

42922 

43056 

43189 

1.5 1 

0.43319 

43448 

43574 43699 

43822 

43943 

44062 

44179 

44295 

44408 

1.6 

0.44520 

44630 

44738 

44845 

44950 

45053 

45154 

45254 

45352 

45449 

1.7 

0.45543 

45637 

45728 

45818 

45907 

45994 

46080 

46164 

46246 

46327 

1.8 

0.46407 

46485 

4656.2 

46638 

46712 

46784 

46856 

46926 

46995 

47062 

1.9 Ji 

0.47128 47198 

47267 

47320 47381 

47441 

47500 

47658 

47615 

47670 

j 

2.0 ( 

0.47725 

47778 

47831 

47882 47932 

47982 

48030 

48077 48124 48169 

2.1 i' 

0.48214 48257 

48300 

48341 

48382 

48422 

48461 

48500 48537 48574 

2.2 

0.48610 

48645 

48679 

48713 

48745 

48778 

48809 

48840 

48870 48899 

2.3 ! 

0.48928 

48956 

48983 

49010 

49036 

49061 

49086 

49111 

49134 

49158 

2.4 1 

0.49180 

49202 

49224 

49245 

49266 

49286 

49305 

49824 

49343 

49361 

2.5 

0.49379 

49396 

49413 

49430 

49446 

49461 

49477 49492 

49506 

49520 

2.6 

0.49634 

49547 

49560 

49573 

49585 

49598 49609 

49621 49632 

49643 

2.7 

0.49653 49664 

49674 

49683 

49693 

49702 

49711 

49720 49728 49736 

2.8 

0.49744 49762 

497G0 

49767 

49774 

49781 

49788 

49795 

49801 

49807 

2.9 

0.49813 

49819 

49825 

49831 

49836 

49841 

49846 

49851 

49856 

49861 

3.0 

0.49865 49869 

49874 

49878 

49882 

49886 

49889 

49893 

49897 49900 

3.1 

0.49903 

49906 

49910 

49913 

49916 

49918 

49921 

49924 

49926 

49929 

3.2 

0.49931 

49934 

49936 

49938 

49940 

49942 

49944 

49946 

49948 49950 

3.3 

0.49952 

49953 

49955 

49967 49968 

49960 

49961 

49962 

49964 

49965 

3.4 

0.49966 

49968 

49909 

49970 

49971 

49972 

49973 

49974 49975 

49976 

3.5 

1 0.49977 

49978 

49978 

49979 

49980 

49981 

49981 

49982 

49983 

49983 

3.6 

0.49984 

49985 

49985 

49986 49986 

49987 

49987 

49988 49988 

49989 

3.7 

0.49989 

49990 

49990 

49990 

49991 

49991 

49992 

49992 

49992 

49992 

3.8 

0.49993 

49993 

49993 49994 49994 

49994 

49994 

49995 

49995 

49995 

3.9 

0.49995 

49995 

49996 

49996 

49996 

49996 

49996 

49996 

49997 

49997 
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TEST FOE GOODNESS OF PIT 
VALUES OP THE PEAESON PROBABILITY, P 



n = 

= 3 

n= 4 

n 

= 5 

n 

= 6 

1 

.60658 

06597 

.80125 

195(69) 

.90979 

598(96) 

.96256 

577(32) 

2 

.36787 

94412 

.57240 

670(44) 

.73575 

888(23) 

.84914 

503(60) 

3 

.22313 

01601 

.39162 

517(63) 

.55782 

540(04) 

.69998 

583 (59) 

4 

.18533 

52832 

.26146 

412(99) 

.40600 

684(97) 

.54941 

595(12) 

5 

.08208 

49986 

.17179 

714(43) 

.28729 

749(52) 

.41588 

018(72) 

6 

.04978 

70684 

.11161 

022(51) 

.19914 

827(35) 

.30621 

891(86) 

7 

.03019 

73834 

.07189 

777(25) 

.13588 

822(54) 

.22064 

030(80) 

8 

.01831 

56389 

.04601 

170(57) 

.09157 

819(44) 

.15623 

562(76) 

9 

.OHIO 

89965 

.02929 

088(65) 

.06109 

948(10) 

.10906 

415(79) 

10 

.00673 

79470 

.01856 

612(57) 

.04042 

768(20) 

.07523 

523 (64) 

11 

.00408 

67714 

.01172 

587(56) 

.02656 

401(44) 

.05137 

998(34) 

12 

.00247 

87522 

.00738 

316(05) 

.01735 

126(52) 

.03478 

778(05) 

18 

.00150 

34392 

.00463 

660(55) 

.01127 

579(39) 

.02337 

876(81) 

14 

.00091 

18820 

.00290 

615(28) 

.00729 

505(57) 

,01560 

941(61) 

15 

.00055 

30844 

.00181 

664(90) 

.00470 

121(71) 

.01036 

233 (79) 

16 

.00033 

54626 

.00113 

398(42) 

.00301 

916(37) 

.00684 

407(35) 

17 

.00020 

34684 

.00070 

674(24) 

.00193 

294(95) 

.00449 

979(70) 

18 

.00012 

34098 

.00043 

984(97) 

.00123 

409(80) 

.00294 

640(46) 

19 

.00007 

48518 

.00027 

339(89) 

.00078 

594(42) 

.00192 

213(68) 

20 ' 

.00004 

53999 

.00016 

974(16) 

.00049 

939(92) 

.00124 

972(97) 

21 

.00002 

75364 

.00010 

527(62) 

.00031 

666(92) 

.00081 

005(96) 

22 

.00001 

67017 

.00006 

623(11) 

.00020 

042(04) 

.00052 

359(83) 

23 

.00001 

01301 

.00004 

038(30) 

.00012 

662(62) 

,00033 

756(61) 

24 

.00000 

61442 

.00002 

498(00) 

.00007 

987(48) 

.00021 

711(29) 

25 

.00000 

37267 

.00001 

644(05) 

.00005 

030(98) 

.00013 

933(73) 

26 

.00000 

22603 

.00000 

953(74) 

.00003 

164(46) 

.00008 

923(60) 

27 

.00000 

13710 

.00000 

600(96) 

.00001 

987(89) 

.00005 

716(47) 

28 

.00000 

08315 

.00000 

361(89) 

.00001 

247(29) 

.00003 

638(57) 

29 

.00000 

05043 

.00000 

223(94) 

.00000 

781(74) 

.00002 

318(76) 

80 

.00000 

03059 

.00000 

187(09) 

.00000 

489(44) 

.00001 

473(95) 


.00000 

00021 

.00000 

001(07) 

.00000 

004(12) 

.00000 

014(93) 


.00000 

00000 

.00000 

000(00) 

.00000 

000(03) 

.00000 

000(13) 

60 

.00000 

00000 

.00000 

000(00) 

1 .00000 

000 (OO) 

.00000 

000(00) 

70 

.00000 

00000 

.00000 

000(00) 

; .00000 

000(00) 

.00000 

000(00) 
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TABLE VIII 


VALUES OF THE PEAESON PROBABILITY, P 


X® 


1 

2 

3 

4 

5 


= 7 


.98561 232(20) 
.91969 860(29) 
.80884 683(05) 
.67667 641(62) 
.54881 311(59) 


% = 8 


= 9 


.99482 853(65) 
.95984 036(87) 
.88500 223(17) 
.77977 740(84) 
.65996 323(00) 


.99824 837(74) 
.98101 184(31) 
.93435 754(56) 
.85712 346(05) 
.75757 613(31) 


71—10 


.99943 750(26) 
.99146 760(65) 
.96429 497(27) 
.91141 252(67) 
.83430 826(07) 


6 

7 

8 
9 

10 


.42319 008(11) 
.32084 719(89) 
,23810 330(56) 
,17357 807(09) 
,12465 201(95) 


.53974 935(08) 
.42887 985(77) 
.331259 390(26) 
.25265 604(65) 
.18857 345(78) 


.64723 188(88) 
.53663 266(80) 
.43347 012(03) 
.34229 595(58) 
.26502 591(53) 


.73991 829(27) 
.63711 940(74) 
.53414 621(68) 
.43727 418(87) 
.35048 520(26) 


11 

12 

18 

14 

15 


.08837 643(24) 
.06196 880(44) 
.04303 594(69) 
.02963 616(39) 
.02025 671(51) 


.13861 902(08) 
.10055 886(85) 
.07210 839(10) 
.05118 135(34) 
.03599 940(48) 


.20169 919(87) 
.15120 388(28) 
.11184 961(16) 
.08176 541(63) 
.05914 545(98) 


.27570 893(67) 
.21330 930(61) 
.16260 626(22) 
.12232 522(80) 
.09093 597(66) 


16 

17 

18 

19 

20 


.01375 396(77) 
.00928 824(43) 
.00623 219(51) 
.00416 363(30) 
,00276 939(57) 


.02511 635(89) 
.01739 618(25) 
.01197 000(23) 
.00818 734(10) 
.00556 968(23) 


.04238 011(41) 
.03010 907(97) 
.02122 648(63) 
.01485 964(77) 
.01088 605(07) 


,06688 158(26) 
.04871 597(63) 
.03517 353(94) 
.02519 289(50) 
.01791 240(37) 


21 

22 

23 

24 

25 


.00183 461(59) 
.00121 087(33) 
.00079 647(86) 
,00052 225(81) 
.00034 145(46) 


.00377 015(01) 
.00254 041(40) 
.00170 458(70) 
.00113 935(12) 
.00075 880(88) 


.00714 742(96) 
.00491 586(73) 
,00336 424(63) 
.00229 179(12) 
.00155 455(79) 


.01265 042(13) 
.00887 897(75) 
.00619 629(64) 
.00430 131(09) 
.00297 118(41) 


26 

27 

28 

29 

30 


.000212 264(24) 
.00014 480(76) 
.00009 396(27) 
.00006 083(69) 
.00003 930(84) 


.00050 366(86) 
.00033 340(23) 
.00021 987(94) 
.00014 468(69) 
.00009 495(06) 


,00105 029(97) 
.00070 698(65) 
.00047 424(85) 
.00031 709(81) 
.00021 137(85) 


.00204 298(97) 
.00139 889(00) 
.00095 385(41) 
.00064 804(12) 
.00043 871(26) 


40 

50 

60 

70 


.00000 045(34) 
.00000 000(47) 
.00000 000 ( 00 ) 
.00000 000 ( 00 ) 


.00000 125(87) 
.00000 001(44) 
.00000 000(02) 
.00000 000 ( 00 ) 


.00000 320(16) 
.00000 004(09) 
,00000 000(05) 
.00000 000(00) 


..00000 759(84) 
.00000 010(77) 
.00000 000(13) 
.00000 000 ( 00 ) 
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VALUES OF THE PEAESON PROBABILITY, P 


X2 

n=ll 

II 

^ = 13 

w = 14 

1 

.99982 788(44) 

.99994 961(00) 

.99998 583(51) 

.99999 616(52) 

2 

.99634 015(31) 

.99849 688(16) 

.99940 581(51) 

.99977 874(98) 

3 

.98142 406(38) 

.99072 588(63) 

.99554 401(93) 

.99793 481(73) 

4 

.94734 698(27) 

.96991 702(37) 

.98343 639(15) 

.99119 138(63) 

5 

.89117 801(89) 

.93116 661(10) 

.96797 896(18) 

.97519 313(39) 

6 

.81526 324(46) 

.87386 426(39) 

.91608 205(80) 

.94615 296(01) 

7 

.72544 495(35) 

.79908 350(16) 

.85761 355(34) 

.90216 166(16) 

8 

.62883 693(51) 

.71330 382(93)1 

.78513 038(69) 

.84360 027(48) 

9 

.53210 357(63) 

.62189 283(10) 

.70293 043(47) 

.77294 368(88) 

10 

.44049 328(51) 

.63038 714(13) 

.61596 066(48) 

.69393 435(82) 

11 

.35751 800(24) 

.44326 827(82) 

.52891 868(64) 

.61081 761(97) 

12 

.28505 650(03) 

.36364 322(05) 

.44567 964(13) 

.62764 385(54) 

13 

.22367 181(68) 

.29332 540(93) 

.36904 068(36) 

.44781 167(41) 

14 

.17299 160(79) 

.23299 347(74)' 

.80070 827(62) 

.87384 897(66) 

15 

.13206 185(63) 

.18249 692(96) 

.24143 645(10) 

.30736 277(37) 

16 

.09963 240(69) 

.14113 086(91) 

.19123 607(53) 

.24912 983(01) 

17 

.07436 397(98) 

.10787 668(68) 

.14959 731(00) 

.19930 407(68) 

18 

.05496 364(15) 

.08158 061(36) 

.11569 052(09) 

.15751 946(23) 

19 

.04026 268(23) 

.06109 850(92) 

.08852 844(83) 

.12310 366(09) 

20 

.02925 268(81) 

.04584 067(37) 

.06708 596(29) 

.09521 026(54) 

21 

.012109 356(56) 

.03837 106(44) 

.05038 045(10) 

.07292 862(66) 

22 

.01510 460(07) 

.02437 324(38) 

.03751 981(41) 

.05536 177(64) 

23 

.01074 657(84) 

.01767 510(94) 

.02772 594(22) 

.04167 626(37) 

24 

.00760 039(07) 

.01273 320(34) 

.02034 102(96) 

.03113 006(98) 

25 

.00534 550(55) 

.00911 668(47) 

.01482 287(47) 

.02308 373(18) 

26 

.00374 018(59) 

.00648 991(72) 

.01073 388(99) 

.01700 083(68) 

27 

.00260 434(03) 

.00459 532(06) 

.00772 719(57) 

.01244 118(46) 

28 

.00180 524(88) 

.00323 733(11) 

.00553 204(96) 

.00904 981(79) 

29 

.00124 604(48) 

.00226 996(07) 

.00393 999(04) 

.00654 693(03) 

30 

.00085 664(12) 

.00168 458(60) 

.00279 242 (92) 

.00470 969(53) 

40 

.00001 694(26) 

.00003 677(50) 

.00007 190(68) 

.00013 828(54) 

50 

.00000 026(69) 

.00000 062(59) 

.00000 139(71) 

.00000 298(14) 

60 

.00000 000(36) 

.00000 000(93) 

.00000 002(26) 

.00000 005(25) 

70 

.00000 000(00) 

.00000 000(01) 

.00000 000(03) 

.00000 000(08) 
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TABLE VIII 


VALUES OP THE PEASSON PEOBABILITY, P 



?^ = 15 

9^ = 16 

II 

w = 18 

1 

.99999 899(76) 

.99999 974(64) 

.99999 993(78) 

.99999 998(61) 

2 

.99991 675(88) 

.99997 034(49) 

.99998 975(08) 

.99999 656(76) 

8 

.99907 400(81) 

.99959 780(14) 

.99983 043(43) 

.99993 049(82) 

4 

.99546 619(46) 

.99773 734(40) 

.99890 328(10) 

.99948 293(27) 

5 

.98581 268(80) 

.99212 641(19) 

.99575 330(45) 

.99777 083(79) 

0 

.96649 146(48) 

.97974 774(76) 

.98809 649(63) 

.99818 666(26) 

7 

.93471 190(33) 

.95764 974(76) 

.97326 107(83) 

.98354 890(12) 

8 

.88932 602(14) 

.92378 270(28) 

.94886 638(40) 

.96654 676(94) 

0 

.83105 067(86) 

.87761 746(11) 

.91341 362(82) 

.94026 179(87) 

10 

.76218 346(30) 

.81973 990(96) 

.86662 832(59) 

.90361 027(73) 

11 

.68603 698 (0: S ) 

.75269 437(02) 

.80948 528(25) 

.86666 398(72) 

12 

.60680 278(23) 

.67902 905(67) 

.74397 976(03) 

.80013 721(78) 

13 

.52652 362(26) 

.60229 793(88) 

.67275 778(02) 

.73618 603(49) 

14 

.44971 105(59) 

.62662 912(96) 

.59871 383(57) 

.66710 193(89) 

15 

.37815 469(44) 

.45141 720(81) 

.52463 852(65) 

.59548 164(24) 

16 

.31837 429(98) 

.38205 162(82) 

.46296 084(21) 

.62388 487(84) 

17 

,125617 786(12) 

.31886 440(74) 

.38559 710(17) 

.46436 611(66) 

18 

.20678 083(99) 

.26266 656(05) 

,32389 696(44) 

.38884 087(72) 

19 

,16494 924(43) 

.21373 388(26) 

.26866 318(18) 

.32853 216(35) 

20 

.13014 142(10) 

.17193 268(88) 

.22022 064(68) 

.27422 926(67) 

21 

.10163 250(05) 

.18682 931(99) 

.17861 067(49) 

.22629 029(06) 

22 

.07861 437(21) 

.10780 390(86) 

.14319 153(47) 

.18471 903(57) 

23 

.06026 972(28) 

.08413 984(45) 

.11373 460(53) 

.14926 066(84) 

24 

.04582 230(72) 

.06509 348(69) 

.08960 449(75) 

.11943 497(03) 

25 

.03456 739(39) 

.04994 343(75) 

.06982 646(38) 

.09470 961(38) 

26 

.02588 691(53) 

.03802 267(61) 

.06402 824(82) 

.07446 063(08) 

27 

.01925 362(03) 

.02873 644(02) 

.04148 315(34) 

.06806 790(06) 

28 

.01422 795(80) 

.02166 902(04) 

.03161 977(49) 

.04493 819(83) 

29 

.01045 035(87) 

.01608 463(16) 

.02393 612(18) 

.03462 612(06) 

80 

1 .00763 189(92) 

.01192 148(60) 

.01800 219(20) 

.02684 606(73) 

40 

.00025 512(04) 

.00046 339(40) 

.00077 868(80) 

.00129 409(44) 

50 

.00000 610(63) 

.00001 204(12) 

.00002 292(48) 

.00004 224(03) 

60 li 

.00000 018(95) 

.00000 026(22) 

.00000 069(65) 

.00000 105(09) 

70 ii 

.00000 000(19) 

.00000 000(37) 

.00000 001(00) 

.00000 002(16) 
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VALUES OF THE PEARSON PROBABILITY, P 



n = 19 

o 

(M 

II 

i 

j n = 

= 21 

n = 

= 22 

1 

.99999 999(66) 

.99999 999(92) 

.99999 

999(98) 

.99999 

999(99) 

2 

.99999 887(48) 

.99999 964(16) 

.99999 

988(85) 

,99999 

996(61) 

8 

.99997 226(42) 

.99998 920(94) 

.99999 

590(25) 

.99999 

847(96) 

4 

.99976 255(27) 

.99989 866(96) 

.99995 

350(19) 

.99998 

012(83) 

5 

.99885 974(71) 

.99943 096(32) 

.99972 

264(79) 

.99986 

783(88) 

6 

.99619 700(81) 

.99792 845(61) 

.99889 

751(20) 

.09942 

618(03) 

7 

.99012 634(23) 

.99421 325(85) 

.99668 

505(61) 

.99814 

223(22) 

8 

.97863 656(53) 

.98667 098(89) 

.99186 

775(69) 

.99514 

434(45) 

9 

.96974 268(74) 

.97347 939(46) 

.98290 

726(70) 

.98921 

404(61) 

10 

.93190 636(53) 

.95294 578(77) 

,96817 

194(28) 

,97891 

184(58) 

11 

.89435 667(78) 

.92383 844(53) 

.94622 

253(05) 

.96278 

681(57) 

12 

.84723 749(38) 

.88662 533(15) 

.91607 

598(28) 

.93961 

782(44) 

13 

.79157 303(33) 

.83857 104(69) 

.87738 

404(94) 

.90862 

395(00) 

14 

.72909 126(79) 

.78369 131(12) 

.83049 

593(74) 

.86059 

927(03) 

15 

.66196 711(92) 

.72259 731(97) 

.77640 

761(31) 

.82295 

180(17) 

16 

.59254 738(44) 

.65727 793(65) 

.71662 

431(09) 

.76965 

103(81) 

17 

.52310 504(49) 

.58986 782(45) 

.65297 

365(78) 

.71110 

620(38) 

18 

.45565 260(45) 

.52243 827(24) 

.58740 

824(45) 

.64900 

422(58) 

19 

.39182 348(26) 

.45683 612(43) 

.52182 

602(24) 

.58514 

008(51) 

20 

.38281 967(91) 

.39457 818(17) 

.45792 

971 (48) 

.52126 

125(02) 

21 

.27941 304(74) 

.33680 090(00) 

.39713 

259(87) 

.45894 

420(52) 

22 

.23198 513(32) 

.28425 625(90) 

.34051 

068(25) 

.39950 

988(60) 

23 

.19059 013(01) 

.23734 178(30) 

.28879 

453 (95) 

.34397 

839(55) 

24 

.15502 778(29) 

.19615 285(87) 

.24289 

216 (34) 

.29305 

853(34) 

25 

.12491 619(79) 

.16054 222(60) 

.20143 

110(65) 

.24716 

408(41) 

26 

.09975 791(41) 

.13018 901(46) 

.16581 

187(60) 

.20644 

904(49) 

27 

.07899 549(06) 

,10465 316(12) 

.13526 

399(63) 

.17085 

326(84) 

28 

,06205 545(45) 

.08342 860(90) 

.10939 

984(50) 

.14016 

131(95) 

29 

.04837 906(72) 

.06598 513(15) 

.08775 

938(83) 

.11400 

151(65) 

30 

.03744 649(10) 

.05179 844(62) 

.06985 

365(61) 

.09198 

799(17) 

40 

.00208 725(70) 

.00327 221(30) 

.00499 

541(03) 

.00743 

667(32) 

50 

.00007 548(26) 

.00013 106(12) 

,00022 

147(66) 

.00036 

480(05) 

60 

.00000 211(82) 

.00000 386(98) 

.00000 

719(39) 

.00001 

277(17) 

70 

.00000 004(52) 

.00000 009(19) 

.00000 

018(21) 

.00000 

035(14) 
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TABLE VIII 


VALUES OP THE PEARSON PROBABILITY, P 



00 

II 

s 

« = 24 

n = 25 

= 26 

1 

.99999 999(99) 

.99999 999(99) 

.99999 999(99) 

.99999 999(99) 

2 

.99999 998(99) 

.99999 999(70) 

.99999 999(91) 

.99999 999(97) 

S 

.99999 944(83) 

.99999 980(39) 

.99999 993(18) 

.99999 997(66) 

4 

.99999 169(18) 

.99999 659(85) 

.99999 863(64) 

.99999 946(29) 

5 

.99993 837(31) 

.99997 185(62) 

.99998 740(15) 

.99999 446(87) 

0 

.99970 766(32) 

.99985 410(16) 

.99992 861(36) 

.99996 573(32) 

7 

.99898 060(60) 

.99945 189(02) 

.99971 100(82) 

.99985 048(17) 

8 

.99716 023(36) 

.99837 228(95) 

.99908 477(06) 

.99949 505(30) 

9 

.99333 132(78) 

.99695 746(68) 

.99759 571(63) 

.99859 619(71) 

10 

.98630 473(16) 

.99127 663(54) 

.99454 690(82) 

.99665 263(08) 

11 

.97474 874(95) 

.98318 834(31) 

.98901 185(90) 

.99294 559(53) 

12 

.95737 907(62) 

.97047 067(75) 

.97990 803(63) 

.98656 781(82) 

13 

.98316 120(99) 

.95199 003(28) 

.96612 044(11) 

.97650 129(70) 

14 

.90147 920(61) 

.92687 124(27) 

.94665 037(70) 

.96173 244(31) 

15 

.86223 798(36) 

.89463 357(45) 

.92075 869(07) 

.94138 255(68) 

16 

.81588 585(21) 

.86526 863(92) 

.88807 606(39) 

.91482 870(95) 

17 

.76386 197(88) 

.80926 156(83) 

.84866 204(50) 

.88179 377(69) 

18 

.70598 832(06) 

.75748 932(86) 

.80300 838(29) 

.84239 071(84) 

19 

.64532 848(52) 

.70122 462(06) 

.75198 960(99) 

.79712 054(12) 

20 

.58303 975(06) 

.64191 179(15) 

.69677 614(68) 

.74682 530(56) 

21 

.52073 812(75) 

.68108 751(03) 

.63872 522(33) 

.69260 965(84) 

22 

.45988 878(67) 

.62026 178(10) 

.57926 689(09) 

.63574 402(83) 

23 

.40172 961(04) 

.46077 087(67) 

.51979 809(34) 

.67756 335(59) 

24 

.34722 942(00) 

.40380 844(66) 

.46159 738(63) 

.51937 357(32) 

25 

.29707 473(13) 

.36028 534(37) 

.40576 068(10) 

.46237 366(94) 

26 

.25168 202(65) 

.30086 622(54) 

.35316 493(16) 

.40759 869(02) 

27 

.21122 647(90) 

.26696 769(19) 

.30445 316(24) 

.35588 462(88) 

28 

.17568 199(16) 

.21578 160(01) 

.26004 108(74) 

.30785 824(61) 

29 

.14486 085(38) 

.18030 986(77) 

.22013 096(75) 

.26391 602(70) 

30 

.11846 440(38) 

.14940 162(81) 

.18475 178(70) 

.22428 897(99) 

40 

.01081 171(68) 

.01536 897(83) 

.02138 681(95) 

.02916 429(15) 

50 

.00058 646(16) 

.00092 132(26) 

.00141 597(128) 

.00213 115(34) 

60 

.00002 242(10) 

.00003 820(56) 

.0-0006 394(92) 

.00010 455(49) 

70 

.00000 066(14) 

.00000 121(61) 

.00000 218(65) 

.00000 384(79) ' 
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VALUES OP THE PEAESON PROBABILITY, P 



w = 27 

n = 28 

n = 29 

?i = 30 

1 

.99999 999(99) 

.99999 999(99) 

.99999 999(99) 

.99999 999(99) 

2 

.99999 999(99) 

.99999 999(99) 

.99999 999(99) 

.99999 999(99) 

3 

.99999 999(22) 

.99999 999(74) 

.99999 999(92) 

.99999 999(97) 

4 

.99999 979(27) 

.99999 992(12) 

.99999 997(07) 

.99999 998(91) 

5 

.99999 771(58) 

.99999 899(18) 

.99999 968(01) 

.99999 982(88) 

6 

.99998 385(11) 

.99999 252(42) 

.99999 659(82) 

.99999 847(85) 

7 

.99992 404(22) 

.99996 208(73) 

.99998 139(75) 

.99999 102(21) 

8 

.99972 628(29) 

.99985 483(73) 

.99992 367(13) 

.99996 079(19) 

9 

.99919 486(20) 

.99964 613(99) 

.99974 841(25) 

.99986 278(76) 

10 

.99798 114(86) 

.99880 302(90) 

.99930 201(01) 

.99959 947(28) 

11 

.99554 911(76) 

.99723 878(63) 

.99831 488(07) 

.99898 786(41) 

12 

.99117 251(63) 

.99429 444(57) 

.99637 150(71) 

.99772 850(24) 

18 

.98897 835(80) 

.98924 715(43) 

.99289 981(64) 

.99588 404(86) 

14 

.97300 022(67) 

.98125 471(64) 

.98718 860(74) 

.99137 737(52) 

15 

.95733 413(26) 

.96943 194(61) 

.97843 534(91) 

.98501 494(02) 

16 

.93620 287(18) 

.96294 716(46) 

.96581 936(89) 

.97663 686(27) 

17 

1 .90908 299(53) 

.93112 248(64) ! 

.94858 895(54) 

.96218 180(19) 

18 

.87577 342(96) 

.90361 971(04) ! 

.92614 923(12) 

.94427 287(61) 

19 

.83642 970(66) 

.87000 144(09) 

.89813 593(12) 

.92128 799(99) 

20 

.79155 647(69) 

.83075 611(69) 

.86446 442(32) 

.89292 708(80) 

21 

1 .74196 393(21) 

78628 826(28) 

.82534 904(31) 

.86914 939(95) 

22 

1 .68869 681(98) 

.73737 720(58) 

,78129 137(50) 

.82018 942(46) 

23 

.63294 705(64) 

.68501 243(77) 

.73304 036(98) 

.77664 813(69) 

24 

.57596 525(26) 

.68031 609(48) 

.68153 563(69) 

.72893 166(96) 

25 

.51897 521(19) 

.57446 199(50) 

.62783 533(79) 

.67824 748(16) 

26 

,46310 474(55) 

.51860 046(36) 

.57304 455(93) 

.62549 104(05) 

27 

.40933 318(11) 

.46879 491(03) 

.51824 704(67) 

.67170 519(67) 

28 

.35846 003(25) 

.41097 348(97) 

.46444 966(56) 

.61791 300(14) 

29 

.31108 235(48) 

.36089 918(82) 

.41252 813(30) 

.46506 627(69) 

30 

.26761 101(60) 

.31415 380(21) 

.36321 781(87) 

.41400 360(46) 

40 

.03901 199(08) 

.06123 679(26) 

.06612 763(88) 

.08393 679(44) 

50 

.00314 412(10) 

.00455 081(48) 

! .00646 748(31) 

.00903 166(94) 

60 

.00016 776(98) 

.00026 379(32) 

1 .00040 735(59) 

.00061 766(60) 

70 

.00000 663(45) 

.00001 121(69) 

1 .00001 861(00) 
i 

.00003 082(18) 
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TABLE IX 

COEFFICIENTS FOE FITTING STRAIGHT LINES TO DATA 

(The numbers in parentheses denote the number of ciphers between the 
decimal point and the first significant figure.) 


p 

A 

B 

c 

2 

5.000 0000 000 

- S.OOO 0000 009 

2.000 0000 000 

3 

2.333 3333 333 

^ 1.000 0000 000 

.500 0000 OOO 

4 

1.500 0000 000 

- .5000 0000 000 

.200 0000 000 

5 

1.100 0000 000 

.300 0000 000 

.100 0000 000 

6 

.866 6666 667 

.200 0000 000 

.(1) 671 4285 714 

7 

.714 2857 143 

.142 8571 429 

.(1) 357 1428 671 

8 

.607 1428 571 

.107 1428 571 

.(1) 238 0952 881 

9 

.527 7777 778 

^.(1) 883 3333 333 

.(1) 166 6666 667 

10 

.466 6666 667 

-.(1) 666 6666 667 

.(1) 121 2121 212 

11 

.418 1818 182 

-.(1) 545 4545 456 

.(2) 909 0909 091 

12 

.378 7878 788 

^.(1) 454 5454 545 

.(2) 699 3006 993 

13 

.346 1538 462 

-.(1) 384 6163 846 

.(2) 649 4605 495 

14 

.318 6813 187 

-.(1) 329 6703 297 

.(2) 489 5604 396 

15 

.295 2380 952 

-.(1) 285 7142 867 

.(2) 367 1428 571 

16 

.275 0000 000 

-.(1) 250 0000 000 

.(2) 294 1176 471 

17 

.257 3529 412 

-.(1) 220 6882 353 

.(2) 245 0980 392 

18 

.241 8300 654 

-.(1) 196 0784 314 

.(2) 206 8983 488 

19 

.228 0701 754 

-.(1) 175 4386 965 

.(2) 176 4385 966 

20 

.216 7894 737 

-.(1) 157 8947 368 

.(2) 150 3759 398 

21 

.204 7619 048 

-.(1) 142 8571 429 

.(2) 129 8701 299 

22 

.194 8061 948 

-.(1) 129 8701 299 

.(2) 112 9306 477 

23 

.185 7707 510 

-.(1) 118 5770 751 

.(8) 988 1422 925 

24 

.177 5862 819 

-.(1) 108 6966 522 

.(8) 869 5652 174 

25 

.170 0000 000 

-.(1) 100 0000 000 

.(3) 769 2307 692 

26 

.163 0769 231 

-.(2) 923 0769 231 

.(3) 683 7606 838 

27 

.156 6951 567 

-.(2) 854 7008 547 

.(3) 610 5006 105 

28 

.150 7936 508 

-.(2) 793 6607 937 

.(3) 547 8453 749 

29 

.145 3201 970 

-.(2) 738 9162 562 

.(3) 492 6108 374 

30 

.140 2298 851 

-.(2) 689 6551 724 

.(3) 444 9388 209 

31 

.135 4838 710 

-.(2) 645 1612 90S 

i .(3) 403 2268 065 

32 

.131 0483 871 

-.(2) 604 8387 097 

.(3) 366 6689 160 

33 

.126 8939 394 

-.(2) 568 1818 182 

.(3) 334 2245 989 

34 

.122 9946 624 

-.(2) 534 7693 583 

.(8) 306 5767 762 

35 

.119 3277 311 

-.(2) 604 2016 807 

.(3) 280 1120 448 

36 

.115 8730 159 

-.(2) 476 1904 762 

.(3) 257 4002 574 

37 

.112 6126 126 

-.(2) 450 4504 605 

.(3) 237 0791 844 

38 

.109 5305 832 

-.(2) 426 7425 320 

.(3) 218 8423 241 

39 

.106 6126 856 

-%(2) 404 8682 996 

.(3) 202 4291 498 

40 

.103 8461 588 

-.(2) 884 6163 846 

.(3) 187 6172 608 

41 

.101 2195 122 

-.(2) 365 8536 685 

.(3) 174 2160 279 

42 

,(1) 987 2241 580 

-.(2) 348 4320 657 

.(3) 162 0614 213 

43 

.(1) 968 4651 495 

-.(2) 332 2269 136 

.(3) 161 0117 789 

44 

.(1) 940 8033 827 

-.(2) 317 1247 357 

.(3) 140 9443 270 

46 

.(1) 919 1919 192 

-.(2) 303 0303 080 

.(3) 131 7623 057 

46 

.(1) 898 5507 246 

-.(2) 289 8560 726 

.(3) 123 3425 840 

47 

.(1) 878 8169 112 

-.(2) 277 5208 141 

.(3) llS 6336 725 

48 

.(1) 869 9290 780 

-%(2) 265 9574 468 

.(3) 108 5640 699 

49 

.(IhSil 8367 347 

-.(2) 255 1020 408 

.(3) 102 0408 163 

60 

.(1) 824 4897 959 

-.(2) 244 8979 592 

.(4) 960 8841 537 




TABLE X 
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COEFFICIENTS FOR FITTING STRAIGHT LINES TO DATA 
(The niimbers in parentheses denote the number of ciphers between the 
decimal point and the first significant figure.) 


P : 


A 



B 

i 

1 

i 


c 


" ' 1' 

51 1 

.(1) 

807 

8431 

373 

-.(2) 

235 2941 

176 

.( 4 ) 

904 9773 

756 

52 ! 

.(1) 

791 

8552 

036 i 

-.(2) 

226 2443 

439 

■ ( 4 ) 

853 7522 

411 

53 1 

.(1) 

776 

4876 

633 ; 

-.(2) 

217 7068 

215 

.( 4 ) 

806 3215 

610 

54 i 

.(1) 

761 

7051 

013 ; 

-.(2) 

209 6436 

059 

.( 4 ) 

762 3403 

843 

56 1 

.(1) 

747 

4747 

475 ; 

-.(2) 

202 0202 

020 

.( 4 ) 

721 5007 

215 

56 1 

■(1) 

733 

7662 

338 1 

-.(2) 

194 8051 

948 

.( 4 ) 

683 5269 

993 

57 ; 

.(1) 

720 

5513 

784 1 

-(2) 

187 9699 

248 

.( 4 ) 

648 1721 

545 

58 ' 

.(1) 

707 

8039 

927 1 

-.(2) 

181 4882 

033 

.( 4 ) 

615 2142 

484 

59 : 

.(1) 

695 

4997 

078 1 

-.(2) 

175 3360 

608 

.( 4 ) 

584 4585 

359 

60 ; 

.(1) 

683 

6158 

192 1 

-.(2) 

169 4915 

254 

.( 4 ) 

656 7099 

194 

61 

.(1) 

672 

1311 

475 

-.(2) 

163 9344 

262 

.( 4 ) 

528 8207 

298 

62 ; 

.(1) 

661 

0259 

122 

-.(2) 

158 6462 

189 

.( 4 ) 

503 6387 

903 

63 i 

.(1) 

650 

2816 

180 

-.(2) 

153 6098 

310 

.( 4 ) 

480 0307 

220 

64 ; 

.(1) 

639 

8809 

524 

-.(2) 

148 8095 

238 

.(4) 

457 8754 

579 

65 i 

.(1) 

629 

8076 

923 

-.(2) 

144 2307 

692 

.(4) 

437 0629 

371 

66 

.(1) 

620 

0466 

200 

-.(2) 

139 8601 

399 

.(4) 

417 4929 

548 

67 

.(1) 

610 

5834 

464 

-.(2) 

135 6852 

103 

.(4) 

399 0741 

480 

68 

.(1) 

601 

4047 

410 1 

~.(2) 

131 6944 

688 

• (4) 

881 7230 

981 

69 

.(1) 

592 

4978 

687 ! 

-(2) 

127 8772 

379 

.(4) 

365 3635 

367 

70 

.(1) 

583 

8509 

317 

-.(2) 

124 2236 

025 

.*(4) 

349 9256 

408 

71 

.(1) 

575 

4527 

163 

-.(2) 

120 7243 

461 

.(4) 

835 3454 

058 

72 

.(1) 

567 

2926 

448 

-.(2) 

117 3708 

920 

.(4) 

321 5640 

877 

73 

.(1) 

559 

3607 

306 

-(2) 

114 1552 

511 1 

.(4) 

808 5277 

058 

74 

.(1) 

551 

6475 

379 

-.(2) 

111 0699 

741 

.(4) 

296 1865 

976 

75 

.(1) 

544 

1441 

441 1 

-.(2) 

108 1081 

081 ! 

.(4) 

284 4950 

213 

76 

.(1) 

536 

8421 

053 ! 

[ -.(2) 

105 2631 

579 ; 

.(4) 

273 4107 

997 

77 

.(1) 

529 

7334 

245 ' 

-.(2) 

102 5290 

499 1 

.(4) 

262 8949 

997 

78 

.(1) 

522 

8105 

228 

-.(3) 

999 0009 

990 1 

.(4) 

252 9116 

458 

79 

.{!) 

516 

0662 

123 

i -.(S) 

973 7098 

345 ' 


243 4274 

686 

80 

.(1) 

509 

4936 

709 

, -( 3 ) 

949 3070 

886 

i .(4) 

234 4116 

268 

81 : 

.(1) 

503 

0864 

198 

1 -.( 3 ) 

925 9259 

259 

1 .(4) 

225 8355 

917 1 

82 

i .(1) 

496 

8383 

017 

: -.( 3 ) 

903 3423 

668 

i .( 4 ) 

217 6728 

596 

83 

i .(1) 

490 

7434 

617 

: -.( 3 ) 

881 5750 

808 

.(4) 

209 8988 

288 

84 

■ 41) 

484 

7963 

282 

'! -.( 3 ) 

860 5851 

979 

.( 4 ) 

202 4906 

848 

85 

41 ) 

478 

9915 

966 

! -.( 3 ) 

840 3361 

345 

.( 4 ) 

195 4270 

080 

86 

i 41) 

473 

3242 

134 

i -.( 3 ) 

820 7934 

337 

.( 4 > 

188 6881 

457 

87 

I 41 ) 

467 

7893 

611 

; -.( 3 ) 

801 9246 

191 

.( 4 ) 

182 2555 

952 

88 

! 41 ) 

462 

3824 

451 

-.( 3 ) 

783 6990 

596 

.(4) 

176 1121 

482 

89 

1 41) 

457 

0990 

807 

1 -( 3 ) 

766 0878 

447 

.( 4 ) 

170 2417 

433 

90 

1 41 ) 

451 

9350 

811 

; -.( 8 ) 

749 0636 

704 

.( 4 ) 

164 6293 

781 

91 

41 ) 

446 

i 8864 

469 

-.( 3 ) 

732 6007 

326 

.( 4 ) 

159 2610 

1 288 

92 

41 ) 

441 

. 9493 

550 

-.(3) 

716 6746 

297 

.(4) 

154 1235 

1 763 

93 

41 ) 

437 

' 1201 

496 

-.( 3 ) 

701 2622 

: 721 


149 2047 

’ 887 

94 

41 ) 

482 

5 3953 

329 

-.( 3 ) 

686 3417 

982 

.( 4 ) 

144 4930 103 | 

95 

: 41 ) 

427 7715 

566 

-.(3) 

671 8924 

: 972 

.(4) 

139 977€ 

036 

96 

! 41 ) 

42S 

2456 

140 

-.(3) 

657 8947 

' 368 

.( 4 ) 

135 648S 

993 

97 

! 41 ) 

418 8144 

330 

1 -( 3 ) 

644 3298 

i 969 

.( 4 ) 

131 4958 973 

98 

! 41 ) 

414 4750 

681 

-( 3 ) 

631 1803 

: 072 

.( 4 ) 

127 6111 732 

99 

i 41 ) 

410 2246 

959 

-.( 3 ) 

618 4291 

. 899 

.( 4 ) 

123 6868 380 

100 

1 .(1) 

406 0606 

: 061 

-.( 3 ) 

606 0606 061 

•( 4 ) 

120 0120 012 
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TABLE X 


COEFFICIENTS FOR FITTING PARABOLAS TO BATA 

(The numbers in parentheses denote the number of ciphers between the 
decimal point and the first significant figure,) 


p 

A i 

1 

^ ’ 

1 

C 

3 

! 

19.000 0000 00 i 

- 21.000 0000 000 

5.000 0000 000 

4 

7.750 0000 00 1 

~ 6.750 0000 000 

1.250 0000 000 

5 

4.600 0000 00 : 

- 3.300 0000 000 

.500 0000 000 

6 

3.200 0000 00 

- 1.950 0000 000 

.250 0000 000 

7 

2.428 5714 29 i 

- 1.285 7142 860 

.142 8571 429 

8 

1.946 4285 71 i 

- .910 7142 857 

.(1)892 8571 429 

9 

1.619 0476 19 1 

- .678 5714 286 

.(1)595 2380 962 

10 

1.383 3333 33 

~ .525 0000 000 

.(1)416 6666 667 

11 

. 1.206 0606 061 

^ .418 1818 182 

.(1)303 0303 030 

12 

1.068 1818 182 i 

- ,340 9090 909 

.(1)227 2727 273 

13 

.958 0419 580 

~ .283 2167 832 

.(1)174 8251 748 

14 

.868 1818 681 

- .239 0109 890 

.(1)137 3626 874 

15 

.793 4065 934 

~ .204 8956 044 

.(1)109 8901 099 

16 

.730 3571 429 

- .176 7857 143 

.(2)892 8671 429 

17 

.676 4705 882 

- .154 4117 647 

.(2)735 2941 176 

18 

.629 9019 608 

- .136 0294 118 

.(2)612 7460 980 

19 

.589 2672 859 

- .120 7430 341 

.(2)516 9958 720 

20 

.553 5087 719 

- .107 8947 368 

.(2)438 5964 912 

21 

.521 8045 113 

-.(1)969 9248 120 

.(2)375 9398 496 

22 

.493 5064 935 

-.(1)876 62SS 766 

.{2)324 6753 247 

23 

.468 0971 203 

-.(1)796 1603 614 

.(2)282 8263 693 

24 

.445 1581 028 

-.(1)726 2846 850 

.(2)247 0355 731 

25 

.424 3478 261 

-.(1)665 2173 913 

.(2)217 3913 043 

26 

.405 3846 154 

1 -.(1)611 5384 615 

.(2)192 8076 923 

27 

.388 0341 880 

i -.(1)564 1025 641 

.(2)170 9401 709 

28 

.372 1001 221 

! -.(1)521 9780 220 

.{2)152 6251 526 

29 

.357 4165 298 

-.(1)484 4006 568 

.(2)136 8363 487 

30 

.343 8423 645 

-.(1)450 7389 163 

.(2)123 1527 094 

31 

.381 2569 522 

-.(1)420 4671 857 

.(2)111 2347 052 

32 

.319 5564 516 

! -.(1)393 1451 613 

.(2)100 8064 616 

33 

.308 6510 264 

1 -.(1)368 4017 595 

.(3)916 4222 874 

34 

.298 4625 668 

1 -.(1)345 9224 599 

.(3)835 5614 973 

35 

.288 9228 419 

1 -.(1)325 4392 666 

.(3)763 9419 404 

36 

.279 9719 888 

-.(1)306 7226 891 

.(3)700 2801 120 

37 

.271 5572 716 

-.(1)289 5752 896 

.(3)643 5006 435 

38 

,263 6320 531 

-.(1)273 8264 580 

.(3)592 6979 611 

39 

.256 1549 404 

i -.(1)259 3281 541 

.(3)547 1058 103 

40 

,249 0890 688 

1 -.(1)245 9514 170 

.(3)606 0728 745 

41 

.242 4015 009 

-.(1)233 5834 897 

.(3)469 0431 520 

42 

.236 0627 178 

-.(1)222 1254 355 

.(3)435 6400 697 

43 

.230 0461 874 

-.(1)211 4901 548 

.(3)405 1535 532 

44 

.224 3279 976 

-,(1)201 6007 248 

.(8)377 5294 473 

45 

.218 8865 398 

-.(1)192 3890 063 

.(3)352 3608 175 

46 

.213 7022 398 

-.(1)183 7944 664 

.(3)329 3807 642 

47 

.208 7573 235 

-.{1)175 7631 822 

.(3)308 3564 601 

48 

.204 0356 152 

-.(1)168 2469 935 

.(3)289 0841 813 

49 

.199 5223 621 

-.(1)161 2027 790 

.(3)271 3851 498 

50 

.195 2040 816 

-.(1)154 5918 367 

1 

.(3)255 1020 408 



TABLE XI 
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COEFFICIENTS FOE PITTING PARABOLAS TO BATA 

(The numbers in parentheses denote the number of ciphers between the 
decimal point and the first significant figure.) 


p 

D 

E 

F 

3 

24.500 0000 000 

- 6.000 0000 ODD 

1.600 0000 000 

4 

6.460 0000 000 

- 1.250 0000 OOO : 

.260 0000 OOO 

5 

2.671 4285 710 

- .428 5714 286 j 

.(1)714 2857 143 

6 

1.369 6428 570 

- .187 5000 OOO 

.(1)267 8571 429 

7 

.797 6190 476 

-,(1)952 3809 524 1 

.(1)119 0476 190 

8 

.505 9523 810 

-.(1)535 7142 857 i 

.(2)595 2880 952 

9 

.341 3419 913 

-.(1)324 6763 247 I 

.(2)324 6753 247 

10 

.241 2878 788 

-.(1)208 3333 333 

.(2)189 8939 394 

11 

.176 9230 7G9 

-.(1)139 8601 399 

.(2)116 5501 166 

12 

.133 6163 836 

-.(2)974 0259 740 

.(3)749 2507 493 

13 

.103 3966 034 

-.(2)699 3006 993 ^ 

.(3)499 5004 995 

14 

.(1)816 6208 791 

-.(2)515 1098 901 ! 

.(3)843 4065 934 

15 

.(1)656 2702 004 

-.(2)387 8474 467 ; 

.(3)242 4046 542 

16 

.(1)535 3641 457 , 

-.(2)297 6190 476 1 

.(3)175- 0700 280 

17 

.(1)442 4664 603 i 

-.(2)232 1981 424 i 

.(3)128 9989 680 

18 

.(1)369 9045 408 ! 

-.(2)183 8285 294 i 

.(4)967 4922 601 

19 

.(1)312 3986 437 , 

-.(2)147 4273 920 j 

.(4)737 1369 600 

20 

.(1)266 2337 662 

-.(2)119 6172 249 i 

.(4)669 6058 328 

21 

.(1)228 7437 962 1 

-.(3)980 7126 512 ! 

.(4)445 7784 778 

22 

.(1)197 9813 665 1 

-.(3)811 6883 117 ! 

.(4)352 9079 616 

23 

.(1)172 5014 im , 

-.(3)677 5832 863 ! 

.(4)282 3263 693 

24 

.(1)151 2161 751 1 

-.(3)570 0820 918 ^ 

.(4)228 0328 367 

25 

.(1)133 2961 724 

-.(3)483 0917 874 , 

.(4)185 8045 336 

26 

.(1)118 1013 431 

-.(3)412 0879 121 ' 

.(4)152 6251 526 

27 

.(1)105 1324 155 

-.(3)353 6693 192 i 

.(4)126 3104 711 

28 

.(2)939 9604 227 

-.(3)805 2503 053 . 

.(4)105 2587 260 

29 

.(2)843 7946 925 

-.(3)264 8445 363 1 

.(6)882 8151 209 

30 * 

.(2)760 3190 052 

-.(3)230 9113 301 : 

.(5)744 8762 682 

31 

.(2)687 5063 202 * 

-.(3)202 2449 186 ' 

.(5)682 0153 706 

32 

.(2)623 7062 274 

-.(3)177 8937 381 

.(6)639 0719 338 

33 

! .(2)667 5657 360 

-.(3)157 1009 636 

.(5)462 0616 676 

34 

.(2)517 9685 511 

-.{3)139 2602 496 

.(5)397 8864 273 

35 

.(2)478 9881 210 

-.(3)123 8824 768 

.(5)344 1179 912 

36 < 

.(2)434 8510 386 

-.(3)110 5705 440 

i .(6)298 8398 081 

37 

.(2)399 9082 946 

-.(4)990 0009 900 

.(5)260 6265 763 

38 

.(2)368 6125 397 

-.(4)889 0469 417 

.(5)227 9607 643 

39 

.(2)340 4999 746 

-.(4)800 6426 492 

.(5)200 1606 623 

40 

.(2)315 1758 383 

-.(4)722 9612 493 

.(6)176 3320 120 

41 

.(2)292 3027 058 

-.(4)654 4788 167 

.(5)165 8282 897 

42 

.(2)271 5910 012 

-.(4)593 9182 768 

.(5)138 1206 296 

43 

.(2)252 7912 624 

1 -.{4)540 2047 376 

.(5)122 7738 040 

44 

.(2)235 6878 040 

1 -.(4)492 4297 139 

.(6)109 4288 253 

45 

.(2)220 0934 979 

: -.(4)449 8223 202 

.(6)977 8746 091 

46 

.(2)205 8454 573 

-.(4)411 7259 552 

.(6)876 0126 706 

47 

.(2)192 8014 499 

-.(4)377 5793 389 

.(6)786 6236 226 

48 

.(2)180 8369 046 

-.(4)846 9010 176 

.(6)707 9612 604 

49 

.(2)169 8424 050 

-.(4)319 2766 468 

.(6)638 5682 987 

50 

.(2)159 7215 809 

1 -.{4)294 3485 086 

! 

.(6)577 1589 385 
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TABLE XI 


Values of Area l^it) Under ‘^Student^s” Frequency Curve 


t 

n = 1 

n=:2 

71 = Z 

71 =: 4 

n — 5 

,1 

.03172 552 

.03526 728 

.03667 383 

.03742 208 

.03788 487 

,2 

.06283 296 

.07001 400 

.07286 484 

.07488 149 

.07531 974 

.3 

.09277 358 

.10375 717 

.10811 835 

.11043 929 

.11187 548 

,4 

.12111 894 

.18608 276 

.14203 242 

.14520 137 

.14716 344 

.5 

.14758 362 

.16666 667 

.17427 602 

.17833 502 

.18085 056 

.6 

.17202 087 

.19528 337 

.20459 940 

.20957 942 

.21266 986 

.7 

.19440 011 

.22180 349 

.23283 650 

.23874 992 

.24242 553 

.8 

.21477 671 

.24618 298 

.26890 052 

.26573 643 

.26999 297 

.9 

.23326 229 

.26844 749 

.28277 448 

.29049 724 

.29531 440 

1.0 

,25000 000 

,28867 514 

.30449 889 

.31304 952 

.31839 127 

1.1 

.26514 617 

.30698 006 

.32415 840 

.83345 818 

.33927 459 

1.2 

.27885 794 

.32349 832 

.34186 894 

.35182 430 

.35805 447 

1.3 

.29128 560 

.33837 648 

.35776 624 

.36827 420 

.37484 968 

1.4 

.30256 846 

.36176 324 

.37199 633 

.38294 969 

.38979 806 

1.5 

.31283 296 

.36380 344 

.38470 807 

.39600 000 

.40304 816 

1.6 

.32219 232 

.37463 432 

.39604 762 

.40757 548 

.41475 238 

1.7 

.33074 697 

.38438 329 

,40615 468 

.41782 253 

.42506 161 

1.8 

.33858 553 

,39316 683 

.41516 004 

.42688 081 

.43412 121 

1.9 

.34578 589 

.40109 031 

.42318 423 

,43488 057 

.44206 835 

2.0 

.35241 638 

.40824 829 

.43033 702 

.44194 174 

.44903 026 

2.1 

.35853 697 

.41472 507 

.43671 740 

.44817 336 

.45512 338 

2.2 

.36420 025 

.42059 551 

.44241 402 

.45367 366 

.46045 305 

2.3 

.36945 241 

.42592 593 

.44760 682 

.45853 048 

.46511 377 

2.4 

.37433 408 

.43077 489 

.45206 276 

.46282 184 

.46918 960 

2.5 

.37888 106 

.43519 414 

.45614 668 

.46661 673 

.47275 495 

2.6 

.38312 494 

.43922 930 

.45981 209 

.46997 593 

.47587 527 

2.7 

.38709 368 

.44292 063 

.46310 698 

.47295 284 

.47860 797 

2.8 

.39081 209 

.44630 870 

.46607 355 

.47559 422 

.48100 319 

2.9 

.39430 219 

.44940 990 

.46874 888 

.47794 103 

.48310 465 

3.0 

.39758 362 

.452i26 702 

.47116 556 

.48002 902 

.48495 038 

3.1 

.40067 391 

.45489 963 

.47335 223 

.48188 944 

.48657 341 

3.2 

.40358 875 

.45732 956 

.47533 408 

.48354 960 

.48800 241 

3.3 

.40634 223 

.45957 615 

.47713 327 

.48503 329 

.48926 225 

3.4 

.40894 700 

.46165 663 

.47876 934 

.48636 134 

.49037 448 

3.5 

.41141 447 

.46358 632 

.48025 948 

1 

.48755 192 

.49135 778 

1 

8.6 

.41375 494 

.46537 892 

1 .48161 890 

.48862 093 

i .49222 837 

3.7 

.41597 774 

, .46704 665 

.48286 101 

.48958 229 

1 .49300 030 

3.8 

.41809 132 

i .46860 044 

1 .48399 771 

.49044 817 

1 .49368 576 

3.9 

.42010 336 

.47005 013 

.48503 951 

;M22W7 

.49429 535 

4.0 

: .42202 087 

.47140 452 

.48599 677 

.49193 495 

,49483 829 

4.1 

1 .42385 022 

.47267 155 

.48687 479 

.49257 348 : 

.49532 259 

4.2 

.42559 723 

.47385 837 1 

,48768 396 

.49315 209 ^ 

.49575 522 

4.3 

.42726 726 

.47497 142 

.48842 987 

.49367 719 

.49614 228 

4,4 

.42886 519 

.47601 655 

.48911 839 

.49415 441 

.49648 906 

4.5 

.43039 551 

.47699 905 

.48975 479 

.49458 872 

.49680 023 

4.6 

,43186 237 

.47792 369 

,49034 378 

.49498 455 

.49707 984 

4.7 

.43326 956 l 

.47879 484 

.49088 956 

.49534 580 

.49733 144 

4.8 

.43462 062 ! 

.47961 646 

.49139 594 

.49567 592 

.49755 817 

4,9 

.43591 877 

.48039 216 

.49186 633 

.49597 800 

.49776 277 

5.0 

.43716 704 

.48112 522 

.49280 378 

.49625 478 

.49794 764 




TABLE XI 




Values of Area I„(t) Under “Student's"' Frequency Curve 


t 


nz=z2 

n= 3 

nzz:4 

11 = 5 

5.1 

.43836 820 

.48181 867 

.49271 107 

.49650 870 

.49811 492 

5.2 

.43952 485 

.48247 625 

.49309 071 

.49674 193 

.49826 648 

5.3 

.44063 937 

.48309 749 

.49344 494 

.49695 641 

.49840 397 

5,4 

.44171 402 

.48368 770 

.49377 582 

.49715 390 

.49852 887 

5.5 

.44275 085 

.48424 800 

.49408 520 

.49733 594 

.49864 246 

5.6 

.44375 182 

.48478 035 

.49437 478 

.49750 393 

.49874 590 

5.7 

.44471 874 

.48528 656 

.49464 607 

.49765 913 

.49884 020 

5.8 

,44565 329 

.48576 828 

.49490 049 

.49780 267 

.49892 626 

5.9 

.44655 707 

.48622 704 

.49513 929 

.49793 656 

.49900 496 

6.0 

.44743 154 

.48666 426 

.49536 364 

.49805 873 

.49907 693 

6.1 

.44827 811 

.48708 126 

.49557 460 

.49817 300 

.49914 285 

6.2 

.44909 807 

.48747 923 

.49577 314 

.49827 911 

.49920 330 

6.3 

.44989 265 

.48785 932 

.49596 014 

.49837 776 

.49925 879 

6.4 

.45066 300 

.48822 256 

.49613 643 

.49846 953 

.49930 977 

6.5 

.45141 021 

.48856 992 

.49630 274 

.49855 500 

.49935 667 

6.6 

.45213 529 

.48890 1230 

.49645 976 

.49863 467 

.49939 986 

6.7 

.45283 920 

.48922 055 

.49660 813 

.49870 900 

.49943 966 

6,8 

.45352 285 

.48952 544 

,49674 842 

.49877 840 

.49947 688 

6.9 

.45418 711 

.48981 771 

.49688 117 

.49884 327 

.49951 028 

7.0 

.45483 276 

.49009 803 

.49700 687 

.49890 393 

.49954 163 

7.1 

.45546 059 

.49036 704 

.49712 599 

.49896 078 

.49957 062 

7.2 

.45607 132 

.49062 534 

.49723 893 

.49901 393 

.49959 747 

7.3 

.45666 562 

.49087 348 

.49734 610 

.49906 381 

.49962 236 

7.4 

.45724 416 

.49111 198 

.49744 785 

.49911 062 

.49964 544 

7.5 

.45780 754 

.49134 134 

.49754 451 

.49915 456 

,49966 687 

7.6 

.45835 634 

.49156 200 

.49763 640 

.49919 586 

.49968 679 

7.7 

.45889 114 

.49177 440 

.49772 381 

.49923 469 ! 

.49970 530 

7.8 

-.45941 245 

.49197 895 

.49780 700 

.49927 123 

.49972 254 

7.9 

.45992 077 

.49217 602 

.49788 623 

.49930 563 

.49973 859 

8.0 

.46041 658 

.49236 596 

.49796 171 

.49933 805 

.49975 355 

8.1 

.46090 033 

.49254 913 

.49803 368 

.49936 862 

.49976 750 

8.2 

.46137 246 

.49272 583 

,49810 282 

.49989 746 

.49978 053 

8.3 

.46183 337 

.49289 636 

.49816 782 

.49942 468 

.49979 270 

8.4 

.46228 347 

.49306 100 

.49823 039 

.49945 040 

.49980 407 

8.5 

.46272 313 

.49322 003 

.49829 015 

.49947 471 

.49981 471 

8.6 

.46315 270 

.49337 368 

.49834 728 

.49949 770 

.49982 468 

8.7 

.46357 252 

.49352 220 

.49840 190 

.49951 946 

.49983 401 

8.8 

.46398 292 

.49366 582 

.49845 416 

.49954 006 

.49984 275 

8.9 

.46438 422 

.49380 474 

.49850 419 

.49955 958 

.49985 096 

9.0 

.46477 671 

.49393 917 

.49855 209 

.49957 808 

.49985 867 

9.1 

,46516 068 

.49406 930 

,49859 799 

.49959 563 

.49986 589 

9.2 

.46553 640 

.49419 530 

.49864 198 

.49961 228 

.49987 269 

9.3 

.46590 413 

.49431 735 

.49868 416 

.49962 809 

.49987 908 

9.4 

.46626 413 

.49443 562 

.49872 462 

.49964 311 

.49988 509 

9.5 

.46661 663 

.49455 025 

.49876 345 

.49965 738 

.49989 075 

9.6 

.46696 187 

.49466 139 

.49880 073 

.49967 095 

.49989 608 

9.7 

.4.6730 007 

.49476 918 

.49888 653 

.49968 386 

.49990 110 

9.8 

.46763 143 

.49487 376 

,49887 094 

.49969 615 

.40990 584 

9.9 

.46795 617 

.49497 525 

.49890 400 

.49970 785 

.49991 031 

10.0 

.46827 448 

,49507 377 

.49898 580 

.49971 900 

.49991 453 




418 


TABLE XI 


Values of Area I^(t) Under “Student’s’^ Frequency Curve 


t 

II 

g 

n=:7 

n== 8 

n = 9 

10 

.1 

.08819 902 

.03842 603 

.03869 765 

.03873 178 

.03883 964 

.2 

.07595 650 

.07641 674 

.07676 460 

.07703 668 

.07725 640 

.3 

.11285 039 

.11355 516 

.11408 776 

.11450 465 

.11483 970 

A 

.14849 588 

.14945 940 

.15018 775 

.15075 795 

.15121 630 

.5 

.18256 000 

.18379 671 

.18473 196 

.18546 435 

.18605 320 

.6 

.21477 186 

.21629 358 

.21744 497 

.21834 696 

.21907 241 

.7 

.24492 837 

.24674 160 

.24811 447 

.24919 048 

.25005 621 

.8 

.27289 482 

.27499 906 

.27659 333 

.27784 360 

.27884 979 

.9 

.29860 238 

.30098 869 

.30279 790 

.30421 734 

.30536 037 

1.0 

.32204 116 

.32469 214 

.32670 325 

.32828 180 

.82955 843 

1.1 

.34325 192 

.84614 237 

.34833 612 

.35006 862 

.35144 659 

1.2 

.36231 642 

.86541 455 

.86776 645 

.36961 340 

.37110 185 

1.3 

.37934 741 

.38261 662 

.38509 819 

.38704 681 

.88861 709 

1.4 

.39447 980 

.39788 003 

.40046 031 

.40248 570 

.40411 732 

1.5 

.40785 963 

.41135 132 

.41399 835 

.41607 467 

.41774 634 

1.6 

.41964 199 

.42318 471 

.42686 695 

.42796 860 

.42965 912 

1.7 

.42998 017 

.48353 612 

.43622 357 

.43832 617 

.44001 583 

1.8 

.43902 379 

.44255 835 

.44522 350 

.44730 466 

.44897 388 

1.9 

.44691 509 

.45039 756 

,45301 605 

.45505 596 

.45668 877 

2.0 

.45878 684 

,45719 091 

.45974 188 

.46172 359 

.46330 598 

2.1 

.45976 116 

.46306 497 

.46553 128 

.46744 086 

.46896 188 

2.2 

.46494 891 

.46813 505 

1 .47050 305 

.47232 971 

.47377 947 

2.8 

.46944 977 

.47250 501 

! .47476 458 

.47650 031 

.47787 284 

2.4 

.47335 256 

.47626 747 

1 .47841 164 

.48005 106 

.48134 218 

2.5 

,47678 588 

.47950 443 

1 .48152 898 

.48306 909 

.48427 658 

2.6 

.47966 886 

.48228 795 

.48419 109 

.48568 089 

.48675 425 

2.7 

.48221 200 

.48468 101 

.48646 298 

.4,8780 315 

.48884 382 

2.8 I 

.48441 803 

.48673 839 

.48840 108 

.48964 868 

.49060 273 

2.9 1 

.48683 276 

.48850 754 

.49005 415 

.49120 231 

.49208 320 

8.0 

.48799 590 

.49002 944 

.49146 416 ! 

.49252 182 

.49332 817 

8.1 ' 

.48944 176 

.49133 935 

.49266 712 

.49363 877 

.49437 467 

8,2 

.49069 997 

.49246 758 

.49869 383 

.49458 485 

.49525 415 

3.8 

.49179 606 

.49844 012 

.49457 057 

.49538 505 

.49599 325 

8.4 

.491275 204 

,49427 922 

.49531 977 

.49606 334 

.49661 446 

3.5 

.49358 683 

.49500 894 

.49596 046 

.49663 824 

.49713 675 

8.6* 

.4943 

.4956 

.4965 

.4971 

.4976 

3.7 

.4950 

.4962 

.4970 

.4975 

.4979 

3.8 

.4955 

.4966 

.4974 

.4979 

.4983 

3.9 

.4960 

.4971 

.4977 

.4982 

,4985 

4.0 

.4964 

.4974 

.4980 

.4984 

.4987 


^Tbese values ai'e taken from Metroriy VoL 5, No. 3 (1925), pp. 116-117. 




ANSWERS TO PROBLEMS 

(In using these answers the student is advised to remember that a dif» 
ferent order of approximation used in computation will lead in general to 
slightly different results from those given here.) 


CHAPTER I 

Page 18; Section 9. 

1, m = 9; 2, w = 8; 3, = 9. 

Page 34; Section 12. 

3 . 1.0099; 4 . 1.0456; 5 . .99015; 6 . See table, page 82; 7. 5.4772 ; 8- For 

n = 16; 1, 16, 120, 560, 1820, 4368, 8008, 11440, 12870, 11440, 8008, 4368, 1820, 
560, 120, 16, 1; For % = 17; 1, 17, 136, 680, 2380, 6188, 12376, 19448, 24310, 
24310, 19448, 12376, 6188, 2380, 680, 136, 17, 1; 9. igCg = 43758; = 

15504; 10 . Expand (1-M)«, which is equivalent to2’»; 11 , (1 + l/a;)’* = l 
+ 4:/x + 6/ic2 + 4/aj3 "h 1/x^; -—(I — 1/a;)* = — 1 4- 4/a; — + 

4 /a;S — l/aj*; 12 , + 6a;2 4- 12a; 4- 11 4* Sa; Vcc + 12Va; 4- 12/Vs» “i” 

6/a; "b l/(xVx) ; 13 . 45^ 4- 4 4 2 ab 4 2ao 4- Zad 4- 2 be 4 2 bd 

4- 2ccL 

CHAPTER II 

Page 87; Section 1. 

1, 1, -~1, 8(1 — V2), 5, 11; 2. Yes, for 4 <a? < 5 and — 2 < ii; 
< --1; 3, —1, 0, 0, 3/5, 1/2; 4. 611, 706.6, 726.2, 555 ; S. 12.866, 50.156, 35.000, 
119.450 million; 6- 2.89 million; 7. 197.27 million; 8. li 1.10517, 1.22140, 
.36788, 0; 11. —1, .21219, .80821; 12. .00545, .00586; 13.0, 10, 1/16, 7/128. 

Page 41; Section 2. 

1, 44.6c, 27.6c, 36,6c; 3. 177, 42, 143 (These are only suggestive estimates 
since various methods used to determine these values will lead to different an- 
swers) ; 4- .00, .98, .42, .23. 

Page 51; Section 6. 

4. 2/3, —5, — S, —1/3; 9. V = 19-40 — .07a:; 10. y = 19-40 — .OTa:; 
11. P ~ .28S1 + .0072 M; 12. y = 25.48 + 4.61x. 

Page 56; Section 8. 

4 . — 2.5 and 1, 1/3; 5. (1/3, 0), (1, 3), <1/3, 13/3); 6. 49/15; 7. y = 
6 — 8x + 3a;2; 8. 3/ = 50 — 23.14x + 2.714*2; 9, y=z 7,23 — 2.43* + 

Page 60; Section 9. 

5. y = 3.65 6-®®“; 7. = 2.993 8- 2^ = -455 e-»s*; 9. V = 

2.945 e-295»; 31.190, 41.893, 56.267, 76.673, 101.505. 

— 419 — 
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ELEMENTS OF STATISTICS 


Page 62; Section 10. 

1. Sic' + %' = — 2; 2. = 4; 3. v' '= + Ax + 8; 4 oo' (y^ 

-h 1) = 9; 5. y' = e2®; — 5; 7, = 0, ifc = 2'/3 is one set of 

values. Any set wMcli satisfies the equation lOh — 3^ + 2 == 0 will reduce 
the ecjuation to the desired form. 

Page 65; Section 11. 

7. 252, 210, 120, 45, 10, 1; these values are to be compared with 259, 212. 
115, 43, 11, 2, 


CHAPTER III 

Page 68 ; Section 3. 

1. 99.48%; 2. 5 heads per toss; 3. — *16 of one per cent; 4 49.07; 5. 
100,25%; 6, $3,209.00; 7. Av. receipts = $29.71; Av. expenditures = $40.88; 
g. 39.158 months. 

Page 72; Section 4. 

ha — 1/2, 6 = 1/2; 3, a == a/t, b - (St — T3)/t; 4 3.25; 5. 5. 

Page 77; Section 5. 

1. cr = 15.38, A, D. = 12.28; 2. 1*0; 3. (receipts) = 15.44, a (expendi- 
tures) == 39.57; 4* -y (receipts) = .52, ^(expenditures) = .97; 5. 1.31; 6. ^ 
= 12.92 months, A. P. = 10.27; 7. <^u) — ^(B) — = .297, 

= .321. 

Page 81; Section 7. 

1. 8.08; 2. .08; j3. 1.6; 4. 1.6; 5. «% = 5109, = 28149, = 166785, 

il4 = 0, Ms = 2659, Mg = —189; 6. — —5131, = 28369, Ng == 

—168985; 7 . — X + r - -~L — + (— 

2 

Page 83; Section 8. 

h = 47799.88, <r = 15.375; 

moma — Bm^Tru 

2. /t2= — , = + — — ; 

Wo 12 Wo Wo® 

3. Aa = 183,024.91. 

Page 85; Section 9. 

1 , 100.13; 2. M = 5; Qi = 4, = 6; 3. ilf = 2310.36; 4 . M(receipts) = 

33.76, M(expenditnres) = 31.48; 5 . Qi = 29.94, = 47.80; 6 . I>i = 23j20, 

I >5 = 3S.lt, t >7 = 45.55, Dg = 56.37; 7 . The best location is E. 

Page 89; Section 19. 

1 . Ma = 100.08, S = .13, S' = .13; 2 . Mo = 104.21; 4 . Mo = 35.23; 5 . S 
= .30, S' = .60. 



ANSWERS TO PROBLEMS 


^Z1 


Page 92; Section 11. 

1, (a) decrease of .14 of one per cent.; (b) increase of 1.47 9o; 2. 23.4 
years; 3 . *33 of one per cent; 4 . — 17.867c; 5 . — 14.7%; 6 * (a) 2.31% increase; 
(b) 4.59% decrease. 

Page 96; Section 12. 

1 . 29.65 cents; 2 . 4.31; 3 . 21.35; 4 . 44.3; 5 . 3.414. 

CHAPTER IV 

Page 107; Section 3. 

1 . .8451; 2. *8445; 3 . *8440; 4 *8445. 

Page 114; Section 7. 

1 . .9533; 2 . *6920; 3 . = 1.0379, = .9905; = 1*0163 

^ = ^12 X h, X I,, = 1.0088. 

Page 117; Section 9. 

2 . (By ideal formula) 1.7165; 4 . 2.229. 

CHAPTER V 

Page 123; Section 2. 

1. y = 11.52 + .0522i» (Class marks 1, 2, 3, etc.) ; 2. y - 259.56 — 
.334a; (Class marks, 1, 2, 3, etc.) ; 3. 2/ = 386.59 + 1.30a;. 

Page 128 ; Section 3. 

1 . 100, 100, 98, 99, 96, 98, 97, 99, 101, 103, 102, 102; 2 . 90, 116, 118, 114, 
104, 91, 97, 95, 100, 90, 97, 84; 3 * 116, 108, 106, 102, 97, 93, 83, 83, 92, 99, 
106, 116. 

Page 130; Section 4. 

1, The trend is: 2/ = 64.42 — .41a;. 


CHAPTER VI. 

Page 147; Section 1. 

4* p = .528 that child will be a boy. 

Page 150; Section 2. 

^ ^1. 360; 2. 125; 3. ta) 720, (b) 120; 4. 50,400 ; 5. 166,320 ; 6. 4,868; 

7. 384 ; 8. 16; 9. 860; 10, 32; H, 369,600; 15,400; 12. 2,620; 13. 210; 14. 5; 
15. 2,522,620. 

Page 151; S^tion 3, 

1. 3/8; 2. 5/36; 3. 1/28; 4. 1/35; 5. 8/15; 1/15; 6. A has best chance; 
7. A has best chance in both cases; 8. 35/286; 9. 1/6 is to be compared 'with 
6/86; 10. 1/6; 12. 2/(m— 1); 13. 4/‘636jOJ3,659,60O, 1:507:67795; 14. 
(13!)V52! = 1/63644737766488792839237440000; 15- 1/8. 
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Page 156; Section 6. 

2. 11/36; 3. 4/25; 4- 45/182 ; 6. A:6/ll, B:5/ll; 7. 72/626; 8. 1/2 ,6/16; 
9. 671/1296; 10. 7; 11. 2/27; 12. 4; 13. 4j 14:'l6/37, 12/37, 9/37; 15- 2/3, 
8/4, 4/5, 5/6, 7/8 gaid 10/11. 

Page 158; Section 7. 

1. 1106; 2. E = .0009; 3. The errors are .0003 and .00009 respectively; 
4. p = .4934, E = .0016; 5. 844, 471. 

Page 162; Section 9. 

'' 1. 2. 63 ce^ts; 3. ?4.28; 4. $3.97; 5- $-0625; $.25, $.375; $.25, 

$.0625; 6. 26% cents; 7- Half dollars; 8. $6.60. 

Page 166; Section 10. 

1. 10:6; 2. .000000012 ; 3- 24/59 ; 4. 1/8; 5. 49/68 ; 6. 49/50 ; 7. 21/22. 


CHAPTER VII 

Page 174; Section 2. 

1 . A = 5.60, a = 1.55, o’ — VA(1 — A/m) = 1.57, 2<r/V2N = 
0.11. Since a’ — a = .02, the frequency is a binomial distribution. 

2. A = 4.97, o = 1.58, v' = VA(1— A/m) = 1.58, 2a / = 0.11. 
The frequency is a binomial distribution. 


No. of ones j 

Frequencies 

0 

243 

1 

405 

2 

270 

3 

90 

4 

16 

5 

1 


1024 


6 . A = 7.5, <r = 1.37. 

8 . A = 4.68, V = 1.83, </' = 

VA(1— A/n) =1.66, 2<r/V2N = 0.16, 
flf — (t' = 0.27. The distribution shows 
too great a dispersion for normal fre- 
quency data. 


X 

V 

X 

V 

0 

0.92 

6 

101.81 

1 

5.46 

7 

65.19 

2 

21.77 

8 

20.07 

3 

68.27 

9 

1 4.90 

4 

104.62 

10 

0.80 

5 

126.00 


499.81 


X 

y 

X 

y 

0 

2.39 

5 

61.86 

1 

8.32 

6 

48.37 

2 

21.62 

7 

28.04 

3 

41.26 

8 

12.06 

4 

68.67 

9 

3.84 


Page 185; Section 7. 

1. By formula of 4apter 3, Mo = 32; by methods of this chapter. 
Mo — 33. 

2. 10! = 3,628,800; by Stirling’s formula, 10! <» 3,698,696; log 10001 

NomeUes Tables de log n! Paris (1927), 






ANSWEES TO PEOBLEMS 


4:‘ZS 


3. A = 4, 0- = .8944; 



Graduated 

Exact 

0 

0.0 

1 “ 

1 

1.6 

20 

2 

54.1 

160 

8 

512.8 

640 

4 

1393.9 

1280 

5 

1085.6 

1024 


4 . A = 4.6127, or = 1.6663; 


a? 

Frequency 

X 

Frequency 

0 

1.25 

5 

46.87 

1 

5.81 

6 

32.82 

2 

: 15.72 

7 

16.08 

S 

32,44 

S 

5.46 

4 

46.68 

9 

1.30 


S A = 6.8270, o = 2.6925; 


X 

Frequency 

X 

Frequency 

X 

Frequency 

X 

Frequency 

X 

1 Frequency 

0 

16.9 

3 

97.9 

6 

163.8 


79.2 

12 

11.1 

1 

33.0 

4 

133.4 

7 

147.6 

10 

47.2 

18 

4.4 

2 

62.6 

5 

158.4 

8 

115.8 

11 

24.5 

14 

1.5 


Class Intervals 

X 

Oata 

Graduated Values 

481-560 

0 

8 

2.29 

561-640 

i ^ 

5 

6.72 

641-720 

2 

13 

15.05 

721-800 

3 

22 

25.75 

801-880 

4 

26 

38.65 

881-960 

5 

89 

33.56 

961-1040 

6 

82 

25.63 

1041-1120 

'7 

18 

14.98 

1121-1200 

8 

4 

6.65 

1201-1280 

9 

1 

2,26 


A = 4.4940, 0 - = L9272, S' = 0.0003, o' = VA(l — A/n) = 1.50, 

20/V22V = .210% 


7. A = 5.9608, o = 1.9042, S' = —0.0506. 


X 

Graduated values 

X 

Graduated values 

0 

0.27 

6 

42.77 

1 

1.26 

7 

87.86 

2 

4.42 

8 

25.-^ 

8 

11.80 

9 

12.96 

4 

23.87 

10 

5.02 

5 

86.68 


202.34 
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CHAPTER VIII 

Page 191; Section 2. 

1 . 0.40658, 0.49266, 0.88877, 0.09867, 0.39760 ; 2 . 0.7369, 0.6883, 0.1773; 
3. p. e. = 0.5396; graduating by deviations from the average one has. 


4 . The actual probability is 0.66319. 
To get the theoretical probability, 
note that 97 corresponds to a; = 3.667 
and 105 to a; = 6.383. Hence comput- 

ing J( ) for both values of x and 

a 

subtracting, one obtains 0.52530 for 
the theoretical probability. 

For second part of problem, p = 
0.0799 as compared with 0.04305. 


Page 198; Section 4. 

1 . No; 2 . P = 0.00806 ± 0.00191. Hence the expected number of deaths 
is 8 ± 2. The upper and lower values of the amount that the company will 
have to pay out are $4000 and $28,000; 3 . Between $1476.44 and $1526.07. 
4 . No; 5 . Pi = 0,50988662 ± 0.00003280, = 0.50610511 ± 0.00003043. The 

probable error of the difference is 0.00004474, which is much less than the ac- 
tual difference; 6* The probable error of the difference between the probabil- 
ities lof the data of problem 4 and of the two sets of data of problem 5 is 
.0059, The differences are 0.0176 and 0.0214 respectively. Hence the samples 
are not consistent, the probability of inconsistency being greater in the sec- 
ond case. 7 . A = 39.158 ± 0.262; 8 . o* == 4.934 ± 0.165; 9. v — 0.180± 0.084; 
10 . 1.626. 

Page 206; Section 6. 

1 , Pp != 0.0470; 2 . Pp — 0.0644; if the first item is omitted, = 0.308; 
3 . Pp = 0.0027; 4 Pp = 0.0187. 

Page 209; Section 7. 

1 . Taking the range from 178 to 242 by intervals of 4, one obtains the 
frequencies 2, 4, 3, 6, 16, 15, 19, 8, 8, 10, 4, 3, 2. From this one finds, A = 
209.4 ± .91, <T = 13.16. The distribution of errors is not quite normal. 

2 . B*s set; 3 . 39.373 ; 4 . First set; 116.4, 119.9; the sets difer significant- 
ly; 5 . B was wrong. 


X 

Frequencies 

Below -1.45 

3.78 

-1.45 

8.92 

-0.95 

18.28 

-0.45 

25.71 

0.05 

24.75 

0.55 

16.33 

1.05 

7.39 

1.55 

2.84 

Above 1.55 

0.00 


108.00 


CHAPTEB IX 

Page 228; Section 3. 

1, p = 102.27 — 0.94fl7 (Years replaced by class marks 1, 2, 3, • ; ; , 
10) ; 3/ trs 0.43 + 0.175ay O.OMSa;® (Age Group repl|ced by class marks, 1, 2, 



ANSWERS TO PROBLEMS 


3, : t ! , 12) ; 3. 1/ = (1.192) 2^ 4- (0.910) 2"«; 4 ^ = 2.045e* — l.lOTr*; 
5. 2^ = 1.07 4* 0.26a?; 6. log V = 11.91 — 1.48 log a?, 

Page 232; Section 4. 

1. 888,350; 2. 25,502,500; 3. 10,000; 4 1,333,300 ; 5. = [%p(l?4-l)]a 

= V- 

Page 237 ; Section 6. 

1^ 2/ = 151.69 4- 41.45a?; 3. 2/ = 14 — 7a; xK 
Page 242 ; Section 7. 

1. ^ = 22.63 (1,073)^; 2. 2/ = 809.29 (1.160)* (Years replaced l>y class 
marks 0, 1, 2, : : : , 11) ; using the formula, one gets a slightly different re- 
sult; y = 837.52 (1.157)*; 3. 2/ = 5.18 (1.258)* (Years replaced hy dass 
marks 0, 1, 2, : ? : , 14) ; 4 2/ = 13.16 (1033)* (Years replaced hy the dass 
marks, 0, 1, 2, • • • >, 13). 

Page 252 ; Section 9. 

2. About the 13th month. 3. 13021. 

CHAPTER X. 

Page 256; Section 2. 

1. The lag correlation coefficients from to are respectively : — ^0.6444, 
—0.8538, —0.9060, —0.6666, —0.1966, 0.2492, 0.6257, 0.7873, 0.8344, 0.6549, 
0.2714, — 0.1553, — 0.6444. One concludes that shipments lag months be- 
hind production. 2. Referring to the four series by the numbers 1, 2, 8, and 
4 in the order Dow Jones, Index of Living, Paper Rates, Percentage Net In- 
come, the correlations are = — 0.0108, = — 0.2977, = 0.5882. The 
largest influence on bond price is thus the percentage-net income to capitali- 
zation. 3. r = —0.2183; 4. = 0.7688 ; 5. r ^ 0.9856; 6. r = —0.7324, 

r' c= — 0.9)226. Conclusion: prices lag behind production; 7. ^ = 0.9552; 
g — —0.4839. 

Page 270; Section 4. 

1. r = 0.7884; 2* = 0.8760. Based on a division of the ranges into 15 

and 13 intervals; r — 0,8807 by direct computation. 3. ~ 0.782, ^ 

0.587; 4 ^ = 0.8551 

Page 280; Section 5. 

y — —6.597a? 4- 100.82, y — —138.4a; Hh 528.S; 2. ¥ = 3.667a; —8.850. 
Page 285; Section 6. 

1, 0.0060 ; 2. — 0.6755 ± 0.0168, a priori value = 0,6667; 3. ^ == 

r 4r 30'', = 2^ sr soc; 4 ^ = sa** 41 sr ; 5. 0.9452; 6 . o-sssb. 
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Page 291; Section 8. 

1. = —.4116; 2. V = —-8805, = —.6111; 204(5?=— = 115.22 

and 41.64; 3. r = 0.8140, v = 0.8516, = 0.8352; 120(5?=— r=) = T.62 

and 4.19. 


CHAPTER XL 

Page 301; Section 4. 

2. —.2896. 

Page 806; Section 7. 

1. ‘fi.s = 9.2812, <Ti .3 = 13.4419, = 17,9026, cr^., = 11.2587, = 

5.6739, = 6.0867; 2. Aj = .6173 + .8471 + 26.3891; 3. P.E. of est. 

of Xj^ — ^ 5.1642; 5. “ .8541, R2(i3) ” .8232, ^^( 12 ) .6620;6, ^ 1 ( 22 ) 

= .9701, P. E. of est. of = ± 20.4108; ^2(^3) = .9648, P. E. of est. of 
Xj = ± 1.4754. 

Page 310; Section 9. 

1. Xj = .2470 X3 + 2026.7233 X^ — .0200 X* — 26.6880; 2. R2mi-> = 
.9444, P. E. of est. of X^ = ± .0006; 3. .0167, .0815, .0174, .0021; 4. X^ = 
—.00008211 Xi + .0002409 X^ + .0001714 X* + .01325; 5. -0216. 

CHAPTER XII 

Page 322 ; Section 2. 

2. E = —.958; 3. E = .980; i. E = —.213; Q. E = —.268; 7.E = — -583. 
Pagei 327; Section 3. 

1. L = 3.71, C = 60.76; 2. L = 6.74, C = 34.6. 

Page 333 ; Section 4. 

1. 24, 50, 36, 10, 1; 2. 23, 86, 118, 61; 3. A = 1.283, 0-2 = .8197; 4. A 
= 1.76 + , <r= = .770; 5. E^ = 1, E^= 13/12, = 3/8, E3 = 1/24; 

= 1/2, = 1/3, Kg = 1/4. 

Page 336; Section 5. 

1. E c= 3.61, C = 25.60; 2. L = 3.65. C = 59.67. 


APPENDIX II 

Page 362; Section 3. 

1. —6/3 log 3 — 3/2 log 5 + 6/6 log 7; 2. —2/3 (log 2 + log 3 + log 5 
— log 7) ; 3. 5/2 log 2 + log 3 + 2/3 log 5 + log 7; 4. —2/5 log 3 + 
6/5 log 6 — 1/2 log 7 + 8/2 log 11; 5, —5/6 log 2 — 1/2 log 3 — 2/3 log 13; 
6. —.7304; 7. 1.3358; 8. 2.6594 ; 9. .8546; 10. —.0970; 12. 2; 13. 1.4661; 14. 
2.3223; IS 2.26, 3.25; 16. 6.646; 17. 4.755; 18. 4.82831; 19. 1,000; 20- 1.8129. 
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Page 856; Section 4. 

1 . 0.49716; 2 . 1.21148; 3 . 0.43429 ; 4 . 2.74960 ; 5 . 9.50285 — 10; fi. 7.90974 
— 10; 7 . 0.86222; 8 . 9.09149 — 10; 9 . 9.63778 — 10; 10 . 8.88389 — 10; 11 . 
9.76134 — 10; 12 . 3.53699; 13 . 31.006; 14 . .03657; 15 . .80599; 16 . .0000013659; 
17 . 974.09; 18 . 26653.4; 19 . 3.1623 ; 20 . .0014874; 21 . .010266 ; 22 . 1.3235. 

Page 357 ; Section 4. 

1 . 637.89 ; 2 . 1.0205; 3 . 9.0923 ; 4 . .00028375; 5 . 116.10— 6 . 3.9456; 
7 . 1.0873; 8 . .85227; 9 . 9.96; 10 . -(36 zeros) 3005; 11 . .019837; 12 . 1005.9. 

Page 361; Section 6. 

1 . 2.7183, 1.1062, .9048; 2 . .1959, .1177 ; 3 . 5.1039, 8.4994. 

Page 363; Section 6. 

1 . .0953, .0198; 2 . .02, .01984, .01982, .019802 ; 3 . 1.0958; 6 . .5938. 
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relation for three variables, 306- 
307,; for four variables, 308-309. 

Correlation ratio, 287-292; probable 
error test of, 290-291. 

Correlation surface, 286-287. 

Correlation table, 261-266. 

Cost of living, index of, 137, 257. 

Cotton, production and prices of, 261. 

Cowles Commission index of invest- 
ment experience, 145. 

Crop prices, index numbers of, 102. 

Crop production, index numbers of, 
103. 

Crossed cross-weight aggregative in- 
dex number, 106. 

Cubic curve, 217-218, 

Cumulative frequency curves, (See 
ogives) . 

Curve fitting, Chap. IX; problem of, 
216 ; Gram-Cliaxlier theory of, 184 ; 
Pearson method of, 184. 

Curve of error, (See normal prob- 
ability function), 187. 

Curve of growth, 57. 
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Deciles, 84. 

Dependence, linear, 314-315. 

Deviation, definition of, 74; mean or 
average, 76. 

Diiferences, definition of, 216. 

Distnrbancy, Cliarlier coefficient of, 
324-3126. , 

Divergence^^jf series, 33. 

Dow- Jones stock price averages, 19, 
68-69, 132, 133-135, 266, 273, 297, 
307 ; periodogram of, 144-145. 

Duration of play, problem of, 164. 

Earning capacity, 228, 236-237. 

Edgewortb-Marshali aggregative in- 
dex number, 106. 

Eggs, data on price of, 39, 41, 130- 
131; receipt of, 41. 

Electric power production, 123. 

Emplojnnent, 42, 263, 269; of women, 
197-198. 

Errors, theory of, 206-210; curve of, 
(See normi probability function). 

Estimate, accuracy of, 305; probable 
error of, 284, 305, 306, 309. 

Euler^s number, 99, 363. 

Excess, 317-324. 

Exchange rate, franc-dollar, 273; 
dollar-yen, 275. 

Exponential curve, 56-60, 217-218, 
fitting to date of, 58-60, 237-242. 

Exponential function, 56-60, Table 
11 ; of Poisson, 337. 

Exponents, laws of, 348-349. 

Exports, national, 24-25, 

Factor reversal test, 109. 

Farm products, price index of, 260. 

Farms, size of, 29. 

Fisher's ideal index number, (See 
ideal index number). 

Forecasting, problem of, 136 ; ran- 
dom, 69. 

Freight car loadings, data of, 121; 
trend of, 122; seasonal index num- 
bers of, 127; corrected for seasonal 
variation and secular trend, 129- 
130; periodogram of, 141-144, 

Freight, revenue, 41. 

Frequency distributions, Chaps. VII 
and VIII, 14, 15-19 ; graphical rep- 
resentation of, 19-29; homogradc, . 
14-15; heterograde, 14-15; ogives 
of, 28-27; binomial (or Bernoulli), 
29-30, 318-319, 325, 327-334; bi- 
modai> 87; Poisson, 318-319, 325, 
32T-334; I^xis, 318-319, 325, 327- 
3341 subnormal, 318-319, 325, 327- 
334; hypernormal, 318-319, 3l25, 
327-334; of non-uniform items, 
334-336. 

Function, definition of, 35; periodic, 
36; gamma, 31; graphical repre- 


sentation of, 42-47; linear, 47-51; 
parabolic, 52-56; exponential, 56- 
60, 359-361; Table II; normal 
probability, 63-65, Chaps. VII and 
VIII, 168, Tables VI and VII; chi 
squared, 203-206, Table VIII; log- 
arithmic, 361-363, Table I; squares. 
Table III ; square roots, Table IV ; 
reciprocals, Table V ; “Student's" 
distribution, 211, Table XL 

Galton quincunx, 169-170. 

Gamma function, 31; Sterling's ap- 
proximation for, 177-178. 

Gaussian curve of error, (See nor- 
mal probability function). 

Geometric mean, 66, 89-93, 97. 

Gold, index of world's stock, 258; 
ratio to production, 258. 

Goodness of fit, 202-205. 

Government expenditures, 70. 

Government receipts, 70. 

Gram-Charlier method of curve fit- 
ting, 184, 316. 

Harmonic aggregative index num- 
ber, 106. 

Harmonic analysis, 137-145; signif- 
icance of, 143. 

Harmonic mean, 66, 93-96, 97. 

Heterograde distributions, definition 
of, 14-15; Sheppard's adjustments 
of moments of, 82. 

Histogram, 22. 

Homograde distributions, definition 
of, 14-15. 

Hypernormal frequency distributions, 
318-319, 325, 327-334. 


Ideal index number, 106, 109, 110, 
111, 113. 

Imaginary number, definition of, 43. 

Imports, national, 24-26, 275. 

Income, national, 20, 27, 70, 92, 124, 
225-227, 229, 259. 

Independent events, probability of, 
152; examples illustrating, 154-157. 

Index law, 348. 

Index numbers, Chap. IV, (See price 
index numbers), history of, 100- 
101, time reversal test for, 108; 
factor reversal test for, 109; chain 
of, 112; circular test for, 112-113; 
bases for, 112-114; weighting sys- 
, terns for, 115-116. 

Industrial production, 133-135, 259, 
262, 268. 

Inhibition effect in building, 37. 

Interpolation, Appendix III, 36, 188, 
355; inverse, 366. 

Inverse interpolation, 366. 

Inverse probability, 163-165. 
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Investment experience, Cowles Com- 
mission index of, 145; other than 
U. S. Securities, 257. 

Kurtosis, -317-324. 

Lag correlation, 134-135. 

Large numbers, law of, 157-159. 

Law of large numbers, 157-159, 

Law of small numbers, 336-338. 

Least squares, method of, 48, 206- 
210; in curve fitting, 215, 219-229. 

Lexis distributions, 318-319, 325, 

327-334. 

Lexis ratio, 324-326. 

Life insurance, gTowth of, 118. 

Linear correlation, (See correlation). 

Linear dependence, 314-315. 

Logarithmic curve, 217-218. 

Logarithmic paper, 228, 241. 

Logarithms, Appendix II; definition 
of, 350; common (Briggsian), 350; 
natural, 350; laws of, 350-351; 
change of base of, 351; calculation 
by, 353-358; characteristic of, 353- 
354; mantissa of, 353-354; Table I. 

Logistic curve, 217-218; fitting to 
data of, 244-252. 

Loans and discounts, 266. 

Lorenz curves, 26-28. 

Mantissa, 353; definition of, 354. 

Mathematical expectation, 160-162. 

Median, 66, 83-86. 

Metal and metal products, prices of, 
266. 

Minutes of daylight, 36. 

Mode, 66, 86-89; of binomial distribu- 
tion, 175-177. 

Moments, 79-83; continuous, 79; 
Sheppard’s adjustments of, 81-83; 
probable errors of second and 
thii'd, 196 ; in curve fitting, 215, 
243-244, 

Moral expectation, 161-162. 

Multiple correlation, Chap. XI; for 
three variables, 306-807; for four 
variables, 308-309; in general, 309- 
313. 

Multiplication of probabilities, 152, 

Mutually exclusive events, probability 
of, 153; examples illustrating, 154- 
157. 

Napier’s number, 350. 

National exports and imports, 24-25, 
275. 

National income, 20, 27, 70, 92, 124, 
225-227, 229, 259. 

Natural logarithms, 350. 

Non-linear correlation, 254, 264, 287- 
292. 

Non-linear regression, ,287-292. 

Normal equations, 49, 222. 


Normal probability function, Chaps. 
VII and VIII, 63-65, 168; area un- 
der, 188-191. 

Ogives, 23-27. 

Ordinate, definition of, 21. 

Orthogonal functions, 184. 

Parabola, 52-56, 213-214; maximum 
and minimum of, 52-53 ; cc-inter- 
cepts of, 53; fitting to data of, 54- 
55, 233-236. 

Parabolic curve, 217-218; fitting to 
data of, 224-228; law of Pareto as, 
224. 

Pareto, law of, 27, 224-229. 

Partial correlation, Chap. XI, 295- 
298. 

Partial correlation coefficients of first 
order, 296-300; of second order, 
298-301. 

Partial regression equations, 301- 
305. 

Pascal’s triangle, 32. 

Pearson chi test, 202-206. 

Pearson method of curve fitting, 184, 
316. 

Pearson probability, 203. 

Percentiles, 84. 

Periodogram, 188-139. 

Permutations, 148-150. 

Pig Iron, price of, 45-46; production 
of, 262, 268, 297, 307. 

Pneumatic casings, production and 
shipping of, 256. 

Point of inflection, 245. 

Poisson-Bortkewitsch law of small 
numbers, 336-338. 

Poisson distributions, 318-319, 325, 
328-334. 

Poisson’s exponential function, 337. 

Polynomials, general, 217-218; curve 
fitting of, 230-232. 

Population, growth of, 37-38, 60, 91, 
242, 245-246; sex ratio in, 198. 

Price index numbers, problem of, 
101-105; formulas for, 105-106; 
time reversal test for, 108; factor 
reversal test for, 109; chain of, 
112; circular test for, 112-113; 
wholesale comnaodity, 116. 

Prices, retail food, 93; commodity, 28, 
92, 116, 185, 189, 228, 263, 266; 
egg, 39, 41, 130-131; wholesale, 
136, 258, 260. 269; of crops, 102; 
of pig iron, 45-46; Bradstreets in- 
dex of general, 185, of bonds, 257 ; 
of farm products, 260; of cotton, 
261; of metal and metal products, 
266^ general, 266. 

Probability, Chap. VI; definition of, 
146; joint, 152; of independent 
events, 152; of mutually exclusive 
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events, 153; in repeated trials, 
159; inverse, 163-165; probable er- 
ror of, 195; Pearson, 203. 

Probable error, Chap. VIII; defini- 
tion of, 190; applied to sampling, 
191-199; of various constants, 196- 
196; examples of use of, 196-198; 
derivation for the mean, 199-202; 
of correlation coefficient, 280 ; in 
testing correlation ratio, 290-291 ; 
of estimate, 284, 305, 306, 309; of 
partial correlation coefficients, 310. 

Production, index of world's, 254, 

Public utilities, net earnings of, 128, 

Purchasing power of the dollar, 137. 

Quadratic mean, (See root-mean- 
square) . 

Quartic curve, 217-218. 

Quartiles, 84. 

Quintic curve, 217. 

Eailroad bonds, 87. 

Kail stock prices, 322-323. 

Eank correlation, 283-284. 

Eatio of investments, 18-19. 

Eeciprocals, Table Y. 

Regression curves, 264-265; non- 
linear, 287; partial, 301-305. 

Regression lines, 275-280. 

Relative magnitude of averages, 96- 
99. 

Root-mean-square, 66, 73-78, 97. 

*St. Petersburg paradox, 160-161. 

.Sampling, the problem of, Chap. 
VIII, 11. 

Scatter diagram, 264. 

Seasonal variation, 37, 124-128; in- 
dex numbers of, 128; correction 
for, 129-182, 

‘Secular trend, 121-124; correction Tor, 
129-182. 

Semi-invariants of Thiele, 316. 

Septimic curve, 217. 

.Series, binomial, 83; convergence of, 
33; divergence of, 33; exponential, 
360; logarithmic, 361-363; types of 
statistical, Chap. XII. 

Sextic curve, 217. 

'Shenpard's adjustments of moments, 
81-83. 

Simple aggregative index number, 
105. 

Skewness, 88-89, 181; probable error 
of, 196, 317. 

;Skew-normal probability curve, de- 


rivation of, 178-180; application of, 
181-185. 

Small Samples, theory of, 211-214. 

Sources of statistical data, 11-14. 

Square roots, Table IV, 

Squares, Table III. 

Standard deviation, 74; transforma- 
tion of, 78; of binomial distribu- 
tion, 172-174; Bernoulli, 79, 193; 
probable error of, 195. 

Statistical data, sources of, 11-14; 
classification of, 14. 

Statistical series, types of, Chap. 
XII. 

Statistics, origins of, 2-4; definition 
of, 2; in economics, 4-9; scope of, 
9-10; mathematical theory of, 10- 
11 5 types of series in, Chap. XII. 

Stirling's formula, 177-178. 

Steel, new orders of fabricated, 128; 
earnings per share, 255. 

Stock dividends, 271-272. 

Stock earnings, 255. 

Stock price averages, 19, 68-69, 130, 
132, 138-135, 266, 271-272, 273, 322- 
323. 

Stock’ sales, 240-241, 266, 297, 307. 

Straight line, 47-51, 216-218; fitting 
to data of, 222-224, 233; 47-51; 
slope of, 47. 

^'Student's" i-test, 211-214. 

Subnormal frequency distributions, 
318-319, 325, 327-324. 

Taylor's expansion, 304n. 

Testimony, problem of, 164. 

Time money rates, 266. 

Time reversal test, 108. 

Time series, Chap. V; secular trend 
of, 121-124; seasonal variation of, 
124-128; correlation of, 132-137; 
harmonic analysis of, 137-145. 

Transformation of arithmetic mean, 
71; of standard deviation, 78. 

Translation of axes, 61-62. 

Variability, coefficient of, 76. 

Wage earners, 117. 

Wage level, manufacturing indus- 
tries, 136. 

Whges, 93; of women, 8. 

Walsh's cross-weight aggregative in- 
dex number, 106. 

Weighted aggregative index number, 
106. 

Wheat, yield of, 123, 274, 294; area 
planted, 274, 294. 

Wholesale prices, 136, 258, 269; of 
crops, 102; of commodities, 92, 116. 



